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I. INTRODUCTION 

The work performed by Science Applications International Corporation (SAIC) on this 
contract, “Laboratory and Space Plasma Studies,” Contract Number N00014-93-C-2178, SAIC 
Project Number 01-0157-03-6984, encompasses a wide range of topics in experimental, 
computational, and analytical laboratory and space plasma physics-. The accomplishments 
described in this report have been in support of the programs of the Laser Plasma Branch (Code 
6730) and other segments of the Plasma Physics Division at the Naval Research Laboratory (NRL) 
and cover the period 27 September 1993 to August 1, 1996. SAIC’s efforts have been supported 
by subcontracts or consulting agreements with Pulse Sciences, Inc., Clark Richardson, and 
Biskup Consulting Engineers, Pharos Technical Enterprises, Plex Corporation, Cornell 
University, Stevens Institute of Technology, the University of Connecticut, Plasma Materials and 
Technologies, Inc., and GaSonics International, Inc. 

In the following discussions section we will describe each of the topics investigated and 
the results obtained. Much of the research work has resulted in journal publications and NRL 
Memorandum Reports in which the investigation is described in detail. These reports are included 
as Appendices to this Final Report. 

II. DISCUSSION 

A. NIKE KrF Laser Support 

A.l Introduction 

NIKE is a 5 kJ KrF laser facility at NRL designed and built to perform laser plasma 
experiments. The primary goal of the system is to produce very uniform (less than 2% RMS 
nonuniformity in a four nanosecond pulse) high intensity (greater than 10 14 W/cm 2 ) illumination on 
flat targets to study hydrodynamic instabilities under conditions similar to those expected for 
inertial confinement fusion (ICF) targets. 

The laser system can be broken down into five functional subsystems: the laser front 
end, the 20 cm electron beam (e-beam) amplifier, the 60 cm e-beam amplifier, the propagation bay 
optical system, and the target area systems. A drawing of the laser system showing the location of 
these various systems is shown in Fig. A. 1-1. In addition to these functional subsystems there are 
associated support systems crucial to laser development and operation. These include: laser and 
target diagnostics, data acquisition and archival, laser alignment systems, and laser control 
systems. Finally, a substantial effort has gone in to modeling and numerical simulation of the laser 
system and target plasma, and SAIC has had a strong role in contributing to this effort as well. 
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During the past three years under this contract SAIC has been involved in development 
and operation of all of the above subsystems. In addition SAIC has performed work to integrate 
these subsystems into an operational laser system which has, to date, achieved virtually all of the 
original design goals. 

In the following subsections of Section A we will summarize the work performed under 
this contract on the NIKE system. Section A is organized as follows. We devote a subsection to 
each of the above mentioned functional and support subsystems and to the different modeling 
efforts. Within each subsection the work performed is presented in an approximately 
chronological order. For brevity, the reader is referred for details to publications that have resulted 
from this work if available; they are reproduced in Appendices. 

A.2 The laser front end 

This portion of the laser includes a KrF oscillator, two commercial amplifiers, a custom 
built discharge preamplifier and an array of four custom built discharge amplifiers. Echelon free 
induced spatial incoherence (ISI) beam smoothing is introduced in this area to produce a unif orm 
focal profile along with optical pulse forming to produce the desired four nanosecond laser pulse. 
The purpose of the front end is to produce a uniform focal profile and amplify this beam to the one 
to two Joule level in a 4 ns pulse. 

SAIC personnel were involved in the design, fabrication and testing of the majority of 
components in this area. A novel oscillator scheme was developed to produce the desired unif orm 
focal profile. This work is summarized in a publication in Optics Communications, “KrF oscillator 
system with uniform profiles” and is included in this report in Appendix A. Additionally, results 
obtained from the laser system were presented as an invited talk at the Conference on Lasers and 
Electro-Optics (CLEO), May 1993, titled: “Nike KrF Laser Project-Status.” The published write¬ 
up for this talk is reproduced in Appendix B. 

In collaboration with Mark Pronko of NRL and Julius Goldhar of the University of 
Maryland we developed a Pockels cell with a thin KD*P crystal and plasma-discharge electrodes. 
We demonstrated that the Pockels cell caused very large non-uniformities in the focal profile during 
the rise of the laser pulse, and we provided a method to nearly eliminate these non-uniformities. 
The non-uniformities occur because the Pockels cell is at the Fourier transform plane of the target 

plane. Polarized light passing through the Pockels cell at 0° will have its polarization rotated by 

90° and will therefore be blocked by the crossed polarizers (except for leakage by the polarizers, 

which is acceptably small). However, light passing through at a non-zero angle will be in another 
polarization state, which depends on the angle; this results in an angle-dependent leakage and 
transforms into a position dependent leakage at the target plane. The relative non-uniformity is 
negligible when the Pockels cell is completely turned on, but is very large if the tr ansmis sion is 



low, such as during the foot or the rising edge of the laser pulse. It remains to be seen if these 
non-uniformities are too large for performing target experiments. They can be nearly eliminated by 
having the light pass through a MgF 2 crystal of the proper thickness, which to a very good 
approximation undoes the effect of propagating through the KD*P crystal at a non-zero angle. 
Preliminary tests indicated that the MgF 2 compensated for the KD*P crystal, but also caused non- 
uniformities because of its internal strain, as expected. This can be compensated for by imp osing 
an external strain onto the MgF 2 crystal. 

During 1994, SAIC directed efforts to further characterize laser performance and increase 
system reproducibility, resulting in improved performance of the Nike front end. This portion of 
the system routinely achieved the desired performance, allowing us to improve the reproducibility 
of the remainder of the laser system. 

A.3 20 cm amplifier development 

During 1993 and 1994 the laser front end was integrated with the 20 cm amplifier. SAIC 
personnel directed the effort to characterize and improve the performance of this system. This 
culminated in the demonstration of the required laser uniformity at high energy, an accomplishment 
that was one of the key issues at a DOE review of the Nike program in late 1993. The results of 
this work were published in an article titled “Production of high energy, uniform focal profiles 
with the Nike laser,” Optics Communications, 117, 485 (1995). The paper is reproduced in this 
report as Appendix C. Also, these results were presented at the 1994 CLEO meeting in a talk 
entitled “Optical beam smoothing on the Nike KrF laser,” and in an APS poster entided 
“Production of Uniform Laser Illumination with the Nike Laser.” The CLEO article is reproduced 
in Appendix D and the abstract for the APO poster follows. 


Production of Uniform Laser Illumination with the Nike 
Laser.* T. LEHECKA, A.V. DENIZ, J. HARDGROVE, 
Science Applications International Corp., S.E. BODNER, 
K.A. GERBER R.H. LEHMBERG, E.A. McLEAN, S.P. 
OBENSCHAIN, C.J. PAWLEY, M.S. PRONKO, J.D. 
SETHIAN, J.A. STAMPER, Plasma Physics Division, Naval 
Research Laboratory: Nike is a KrF laser at the Naval 
Research Laboratory designed to produce uniform illumination 
on flat targets for hydrodynamic and laser plasma interaction 
experiments. The goals for Nike include > 2 x 10 14 W/cm 2 
intensity on target (> 2kJ, 4 ns, 600 pm diameter) and less 
than 2% RMS fluence nonuniformities. Approximately one- 
half of the final system is operational and is currently being 
tested. To date we have produced more than 120 J in a 4 ns 
pulse with 4% peak to valley linear tilts and 2% RMS 
deviation from a flat top profile. Modifications are being made 
to reduce this below the desired 2% peak to valley tilt level. 
Experimental results and future plans will be presented. 

*This work is sponsored by the US Department of Energy. 



A.4 60 cm amplifier development 

SAIC contributed in several areas to the development and operation of the Nike 60 cm 
amplifier. These included: rewiring the low voltage control signals for diagnostics, vacuum 
pumps, and solenoids to reduce EMI noise in the control system generated by the 60 cm 
amplifier’s 3 kilogauss magnet; rewiring all high voltage lines for controlling gate valves and cryo 
pumps to comply with electrical code and reduce personal shock hazard; installing and modifying 
the 60 cm amplifier control panel to accommodate full remote control capability via fiber optic link 
to the central control system for the 60 cm amplifier’s gas fill and vent evacuation, valve controls, 
and diagnostics; installing two cryopumps, dry star vacuum pumps, air dryer, coolers, control 
valves, gate valves, various gauges for diagnostics, and all necessary electronic controls for the 
cryo overnight regeneration system in order to reduce down time; building and installing the 
necessary controls for operating the 60 cm amplifier’s diode gate valves to prevent opening in case 
of vacuum loss during firing of the amplifier. This latter is accomplished by closing both north 
and south gate valves seconds before firing the amplifier and reopening them if no vacuum loss is 
detected in the diodes, so as to prevent time consuming regeneration of cryo’s and to prevent 
damage during foil breakage. Currently an SAIC employee is involved in day to day operation of 
the 60 cm amplifier including repair and modification. He is a qualified operator for running the 
Nike laser system during the experiment, and is a back up operator for trigger laser alignment and 
operation for the 60 cm amplifier. 

SAIC participated in the integration of the 60 cm amplifier with the Nike system, and 
operation of the system commenced in October 1994. This result was a major milestone for a DOE 
review of the program. It involved development of diagnostics for the laser, integration of the 
existing system with the 60 cm amplifier, and debugging of the 60 cm amplifier to achieve 
improved reliability. 

A.5 Propagation bay and optical system 

SAIC personnel were involved in the design, fabrication, and optimization of the Nike 
optical system throughout the contract period. This optical system includes over 500 transmissive 
and reflective optics to angularly multiplex 56 laser beams from the front end, through the e-beam 
amplifiers, and onto target. In addition to the optical components themselves SAIC managed the 
design and testing of all the optomechanical components to mount these components without 
excessive distortion or vibration. The alignment system which controls these optics is discussed in 
section A.9. 

Construction of the optical system was completed in early 1994. SAIC performed tests 
of atmospheric propagation and optical quality to assess the optical system performance. Working 
with NRL scientists adjustments were made to correct system astigmatism, and point spread 
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functions (PSF) of 15 times the diffraction limited value (XDL) were demonstrated for the entire 
laser system at 248 nm, slightly above the design goal of 12 XDL. 

In collaboration with Carl Pawley of NRL SAIC measured the non-linear n 2 coefficient of 
the index of refraction of Xe at 248 nm. S AIC provided assistance in acquiring and analyzing the 
data. We determined that the n 2 coefficient is indeed negative, and calculations by R.H. Lehmberg 
of NRL indicate that the effects of propagating the intense Nike beams through air (self-focusing 
and self-phase modulation) might be compensated for by propagating them through Xe. This 
would allow a higher useful KrF power density. The paper titled “Two-photon resonantly- 
enhanced negative nonlinear refractive index in xenon at 248 nm” published in Optics 
Communications described this effort in detail and is included in this report as Appendix E. 

A.6 Laser diagnostics 

With Ed McLean of NRL, SAIC chose and installed a spectrometer to measure the laser 
beam bandwidth in the front end. This system monitors the bandwidth on every target shot. The 

RMS deviation of the focal profile due to its incoherence is (x/T) 1/2 where x is the laser coherence 

time, and T is the pulse width. Because beam uniformity is very important for direct-drive laser 
fusion, it is important to know the bandwidth when optimizing the laser uniformity. Decreasing 
the bandwidth of the laser is one way of increasing the short-scale-length non-uniformity. For this 
to be done in target experiments, the bandwidth must be monitored. 

With Rob Morse of CTI, SAIC designed and installed a system to monitor the time- 
integrated focal profile of a single beam after amplification by the 60cm laser. CTI provided 
mechanical design and fabrication services, and SAIC designed the optical system and the 
attenuation method. The attenuation necessary is approximately nine orders of magnitude, and is 
done by a combination of transmission through a 95% reflective mirror, reflection by 4% uncoated 
surfaces, and transmission through high-quality neutral-density filters. The attenuation was tested 
to make sure that the profile was not unacceptably distorted. 

SAIC developed software to calculate the energy of the Nike laser beams from existing 
calorimeter or pyrometer measurements. The software determines the energy measured, even in 
the presence of expected noise and glitches. It also checks the accuracy of the fit. 

A.7 Nike target area systems 

After completion of the laser system, initial experiments were performed to demonstrate 
target acceleration uniformity and characterize X-ray emission from aluminum targets. These 
experiments, along with laser beam diagnostics at the target plane, indicated that the beam 
uniformity of the overlapped beams was unacceptable. 

SAIC personnel determined that the alignment procedures that had been used for these 
ini tial experiments were inadequate. A modified target viewing system was developed and 
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implemented to improve beam focusing and overlap at the target. These improvements allowed the 
demonstration of uniform focal profile production with multiple beams overlapped on target, 
meeting the requirements for laser target interactions. 

SAIC then participated in single and double foil experiments to investigate the 
acceleration pressure nonuniformities created with these ultra-uniform focal profiles. SAIC in 
collaboration with Ed McLean of NRL set up, calibrated, and tested photomultiplier tubes and an 
optical streak camera to image the rear surface of the target. The PM tubes were absolutely 
calibrated, and their signals are used to calculate the rear-surface temperature as a function of time. 
The streak camera was used to measure the time uniformity of the shock breakout, from which the 
pressure uniformity of the laser-produced plasma is determined. The results were presented as an 
invited paper at the 1995 APS Plasma Physics Meeting. The paper describes this effort. It was 
published in Physics of Plasmas entitled “The Nike KrF laser facility: Performance and initial 
target experiments” and appears here in Appendix F. The results were also reported at the 1995 
CLEO meeting in a talk entitled “Initial results from the Nike KrF Laser facility,” which is included 
in this report in Appendix G. 

SAIC personnel routinely support ongoing laser target experiments. Alignment schemes 
for various diagnostic arrangements are developed as needed. A variety of inexpensive 
commercially available components have been acquired to allow a great deal of flexibility in target 
viewing and alignment at low cost. Additionally, on-site target fabrication is performed to support 
experiments. This includes alignment targets to check diagnostic alignment and determine 
diagnostic resolution, and fabrication of backlighting targets with various materials. 

During 1995 SAIC supervised and implemented the design and fabrication of a 
computerized target control system for the Nike facility to remotely position and load laser targets 
without breaking vacuum in the target chamber. The system was completed in October 1995 and 
has been in continuous operation since then. The system hardware consists of a 4-axis (x, y, z, 
rot) target positioner and a 4-stage robotic target inserter that transfers targets between the 
positioner and a vacuum-interlocked loading chamber that holds up to 5 targets simultaneously. A 
standard (STD) bus computer with motion boards is used to control the stepper motors and 
translation stages that move the hardware. The control program is written using LabWindows/CVI 
and runs under MS Windows. It provides a mouse-enabled graphical user interface to operate the 
target control system. Target positioning is done via a joystick-like multiple button widget 
interface. Target loading and unloading is simplified to single-button controls. The program also 
continuously monitors for motion errors and event sensors to minimize hardware accidents, e.g., 
running into a wall barrier or knocking over a detector mount. 

SAIC is developing a laser diagnostic system to support Nike cryogenic target fabrication 
development. Laser interferometric measurements will be used to check target uniformity and 
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surface finish on a submicron scale in situ under cryogenic conditions. In addition, computerized 
control and data acquisition, using a general purpose interface bus (GPIB) and analogue to digital 
converter (A/D) boards, is being implemented to improve control and monitoring of fabrication 
processes. The diagnostics system currently consists of a lmW stabilized HeNe laser at 632.8 nm 
that is electronically shuttered to produce millisecond pulses. Interferometry fringes are recorded 
by a CCD camera onto a video recorder. Then single frames are video captured to PC for fringe 
analysis. Photodiodes are used for transmission and reflection measurements. Pump vibrations 
from the cryogenic fabrication chamber currently prevent measurement of interferometry fringes. 
The addition of a turbopump vibration isolator and the use of pulsed interferograms should 
eliminate this problem in the future. 

SAIC was responsible for fabrication and installation of a target control system for a fully 
automated vacuum system for a 600 cubic foot vacuum chamber, with two turbo vacuum pumps 
and controllers, vacuum gauges for diagnostics, two 10 inch cryo pumps, several roughing 
vacuum pumps, a 40 inch gate valve, and several smaller gate valves, all controlled and operated 
from a remote control panel with built in safety features. 

A.8 Target diagnostics and x-ray spectroscopy 

In addition to laser diagnostic development SAIC is involved in diagnostic support and 
development for laser target experiments. This has included involvement with optical diagnostics 
such as shadowgraphy and optical imaging, extreme ultraviolet imaging with multilayer optics, and 
X-ray diagnostics such as gated and time integrated pinhole cameras, photodiode arrays, and 
crystal spectrometry. 

SAIC characterized the spatial resolution, RMS signal-to-noise, and linearity of a 
Hamamatsu 2 ps UV streak camera and a Grant Applied Physics 120 ps UV framing camera. KrF 
light was used for the streak camera and the characteristics for different camera gains, streak 
speeds, and light levels were measured. SAIC constructed a model that explains the measured 
RMS signal-to-noise. We determined that this camera is not suitable for measuring the focal 
profile, although it is suitable for laser-plasma experiments. For the UV framing camera we used 
visible light, and measured the characteristics for different camera gains, exposure times, and light 
levels. 

The NRL Nike KrF laser was designed to produce uniform irradiation and acceleration of 
planar foils for direct-drive fusion studies. The laser produces an energy of up to 3 kJ on target in 

a 4 nsec pulse at a wavelength of 0.248 pm. Excellent beam uniformity is achieved by induced 

spatial incoherence optical smoothing and by overlapping of up to 44 beams in the focal spot. The 
intensity distribution of the laser radiation that is incident on targets has a full width at half 

maximum of 750 pm and a flat central region that is 400 pm in diameter. 



Some of the initial experiments carried out using the Nike laser have focused on 
characterizing the x-ray emission from the target plasma. These studies are necessary to determine 
the uniformity and brightness of the x-ray emission from plastic and metal foil targets. The x-ray 
emission from plasmas created by the laser was characterized using several spectroscopic 
instalments. The targets were thin foils of aluminum and titanium and were irradiated by laser 
energies in the range 100 J - 1500 J. The focused laser intensity ranged from 5 x 10 12 to 8 x 10 13 
W/cm 2 . These laser conditions are relevant to a number of direct-drive and backlighter 
applications. Using a spherical-crystal imaging spectrometer operating in the 1-2 keV x-ray region 
the density, temperature, and opacity of aluminum plasmas were determined with a spatial 
resolution of 10 pm in the direction perpendicular to the target surface. Spectral line ratios 
indicated that the aluminum plasmas were relatively dense, cool, and optically thick near the target 
surface. The titanium plasmas, on the other hand, have an optical depth for a resonance line close 
to unity. 

This work is described in detail in Appendix H in a paper entitled “X-Ray Emission from 
Plasmas Created by Smoothed KrF Laser Irradiation” and has been accepted for publication in 
Physics of Plasmas. 

A.9 Alignment system 

Nike’s unique feature is its excellent beam uniformity. The Nike laser system uses 56 
separate laser beams that are first multiplexed, then pass through two large amplifiers before they 
are recombined on to a target. Forty-four of the beams are used for target acceleration and 12 as 
part of a backlighter for target diagnostics. 

During the 93/94 Nike project calendar year the primary function of the laser system was 
the ongoing effort to improve the beam profile. One of SAIC’s primary responsibilities was the 
alignment of the laser beams. This required operating the Nike preamplifiers and 4x4 discharge 
amplifiers. 

While improvements and testing of the Nike beam profile were taking place, S AIC was 
installing and testing the alignment system. The automation of the recollimation, intermediate de¬ 
multiplexing, and turning arrays was under design and fabrication. Each mirror array required 56 
mirrors and 112 motors to be operational. Several thousand feet of cable had to be cut to length, 
and more than 2,000 connectors crimped onto motor wire cables. Then the cables of each array 
had to be installed and tested. Nearly 3,000 connections were tested on each array, a total of over 
10,000 connections for the 4 arrays under fabrication. 

At the same time the power and communication systems for each of the array’s card cages 
were being developed and installed. Improvements in the alignment’s system co mmuni cations also 
were made involving converting the system from a point to point RS232 system to multi drop 
RS485. This improvement reduced the number of cables in the propagation bay and allowed for a 




multiprocessor bi-directional communication system. It involved changing the Nike alignment 
software communication modules in the PC, in the control room, and in the embedded processor 
systems out on the propagation floor. Software changes were required for the 45 degree rotation 
of the beam on the intermediate array. Other improvements and debugging of the alignment 
software were also an on-going effort at this time. 

In addition, 224 mirrors were placed into X-Y mounts each containing two customer 
linear actuators. The custom fabrication and assembly of 300 actuators also took place as we 
prepared to have all 44 beams on target by August 1994. 

At the same time an alignment/vibration damping system for the 60 cm mir ror was 
developed and installed. The goal was to reduce vibration of the beams and provide an alignment 
point to which the 60 cm beam would be directed. 

During the 95/96 project year Nike had become a fully operational laser system. Its 
mission was to conduct experiments on the interaction of plasmas for direct drive fusion target 
materials. During this time SAIC continued to help in operating the laser during experiments, with 
the specific responsibility for the alignment of the 56 beams onto target. As the system transitioned 
into a routinely operated laser system the primary goals changed to upgrading and repairing the 
alignment system. We have also been involved in the development of new alignment systems to 
aid the researchers in setting up experiments and diagnostic equipment. 

Over the course of the year many changes have been made to improve the existing 
alignment system. The demultiplexer array shutters have been integrated into the ali gnme nt 
software to aid in the final target alignment process. The main beam lens system has been 
motorized, providing the user with the ability to focus the beams on target while in the control 
room. While a position feedback system has been designed for the lens focus system, it has not 
been determined whether this system need should be implemented due to its cost. Additional 
mirrors, lenses, and shutters have been added and motorized to bring the backlighter system on 
line and under automated control. 

Software changes have also been implemented as operational patterns have become better 
defined. Software upgrades have been made to correct various performance and alignment 
problems. Beam alignment of Nike’s intermediate and recollimation mirror arrays became fully 
automated in time for the dedication ceremony in June. 

The Nike alignment system is a large multi axis beam positioning system. It consists of 
hundreds of motors and mirrors and miles of cable all controlled by thousands of lines of software 
code and electronic hardware including cameras, microprocessors, and motor drivers. Its function 
is to facilitate the alignment of the Nike laser. The alignment process is still being adapted as it 
grows to meet the expanding needs of its users. 




A.10 Data acquisition and archival 

SAIC has been developing interactive graphical analysis programs using interactive data 
language (IDL) widgets for analyzing Nike experimental data. Since Nike is routinely obtaining 
daily multiple shots, there is an urgent need for efficient and automated data analysis. General 
purpose widget programs were written to facilitate rapid and thorough inspection of line and image 
data using cursors and sliders. Specialized programs for analyzing laser beam shapes and profiles 
and accelerated target foils have also been developed. 

SAIC designed and implemented a system to archive computer files containing 
experimental data from Nike to off-line media. The system mirrors (on magnetic disk) the data 
taken at several locations, and, when the disk containing the data becomes full, transfers the data, 
with verification, to removable optical media, deletes the data on disk, and creates a file containing 
the names of the files transferred. This system has been routinely archiving data from Nike target 
experiments. 

A.ll Design of a 2 MJ KrF laser fusion facility 

A major effort during this contract period has gone into the development of a detailed 
model for an advanced 2 MJ KrF laser fusion facility. An amplifier model was first benchmarked 
against Nike laser data and then used to design higher energy modules with segmented pumping. 
It was found that the optimum multiplexed beamline energy as it impacts facility size, and hence 
cost, is in the range 100-200 KJ. For that reason two 68 KJ modules were proposed to be 
combined into a 136 KJ multiplexed beamline and a total of 16 beams to target was shown to result 
in a net energy at the target of 2 MJ. This major effort was a collaboration of Dr. Malcolm 
McGeoch of PLEX Corporation, Dr. Ian Smith and staff at Pulse Sciences, Inc., and NRL 
scientists. Dr. McGeoch was a consultant to SAIC for this effort and Pulse Sciences performed 
the work under subcontract to SAIC. The result of this work entitled “Conceptual Design of a 2 
MJ KrF Laser Fusion Facility” has been submitted for publication in Fusion Technology. It is 
included in this report in Appendix I. 

A.12 Calculation of plasma radiation from the Nike laser target 

A calculational method known as the Super Transition Array (STA) model has been 
developed and used for opacity calculations to simulate the complex bound-bound and bound-free 
transitions that constitute the Nike laser target emission. A review of this method is described in 
the following: 

The most complex contribution to the spectrum emitted from hot and dense plasmas 
arises from the huge number of bound-bound and bound-free transitions. Unresolved clusters of 
many neighboring partially overlapping transition lines are created, constructing a complex 
intensity profile. The STA model reveals this complicated structure by a convergence procedure 
that increases the resolution of the calculated spectrum until the required accuracy is achieved. 









Particularly, in each step the entire bulk of transitions is divided into groups G of neighboring lines 
and each group is described as a Gaussian having the exact group moments i.e. total intensity, 
average energy, and variance. The resolution is thus increased with the number of groups. 
Specifically, the total spectrum can be written as a sum over spectral groups 

s<£) = £$,(£) (1) 

G 

where 

Sc(£)=5>,»vn( £ - E s> (2) 

iJeG 

In eq. (2) the summation is over all the transitions i —> j in G where i, j indicate the 
corresponding initial and final levels. is the population of the initial level, Wy is the transition 
probability, and Py is the corresponding line shape centered on the transition average energy, Ey. 
For normalized symmetric line profiles we obtain for the group moments: 


Intensity: 
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and 



g p =\p{E-E){E-E?dE (7) 

is the variance of the individual line shape assumed equal for all the lines in the group G. The 
central achievement of the STA theory is the ability to obtain, under certain conditions detailed 
below, analytical formulae for the moments, bypassing the impractical need to account for the huge 
number of transitions one by one. Only two assumptions are made: 
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1) The plasma is in local themiodynamic equilibrium (LTE), yielding Boltzmann 
populations Nj. 

2) The configuration widths are smaller than kT. 

The definition of STA groups described below has two advantages: 

1) It enables us, using these assumptions, to derive analytic expressions for the group 
moments 

2) It facilitates a group splitting strategy that speeds up the convergence. 

For bound-free transitions the final level j belongs to the continuum and the moments of G are 
obtained by integration over the continuum. 

In order to account for the non Gaussian nature of P we first construct a Gaussian from 
the moments Iq , Eq and a 2 g : 


T(E-E g ) 


jG 

^[27tA c 


EXP 


f e-e g ^ 2 

\ A g J 


( 8 ) 


and then construct the spectrum S G (E ) by convolution with the individual line shape 

S G (E) = jT(E-E G )P(E-E)dE ( 9) 

having the same moments as the original spectrum of G defined by eq. (2). 

In order to complete this brief description of the theory we now define the STA groups. 
An STA group (termed 'STA') is the collection of all the transitions between two super¬ 
configurations. A super-configuration is a collection of ordinary configurations defined 
symbolically by the product over super-shells, s 


z=n<7 & do) 

a 

A super-shell in turn, is the union of energetically adjacent ordinary atomic sub-shells 
*y = j*= n s l s j s ■ In eq. (10), the super-configurations are constructed by distributing the Q a 
electrons occupying the super-shell s among the sub-shells s in all possible ways subject to 

2?, =G ff } : 

sea 


gQo = z iw 


(1?,=&) * 


( 11 ) 


Clearly each partition of Q a is an ordinary configuration. The transition between two 
configurations constitutes an unresolved transition array (UTA) and an STA is thus a collection of 
energetically near UTAs. 
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The convergence procedure mentioned above splits super-shells to smaller super-shells 
according to their energy spread. For each super-configuration in its turn, at each step, super¬ 
shells that give rise to relatively well-separated configurations, are preferentially split. The detailed 
structure of the spectrum is thus gradually revealed, yielding a converging spectrum. This 
procedure converges to the UTA spectra where each UTA is completely unresolved. 

Over the last several years the STA model has been continually upgraded and the results 
compared with experimental measurements. Details of this work can be found in a series of papers 
relevant to the model and to Nike laser plasma radiation. We list the papers below and describe 
each briefly. 

1. W.H. Goldstein, A. Zigler, P.G. Burkhalter, D.J. Nagel, A. Bar-Shalom, J. Oreg, 
T.S. Luk, A. McPherson, and C.K. Rhodes, "X-Ray Emission from a 650 fs Laser- 
produced Barium Plasma," Phys. Rev. E 47,4349 (1993). 

In this work we studied the x-rays emitted from a BaF2 target irradiated by a KrF laser 
pulse of 120 mJ and 650 fs length. The BaF 2 target was chosen because it is sufficiently 

transparent to low intensities of the uv laser so that no prepulse plasma is created. We showed, 
using both hydrodynamic codes and spectral analysis, that a cold homogeneous optically thin 
plasma core, close to solid density, is created at early times before hydrodynamic changes occur. 
This core, localized in both space and time is therefore an optically thin LTE source of radiation 
with well defined density and a relatively small temperature spread of no more that 150 ev. Very 
good agreement between the STA theory and the experimental results were obtained. The 
investigated spectral range included the Dn=l transition arrays, where the occurrence of a later 
time hot corona was not apparent. This paper appears in this report as Appendix J. 

2. A. Bar Shalom, J. Oreg and W.H. Goldstein, "The Effect of Configuration Interaction 
on LTE Spectra," J. Quant. Spectrosc. Radiat. Transfer 51, 27 (1994). 

In this work we presented a method for including the effect of configuration interaction 
(Cl) on the STA spectra. We obtained analytic expressions for correcting the UTA and STA 
intensities due to Cl. These expressions, though quite complex, were easily incorporated into the 
STA code. A few examples are presented in the paper to show conditions for which Cl affects the 
spectrum. 

3. A. Bar-Shalom and J. Oreg, "Case studies by the STA model" in ‘Third International 
Opacity Workshop & Code Comparison Study” edited by A. Rickert, K. Eidmann, J. 
Meyer-ter-Vehn, F.J.D. Serduke and C.A. Iglesias, Garching (1994). 

Thirty two case studies were calculated for comparison with results of other codes and 
experiments. The comparison showed very good agreement between the STA spectra and the few 





experimental results for Fe, Ge, and Nb. Also very good agreement was found in most of the 
cases between the STA results and the detailed OPAL spectra where detailed OPAL calculations are 
still possible. 

4. A. Bar Shalom, J. Qreg and W. H. Goldstein, "The Effect of Configuration Widths on 
LTE Spectra," Phys. Rev. E 51, May, 4882 (1995). 

The analytic expressions for the STA moments were extended to include without 
additional approximation the effect of level spread within configurations. The extended 
expressions were included in the computer code and results showing the importance of this effect 
on various spectra, in comparison with experiments, were presented. This paper appears in 
Appendix K. 

5. G. Winhart, K. Eidmann, C.A. Iglesias, A. Bar Shalom, E. Minguez, A. Rickert, and S. 
Rose, “XUV Opacity Measurements and Comparison with Models,” J. Quant. 
Spectrosc. Radiat. Transfer, 54, 437 (1995). 

The opacities of Aluminum, Iron and Holmium were measured and compared with 
theoretical results of the OPAL, STA, IMP, JIMENA and SAPHIR codes. 

6. A. Bar Shalom, M. Klapisch and J. Oreg, "Phase-Amplitude Algorithms for Atomic 
Continuum Orbitals and Radial Integrals," Comp. Phys. Commun. 93,21 (1996). 

We have presented a new, fast, and accurate phase amplitude algorithm for the calculation 
of atomic continuum orbitals needed for the bound-free part of the STA model as well as for cross 
section computations of various atomic processes in plasmas. A coarse, energy independent, mesh 
is sufficient to achieve high accuracy. A straightforward application of a predictor corrector 
procedure to the non linear differential equations would fail, in particular, for high energy free 
electrons in any atomic potential. The present algorithm overcomes this problem. In addition, we 
describe a novel method for calculating the radial integrals by integration over the phases instead of 
r. With the use of Gaussian trigonometric formulas over half periods, the integrals are transformed 
into alternating series. Levin’s transform for convergence acceleration then provides the sum of 
the series with only a few terms. These methods are applicable in a relativistic as well as non 
relativistic framework. This paper is included as Appendix L. 

7. C. A. Iglesias, B. G. Wilson, F. J. Rogers, W. H. Goldstein, A. Bar Shalom, and J. 
Oreg, "Effect of Heavy Metals on Astrophysical Opacities," The Astrophys. J. 445, 855 
(1995). 

The STA model was used to calculate the opacities of heavy elements in astrophysical 
plasmas. Complete tabulation of the opacities, over the relevant grid of density and temperature 
was presented. This paper is included in Appendix M. 
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A. Bar-Shalom and J. Oreg, J.F. Seely, U. Feldman and C.M. Brown, B.A. Hammel, 
R.W. Lee and C A. Back, “Interpretation of Hot and Dense Absorption Spectra of Near- 
LTE Plasma by the STA Method,” Phys. Rev. E 52, 6686 (1996). 

The Super-Transition-Array (STA) model is shown to be a very convenient tool for the 
interpretation of near-LTE hot and dense plasmas. Specifically, we interpret here the absorption 
spectra of the CH/Ni/CH foil experiment performed at Livermore using the backlighter technique. 
In this experiment a laminar foil composed of 200 A Ni with 1000 A CH on both sides was 
radiatively heated by the x-ray continuum from a nearby gold plasma and was backlit by the x-ray 
continuum from a distant gold plasma that could be time-delayed with respect to the heating pulse. 
This setup was designed to achieve a uniform density and heating of the Ni middle layer. It is 
found that the Ni absorption features depend very weakly on the density of the foil but are quite 
sensitive to the foil temperature. Remarkably good agreement between the theory and the 
experiment is obtained for the Ni 2p-3d spectrum. The detailed features indicate that the plasma 
temperature is confined to a narrow range between 14-18 eV, demonstrating that the foil design, 
with the goal of creating an homogenous Ni plasma, was successful. These results represent a 
new temperature diagnostic for high Z plasmas. This paper is included in this report as Appendix 
N. 

9. A. Bar-Shalom and J. Oreg, “The Photo-Electric Effect in the STA Model,” accepted for 

publication in Phys. Rev. E (1996). 

In this work we present the STA approach for calculating the detailed photo-electric 
spectra under LIE conditions. We define the bound-free super transition arrays (STA’s) and 
obtain analytic expressions for their moments (total intensity, average energy, and variance). It is 
shown that the various STA’s connected with a specific photo-electron can be combined first, and 
then integration over the continuum is carried out only once. The various initial super¬ 
configurations give rise to the structure of the photo-electric spectrum near the ionization edges. 
The details of this structure are gradually revealed by the convergence procedure, inherent in the 
STA model. The efficiency of the method is discussed. Results of a few examples are given and 
compared with the average atom method and with detailed term accounting in cases where this 
approach is possible. 

Finally, the following essential points should be emphasized: 

a. The convergence procedure permits the use of first order energies in the Boltzmann 
factor for the level configurations. 

b. Orbital relaxation is applied by taking different potentials for different super¬ 
configurations. This relaxation is carried out for different STA’s as well as for the lower and 
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upper super-configurations of the same STA. It improves significantly the agreement between the 
calculated and experimental spectra. 

c. The STA model has been extended to include configuration widths (reference 2) i.e. 
the interaction between j-j configurations belonging to the same LS configuration. These 
developments improve significantly the agreement with experimental results (references 1 and 3) 
and with the OPAL code (reference 3). The STA code is a very convenient tool for spectral 
diagnostics (reference 7). Given the material density and temperature it produces the entire 
spectrum in a single run. It allows fast identification of the various arrays and lines. 

d. The STA model has been extended to account for all the bound-free transitions 
(reference 9). 

The theory and code development described above has been applied specifically for 
application to the hydrocodes used for studying the Nike laser plasma. This included the 
calculation of the Planck and Rosseland means for use in the hydrodynamics codes. It involved 
first running the code to calculate a set of detailed spectra for a particular element (e.g. Hydrogen 
or Carbon). After establishing a database for the detailed opacities corresponding to the desired 
elements at the desired temperatures and densities, the MIX code was run to compute the 
Rosseland and Planck spectral means for the frequency groups required for a hydrodynamic 
simulation of a laser-irradiated plasma. The resulting opacity tables for aluminum at high density 
and low temperature were used in the paper "Opacity of Dense, Cold, and Strongly Coupled 
Plasmas" by Mostovych, et al, published in Physical Review Letters 75, 1530 (1995). The paper 
is included in this report as Appendix O. It describes tests of the opacity models in the regime 
where the probing photon energies are of the same order as the average interparticle interaction 
energies in the plasma. Overall agreement between experiment and theory within a factor of 2 has 
been obtained. 

In a related effort, SAIC developed an improved two-moment radiation transport theory. 
The theory was useful particularly in spatial regions that are either optically thick or optically thin. 
It was incorporated into a one-dimensional hydrodynamics code. The results were presented at the 
APS:DPP meeting in November 1994 and at the European Conference on Laser Interaction with 
Matter (ECLIM) at Oxford, England in September 1994. The latter resulted in publication in the 
Conference Proceedings of a paper titled, “Improved Two-Moment Radiation Transport,” that 
appears in this report as Appendix P. 

In addition, SAIC developed a non-LTE model for plasma simulations based upon 
Busquet's non-LTE theory [Phys. Fluids B 5,4191 (1993)]. The development of this theory was 
necessary because traditional LTE does not yield accurate conversion efficiencies (ratio of energy 
radiated to input laser energy) and coronal temperatures in laser-produced plasmas. The 
fundamentals of Busquet's radiation-dependent ionization model were used to transform NRL's 2- 
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D Eulerian multigroup hydrodynamics code (that used LTE opacities and an equation of state) into 
a non-LTE code. This development was difficult because Busquet's code is designed, to be 
incorporated into a hydrodynamics code using temperature and mass density as independent 
variables. In contrast, NRL's code uses mass density and internal energy as independent variables 
in order to most fully utilize the aspects of flux-corrected transport. This complication was not 
fully appreciated when the decision was made to incorporate Busquet's model for non-LTE 
computations into NRL's hydrodynamics codes. SAIC devised a work-around involving an 
iterative calculation of the average charge state, the electronic temperature, and the so-called 
"ionization temperature." Unfortunately, convergence appears to be linear rather than quadratic as 
desired. Various methods were tried to improve the convergence properties, but none were better 
than the simple choice of a constant "accelerating factor" of one-half. More precisely, the 
algorithm appears to converge most quickly when the average of the current and the previous 
values (for the average charge state, the electronic temperature, and the “ionization temperature") 
are taken as the input to the next iteration. A paper entitled “Variable Eddington Radiative 
Transport” was presented at the Anomalous Absorption Conference in Aspen in 1995. A set of 
viewgraphs from the presentation are included here in Appendix Q. 

A.13 Calculations of laser target instability growth 

(1) Rayleigh-Taylor growth: comparison between experiment and computation 

The effect of Rayleigh-Taylor (RT) instability growth for different targets was computed 
using the FAST2D code. Code results were compared with experimental measurements. The 
results are described as follows. In order to compare computational results to experiment, the 
following CH (plastic) target was used: 

47 micron thick 

Rippled with a 60 micron wavelength, 0.5 micron amplitude. 

Experimental conditions were as follows: 

No side lighter beams. Installed calorimeter at target chamber on beam 19 to be included 
in the energy calculation. 50.3 J/beam, 300 J in 6 beams, 1.8kJ in 36 beams, (2.2 in 44, 2.8 in 
56). 

The experiment showed RT growth, but did not break through the target. The actual 
laser pulse shape (Fig. A.13-1) was used as an input in the computer simulation. The computation 
was performed over a width of one wavelength. The computed mass variations in Fig. A. 13-2, 
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are comparable to the experimental ones, shown in Fig. A. 13-3. Note that in Fig. A. 13-2 “-x” is 
the laser direction and “y” is the transverse direction (over one wave length), while in Fig. A. 13-3 
“x” is the transverse direction (over the spot size) and “-y” is in the laser direction. Thus, in both 
the longitudinal origin is at an arbitrary position. The transverse mass variation obtained from 
experiment (Fig. A. 13-3b) is qualitatively comparable to the computed one at intermediate time 
(t=7.9 sec in Fig. A. 13-2). Even at later time, both the computation and the experiment predict no 
bum through of the target due to RT instability. To be sure that the laser power input taken from 
the experiment is scaled properly, a comparison between experiment and computation was made 
for the target acceleration. The actual laser pulse (Fig. A. 13-4) was used in the computation. The 
comparison between the experimental and computed target trajectory is shown in Fig. A. 13-5. 

(2) Reduction of the laser imprint 

Computer simulations predicted that single mode laser beam nonuniformity will grow 
significantly slower if the target is made of a plastic foam with gradually varying density, instead 
of a solid plastic. Experimental results were obtained using a few constant density discrete foam 
layers in place of the gradually varying foam density and they verified the prediction. Even if ISI- 
smoothed beams are used, the computation predicts significant reduction of the growth rate if foam 
is used. The advantage of foam disappears, according to the simulations, if the radiation transport 
is “turned off.” Currently, computer simulations using multiple materials but spherical targets 
rather than flat foils, are in progress. 

B. SPACE PLASMA STUDIES 

During the current contract period our work focused on using the active properties of the 
ionospheric plasma for several Navy related tasks such as communications, detection, and 
countermeasures. More specifically we examined the following: 

B.l Ionospheric response to conductivity transients 

A combined analytic and numerical technique was developed to address the current 
closure problem. The set of the cold electron plasma equations and Maxwell’s equations were first 

solved analytically in (k, go) space. Inverse Laplace and 3-D complex Fast Fourier Transform 
(FFT) techniques were subsequently used to numerically transform the radiation fields and plasma 
currents from the (k, go) space to the (k, t) space. The results show that the electron plasma 

responds to a time-varying current source imposed across the magnetic field by exciting 
whistler/helicon waves and forming an expanding local current loop, driven by field aligned 
plasma currents. The current loop consists of two anti-parallel field-aligned current channels 
concentrated at the ends of the imposed current and a cross-field Hall current region connecting 
these channels. The characteristics of the current closure region are determined by the background 
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plasma density, the magnetic field and the time scale of the current source. The results were 
applied to the ionospheric generation of ELF/VLF radiation using amplitude modulated HF 
heating. Details of this work appear in a paper published in Physics of Plasmas entitled 
“Electromagnetohydrodynamics response of a plasma to an external current pulse” and appears in 
this report as Appendix R. 

B.2 Cerenkov excitation of the earth ionosphere waveguide 

A comprehensive theoretical analysis of direct Cerenkov excitation of the earth- 
ionosphere waveguide using ionospheric heating was performed. The model relies on transient 
ionospheric heating with a heater spot moving horizontally at the bottom of the waveguide with 
speed close to the speed of light. The cases of isotropic ionospheric conductivity, corresponding 
to heating altitudes below 70 km, and of anisotropic conductivity, corresponding to heating at 
higher altitudes were examined separately. We found that enhanced radiation coupling requires 
that the speed of the heater approach the speed of light. For the anisotropic case such enhancement 
occurs independently of the direction of motion, while for the isotropic case motion parallel to the 
ambient electric field is required. Details of this work have been submitted for publication in Radio 
Science in a paper entitled “Direct Cerenkov Excitation of Waveguide Modes by a Mobile 
Ionospheric Heater” and it appears here in Appendix S. 

B.3 Excitation of the TEM mode by a moving source 

The excitation of the long range TEM mode in the earth-ionosphere waveguide by a 
current source moving horizontally in the lower ionosphere was studied. The moving current 
source was generated by a novel HF modification scheme that requires the horizontal sweeping of 
the HF heater beam. Motion of the current source in the ionosphere can excite plasma waves 
similar to the traditional Cerenkov excitation by a charged particle moving through a media. The 
excited waves may propagate into the earth-ionosphere waveguide and couple to the TEM 
waveguide mode at ELF/VLF frequency. The resulting radiation pattern of the TEM wave at the 
ground level peaks in the direction of the motion. The frequency spectrum, wave amplitudes, and 
power of injection were derived. Our analysis included realistic effects such as anisotropic plasma 
and vertical density profile in the ionosphere. A paper describing this effort in detail has been 
written but not yet submitted for publication. Titled “Excitation of ELF/VLF Waves in the Earth- 
Ionosphere Waveguide by a Moving Current Source” it is included in this report as Appendix T. 

B.4 ULF excitation by ionospheric heating 

Excitation of ULF waves by HF heating including chemistry effects was examined. We 
showed that in the ULF range electron heating reduces the electron recombination rate with NO + 

and C> 2 , leading to electron density enhancement and concomident modification of the 
conductivity at ULF. Strong Pci and Pc2 signals can be produced. Applications to underground 
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imaging were considered. Details of this work appear in Appendix U. This work was presented at 
the Santa Fe meeting of the HF Active Auroral Research Program (HAARP) in April 1996. 

B.5 Ionospheric focused heating experiment 
SAIC was a participant in analyzing measurements taken in support of the Ionospheric 
Focused Heating (IFH) Experiment. This experiment employed a rocket that released 30 kg of 
CF 3 Br into the F region ionosphere, resulting in an ionospheric hole (electron depletion). Two 
radio beams from Arecibo were focused on that region of the ionosphere and showed substantial 
enhancements in power density. Simultaneously, in situ ionospheric measurements were made 
and airglow measurements were obtained. This work has been described in detail in a publication 
in the Journal of Geophysical Research titled “The Ionospheric Focused Heating Experiment” and 
appears in this report in Appendix V. 

B. 6 Plasma sheet boundary layer 

SAIC, in collaboration with Dr. Gurudas Ganguli of NRL, studied effects on the plasma 
sheet boundary layer (PSBL) during aurorally active periods, at which time it becomes stressed. 
Simulations performed showed that the electron-ion-hybrid (EIH) instability plays a key role in the 
nonlinear relaxation of the stressed PSBL. This work is described in detail in a publication in 
Geophysical Research Letters titled “Relaxation of the Stressed Plasma Sheet Boundary Layer.” It 
appears in this report in Appendix W. 

C. NOVEL LASER INVESTIGATIONS 

C. 1 Generation of far infrared radiation 

In this work a device is proposed and analyzed that combines features of photo-switched 
semiconductors and of radiation conversion using a periodic capacitor array. The device is referred 
to as a Photo-switched Periodically-biased Semiconductor (PPS). Radiation is generated by 
applying a static, periodic electric field across the surface of a planar semiconductor. A laser pulse 
is injected into the device propagating along and nearly parallel to the surface and perpendicular to 
the applied static field. The propagating pulse generates photocarriers within the semiconductor 
and a transient current develops in response to the applied periodic electric field; the currents 
generate electromagnetic radiation. A planar conductor, placed parallel to the photoconductor will 
confine and enhance the generated radiation. For typical parameters tunable electromagnetic 

radiation can be generated with wavelengths in the 50-500 (im range, pulse durations in the pico - 

or subpicosecond range, and peak powers on the order of 100 W. 

A paper describing this work in detail has been submitted and accepted by Physical 
Review E. It is titled “Radiation Generation by Photo-Switched, Periodically-Biased 
Semiconductors” and is included in this Report in Appendix X. 



C.2 Intense laser pulse solitons in a plasma 

An analysis was performed that uncovered one-dimensional soliton behavior associated 
with intense laser pulses propagating through a uniform plasma. The solitons are classified by the 
number, N, of nodes of the envelope of the laser vector potential. The properties of these solitons 
are investigated for N=0 and N=1 and for the N»1 case. This work has been submitted for 
publication in Physical Review Letters and is included in this report in Appendix Y. 

D. PLASMA OPENING SWITCH SIMULATIONS 

The plasma opening switch (POS) is the key component for compact terawatt inductive- 
energy-store pulsed-power systems. In this effort the detailed physics associated with high density 
POS’s has been investigated. The numerical tools include two fluid MHD and particle-in-cell 
(PIC) codes. In the closed state, the POS must conduct megampere currents for times approaching 
1 |ls. During this time electrical energy is converted into magnetic energy and stored in the primary 
storage inductor. To achieve high output powers, the POS must open on a time scale short 
compared to the conduction time and deliver the magnetic energy to a particle-beam-diode or 
imploding-plasma load. The power flow as the switch opens, out of the POS and into the 
magnetically insulated transmission line (MITL), that connects the POS and load, has not been well 
understood. Simulations were performed with the Mission Research Corporation PIC code, 
MAGIC, to analyze POS experiments on the Decade Prototype Module 1 (DPMI) at Physics 
International. Details of these simulations and results have been published in the Journal of 
Applied Physics, titled “Power flow between a plasma-opening switch and a load separated by a 
high-inductance magnetically insulated transmission line.” This paper is included as Appendix Z. 

In a related effort we focused on electrostatic gap formation processes near a cathode in 
the context of long-conduction-time (~ 1 (is) POS. The work extends previous PIC simulations to 
plasma densities up to 5xl0 15 cm' 3 , more than two orders of magnitude higher than earlier 
simulations. A new model was proposed and results of simulations based on it were presented. 
The model gives significantly different predictions than previous models; differences that the 
validity of will be determined by future experiments. This work has been published in Physics of 
Plasmas under the title “Gap formation processes in a high-density plasma opening switch” and is 
included in this report as Appendix AA. 

Finally, recent theoretical studies predict that the magnetic field can penetrate into initially 
magnetized plasma on a time scale faster than either the Alfven speed or resistive diffusion; we 
performed PIC code simulations to provide the first verification of Hall penetration, the mechanism 
of this fast penetration. These results were presented in the context of the POS but have much 
wider applicability. The simulations used the MAGIC PIC code. In addition to the fast 
penetration, the PIC simulations show that vortices in the electron flow accompany the penetration 



and are a natural consequence of electron inertia. Details of this work appear in a paper entitled 
“Particle-In-Cell Simulations of Fast Magnetic Field Penetration Into Plasmas Due to the Hall 
Electric Field” that has been accepted for publication in Physics of Plasmas. It appears in this 
report as Appendix BB. 

E. INVESTIGATIONS IN NONLINEAR DYNAMICS 

During this contract period SAIC has performed several different investigations in 
nonlinear dynamics. The topics are described as follows. 

E.l Control methods for dynamical systems 

We have introduced a new control algorithm for spatio-temporal processes and applied it 
to a reaction-diffusion system modeling chemical kinetics laws in the Couette flow reactor. This 
algorithm stabilizes unstable states by using the natural dynamics of the system modeled as a time 
series. The technique involves classical linear control combined with nonlinear analysis 
embedding techniques. The algorithm was presented in the paper "Controlling Unstable States in 
Reaction-Diffusion Systems Modeled by Time Series," published in Physical Review E, and 
appears in this report in Appendix CC. 

The control ideas were further pursued in the context of wall bounded turbulent shear 
flow. Embedding methods were extended to a Karhunen-Loeve model of wall-bounded turbulent 
flow to explore nonlinear structure around unstable orbits having nonlinearly unstable directions. 
Control was achieved in a special case that is reported in "Detecting Motion on Center Manifolds 
from a Time Series-An Example" that appeared in the Proceedings of the IEEE International 
Symposium on Circuits and Systems and which is attached in Appendix DD. 

To further extend these techniques, control methods for time series were also applied to 
a simple model of coupled pendulums, and an array of diffusively coupled maps that exhibit rich 
dynamical behavior was created. 

Another research direction we pursued was to use Karhunen-Loeve decomposition to 
represent data with a minimal number of degrees of freedom and create equivalent lower 
dimensional models for spatio-temporal processes. Initially designed for fluid dynamics 
experiments, the Karhunen-Loeve decomposition was applied to generate a low-dimensional model 
for a reaction-diffusion process. The dynamics of the Karhunen-Loeve model was fully 
investigated over a wide parameter range. Insight was gained into how the dynamics in a high¬ 
dimensional model carries over to the low-dimensional model. Also the dynamics of the modes 
can explain some of the phenomena in the high-dimensional model. The results were reported in a 
paper titled "Chaos and Intermittent Bursting in a Reaction-Diffusion Process" in the journal 
Chaos, and it is included here as Appendix EE. 



Finally, an algorithm for preserving chaotic transients was developed and applied to a 
laser model, and a paper is currently in preparation on the subject. 

£.2 Pattern recognition applied to analyzing oil debris particles 

Debris particles accumulating in machine oil are monitored and analyzed in order to 
determine the state of wear of the machine. The aim is to assess, by the shape of the particles, the 
state of wear of the machine and time the necessary parts replacements. The results of this project 
are described in a paper entitled "Advances in Optical Debris Monitoring Technology". This paper 
appeared in the Proceedings of the Integrated Monitoring, Diagnostics and Failure Prevention 
Conference organized by the Joint Oil Analysis Program (JOAP) and the Mechanical Failure 
Prevention Technologies (MFPT). The meeting was held in Mobile, Alabama, April 1996. One of 
the main goals of this project is to obtain a classification of the particles according to wear source 
and wear state. To achieve this aim we have determined features of the boundary of the particles 
such as aspect ratio, circularity, external compactness, kurtosis of the distribution of angles in the 
edge contour, and variations of curvature in the edge contour, which allow us to distinguish wear 
particles at different stages of wear and to match the experimental classification with a quantitative 
description of the particles. This work involved using inversion methods to analyze scattering 
data. It will be followed by artificially generating fractal particles to analyze their boundary. 

£.3 Analyzing second harmonic scattering data to determine electro¬ 
chemical interface structure 

We proposed a general approach for establishing correlations between the optical second 
harmonic response generated from a metal-electrolyte interface and the interface structure. In 
specific case studies the response function describes the dependence of the dipolar second 
harmonic generation signal on the local applied electric field, which in turn can be connected via 
electrochemical models with the molecular structure of the interface. The novelty of the approach 
consists in that the analysis and interpretation of influences of electrochemical potential on the 
second harmonic response are made in terms of quantities at the molecular level. An abstract of the 
paper in preparation follows. 

Case Study Analysis of Second Harmonic Scattering 
from a Metal-Electrolyte Interface Based on Construction 
of a System Response Function 

S.G. Lambrakos, P.P. Paulette, and Ioana Triandaf 


We present a case study analysis of second-harmonic scattering data for 
scattering of polarized light from a metal-electrolyte interface. Our analysis is 
based on the construction of a response function whose form is deduced 
according to the variation of the second-harmonic-scattering intensity and 



certain general and consistent assumptions concerning the molecular-level 

character of second-harmonic-scattering sites at the metal surface. 

E.4 Application of the coupling model to polymer properties 

To study cosmic ray acceleration of charged particles under moving magnetic structures, 
Fermi proposed to use a map [E. Fermi, Phys. Rev. 75, 1169 (1949)], in which a particle 
bounces back and forth between a fixed and an oscillating wall. The Fermi map determines the 
velocity and phase of discrete time n+1 from information at time n. 

It is well known also that in billard systems boundaries partly made up by arcs of circles 
will cause chaotic behavior in the motion of a particle [M.V. Berry, Ann. Phys. 131, 163 (1981); 
Proc. Roy. Soc. London A423, 219 (1989)]. The simplest of such billard systems is the well 
known stadium system in which the sharp comers of a rectangular boundary are replaced by arcs 
of radii R. 

We studied the combination of the Fermi map system and half a stadium to determine the 
effect of additional nonlinearity in the well known Fermi acceleration problem. We compared the 
relaxation in the Fermi-stadium map with different R's to that in the Fermi map and found the 
relaxation retarded for different values of R. After a crossover time, the Fermi relaxation can be 
approximated by an exponential function, while the Fermi-stadium relaxation can be approximated 
by a stretched-exponential function. The fractional exponent beta decreases further from unity with 
increasing nonlinearity. The result bears strong similarity to the basic features suggested by the 
Coupling Model [K.L. Ngai, Comments Solid State Phys. 9, 127 (1979)] and seen in neutron 
scattering. Details and results were published in a paper entitled “From Chemical Structure to 
Viscoelastic Properties of Polymers” and appears in this report in Appendix FF. 

We also analyzed a system of interacting arrays of globally coupled nonlinear oscillators. 
We compared the relaxation in the interacting arrays with different interaction strengths to that in an 
array not subject to interaction with others and found the relaxation of the latter to be an exponential 
function of time. On the other hand the relaxation of the interacting arrays is slowed down and 
departs from an exponential of time. There exists a cross-over time, t c , before which relaxation of 
the interacting arrays is still an exponential function. However, beyond t c , relaxation is no longer 

exponential but is well approximated by a stretched exponential, exp-(t/T) p . The fractional 

exponent beta decreases further from unity with increasing interaction strength. The result again 
bears strong similarity to the basic features suggested by the coupling model and seen 
experimentally by neutron scattering for relaxation in densely packed interacting molecules in glass 
forming liquids. Details and results will be published in a paper entitled “Relaxation in Interacting 
Arrays of Oscillators” and will appear in Phys. Rev. E as a rapid communication. It is included 
here as Appendix GG. 
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F. COMBUSTION MODELING 

Three distinct studies have been carried out for the numerical simulation of combustion 
processes. They are described in the following subsections. 

F.l Modeling combustion in fire plumes 

The goal of this research was to develop a combustion model appropriate for buoyancy 
driven fire plumes and thus to study the structure and energetics of hydrocarbons burning in a pool 
fire configuration. We made use of finite chemical kinetic rate equations to numerically simulate a 
laminar diffusion flame. The code was constructed to consider the viscous effects in a mixing 
layer, heat conduction, the multi-component diffusion and convection of important species, the 
finite rate reactions of these species, and the resulting interaction between the fluid mechanics and 
the chemistry. The numerical model was used to obtain a detailed description of laminar diffusion 
flames obtained above 2-D methane/air burners. Results were compared with experimental 
thermocouple measurements for methane-air burners with similar geometries and flow 
configurations. This research is an ongoing study and is described in more detail in Appendix 
HH. We plan to submit a paper describing this work for publication to the Journal of Fire 
Research. It will be titled “Numerical Simulation of Combustion in Fire Plumes.” 

F.2 Burning rates of RDX propellants 

A mathematical model for a three-tiered system consisting of solid, liquid, and gas was 
derived for studying the combustion of RDX propellants. The resulting nonlinear two-point 
boundary value problem was solved by Newton's method with adaptive gridding techniques. In 
this study the burning rate is computed as an eigenvalue, which can remove the uncertainty 
associated with employing evaporation and condensation rate laws in its evaluation. Results were 
obtained for laser-assisted and self-deflagration of RDX monopropellants and were compared with 
experimental results. The burning rates were computed over a wide range of ambient pressures 
and compared well with experimental results from one to ninety atmospheres. The burning rate 
was found to be proportional to the pressure raised to the 0.76 power. Sensitivity of the burning 
rate to initial propellant temperature was calculated and found to be extremely low, in agreement 
with past theoretical predictions and experimental data. 

Results for laser-assisted combustion showed a distinct primary and secondary flame 
separated by a dark zone, the length of which is dependent upon the incident laser flux intensity. 
A detailed description of this work is provided in Appendix II. A paper describing this work has 
been accepted for publication in the Journal of Combustion Science and Technology and will 
appear shortly. The title is, “An Eigenvalue Method for Computing the Burning Rates of RDX 
Propellants.” 



F. 3 Burning rates of HMX propellants 

A mathematical model for a three-tiered system consisting of solid, liquid, and gas was derived for 
studying the combustion of HMX propellants. The resulting nonlinear two-point boundary value 
problem is solved by Newton's method with adaptive gridding techniques. In this study the 
burning rate was computed as an eigenvalue, which removes the uncertainty associated with 
employing evaporation and condensation rate laws in its evaluation. Results were obtained for 
laser-assisted and self-deflagration of HMX monopropellants and were compared with 
experimental results. The burning rates were computed over a wide range of ambient pressures 
and compare well with experimental results from one to ninety atmospheres. The burning rate 
was found to be proportional to the pressure raised to the 0.82 power. Sensitivity of the burning 
rate to initial propellant temperature is calculated and found to be extremely low, in agreement with 
past theoretical predictions and experimental data. 

Results for laser-assisted combustion showed a distinct primary and secondary flame 
separated by a dark zone, the length of which is dependent upon the incident laser flux intensity. A 
detailed description of this work has been provided in Appendix JJ and has been submitted to the 
Journal of Combustion and Flame for archival publication. The title is, “An Eigenvalue Method for 
Computing the Burning Rates of HMX Propellants.” 

G. MODELING AND SIMULATION OF VAPOR PHASE PROCESSING 
AND MANUFACTURING 

The objective of this SAIC research program is to develop a numerical simulation 
capability that will aid in understanding, development, and improvement of advanced vapor phase 
processing and manufacturing technologies. The program is divided into focus areas that address 
three particular material processing technologies: Thermal Spray Coatings; Metalorganic Chemical 
Vapor (MOCVD) deposition; and Flame Deposition and Synthesis of Nanoscale Materials. To date 
significant progress have been made with simulations in all three areas. The following address our 
specific achievements and the current status of research in the focus areas. 

G. l Thermal spray processing 

SAIC has developed the first comprehensive simulation capability for thermal spray 
deposition based on a High Velocity Oxy/Fuel system. The model includes accurate simulations of 
both gas and particle flow, and allows analysis of the effects of particle/gas turbulence interaction 
on particle parameter distribution. The numerical simulations were benchmarked against 
experimental results and showed excellent agreement for both gas and particle flow predictions. 
SAIC used the numerical simulations to analyze the key parameters that affect the quality and 
efficiency of thermal spray systems. The methodology and results of analysis were presented to 
industry at a number of national conferences, and were included in five conference papers (four 


proceedings publications), and two journal articles. The journal articles are titled “Numerical 
Analysis of a High-Velocity Oxygen-Fuel Thermal Spray System,” published in the Journal of 
Thermal Spray Technology and included here as Appendix KK and “Use of Thermal Spray 
Methods for Coating Nanoscale Materials,” here in Appendix LL. 

SAIC signed a CRADA with Idaho National Engineering Laboratory (INEL) that is 
dedicated to further validating the developed numerical model, as well as to experimentally 
verifying the coating regimes that were developed using numerical simulation. INEL/SAIC 
experiments under the CRADA began in March 1996. 

The University of Connecticut, which is subcontracted to develop TS coatings of 
nanostructured material, has demonstrated single phase, high density WC/Co coatings, that have 
the same parameters as high pressure, high temperature sintered WC/Co. These coatings were 
facilitated through the understanding of the TS process gained through our numerical simulations. 

SAIC will use the developed numerical capability to improve thermal barrier coatings on 
turbine blades for ABB Power Plant Laboratories of Windsor, Connecticut (under a separate 
contract). We are also investigating the use of numerical optimization of coating systems for the 
WPAFB program, currently being performed by SAIC, to develop environmentally compliant 
coatings. 

Status of the Thermal Spray Focus Area 

Under this focus area a unique simulation technology was developed and validated. 
Currently the main effort is directed towards technology transfer and its application to the 
development of improved coatings for government and industry. 

G.2 Metalorganic Chemical Vapor Deposition (MOCVD) 

Stevens Institute of Technology, under subcontract to SAIC, has demonstrated the 
feasibility of a nanoscale yttria-stabilized zirconia (YSZ) coating with columnar structure and very 
good thermal properties in an MOCVD reactor. This demonstration has enormous technological 
importance, since similar materials are now produced in an e-beam PVD reactor that costs about 
100 times more than a MOCVD reactor. To date, this type of coating has only been demonstrated 
in an experimental reactor on a small substrate. It will be a significant challenge to scale up the 
process from a research reactor to a full scale turbine blade or other engine part that needs thermal 
barrier coating. The challenge is to assure uniform exposure of the coated surface to the 
metalorganic precursors. 

SAIC performed full three dimensional simulations of the MOCVD reactor with a detailed 
geometry of the turbine blade (obtained from Howmet Corporation). The simulations were done 
using tetrahedral grids that allow efficient and accurate description of complex geometries. These 
simulati ons are the first example of using unstructured grid methodology for CVD reactor design 
for a truly complex three dimensional substrate. We performed parametric analysis of the flow 






regimes in the reactor. As a result of this analysis, we changed the blade orientation in the reactor, 
which resulted in to low vorticity uniform flow over the blade even for very high precursor 
velocities. 

Status of the MOCVD Focus Area 

For this focus area, SAIC developed a simulation tool that facilitates the design of a 
MOCVD reactor for a complex three-dimensional substrate. This tool is currently benchmarked 
against experimental results and some classical problems. Stevens Institute developed a unique 
YSZ thermal barrier coating as well as diagnostics in a MOCVD reactor. Work is underway to use 
CFD simulations for reactor design. 

G.3 Flame deposition and synthesis of nanoscale materials 

SAIC has developed a simulation model for a low pressure Flat Flame (IT) reactor used 
by our subcontractor, Rutgers University. The FF reactor is an implementation of Chemical Vapor 
Condensation methods that allow high rate production of nanoscale powders of ceramic and other 
materials. Rutgers University has demonstrated the use of the FF reactor for the synthesis of 
nanosize Si0 2 , Ti0 2 , and other materials. The FF reactor is a scaleable device that can be used for 
the production and deposition of nanoscale materials with unique properties. Rutgers University 
has equipped their FF reactor with extensive nonintrusive diagnostics that allow measurement of 
gas temperature and composition. The numerical simulation of the processes in the reactor will 
lower the cost of reactor design and will facilitate its rapid scale-up from a laboratory scale reactor 
to an industrial process. 

SAIC has simulated flow and flame conditions in the Rutgers FF reactor. We have 
developed a five-reaction chemical kinetics model, which is able to simulate a steady, self- 
sustained flame in the reactor. The simulation results were benchmarked against experimental data 
and found to be in good agreement. SAIC is working on further validation of the numerical model 
through detailed diagnostics and development of the reduced chemical kinetics models for the 
simulation of a range of materials synthesis processes. 

Status of the Flame Deposition and Synthesis of Nanoscale Materials Focus Area 

SAIC developed a model for the simulation of the FF reactor. Simulations are currently 
being benchmarked against experiments. Preliminary results show good agreement. Rutgers 
University developed and installed diagnostics for the reactor and demonstrated synthesis of 
nanoscale materials in the reactor. 

Technology Transfer Status 

We have continued interaction with our industrial team members at TAFA, and 
Engelhard, and have developed contacts with other players in the thermal spray industry. We have 
also developed a working relationship with government labs that are active in the area of thermal 
spray. Our effort has been recognized by the industry, which resulted in an assignment to use 
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developed CFD tools for improving the quality of an industrial TS coating process. We are 
collaborating fully with our university team members for the experimental validation effort, and for 
defining the simulation technology requirements for materials science and technology needs. 

H. A COMPREHENSIVE MODEL OF PLASMA ETCH REACTORS 

This SAIC modeling effort involves a collaboration with Cornell University and with two 
etch reactor manufacturers, GaSonics International, Inc., manufacturer of a high pressure chemical 
downstream etch (CDE) reactor, and Plasma & Materials Technologies, Inc. (PMT) manufacturer 
of a low pressure helicon reactor. The objective is to (1) develop a detailed computational model of 
plasma etch reactors valid over a broad range of operating parameters (pressure, input power, flow 
rate, and geometry); (2) identify important physical mechanisms that govern reactor performance 
and validate model assumptions and algorithms with experimental data; and (3) construct simplified 
codes for use by industry for design and control of reactor performance. 

Among the elements required in a plasma etch reactor are the capability of determining the 

(a) electromagnetic field including the impact due to the response of a high density plasma, (b) 
spatial dependence of the electron energy distribution, (c) ion dynamics, (d) neutral flow, (e) 
plasma and neutral chemistry, and (f) surface effects at the reactor walls and substrate. 

Because of the wide range in time scales in these reactors we have developed a frequency 
domain (FD) electromagnetic solver (fastest time scale in the reactor) to determine the microwave 
modes and provide the self consistent electric field in the presence of plasma. This required the 
development of a new algorithm capable of generating a converging solution for the non-positive- 
definite and non-diagonally dominant operator that results on inclusion of plasma response terms in 
Maxwell’s equations. 

The current status of code development for the PMT reactor is as follows: We have 

(a) calculated the RF E field including the effect of a high density plasma ~ 5xl0 ,2 cm' 3 . 

(b) calculated typical (low energy) electron orbits in the reactor using a particle code. 
Here the electrons are constrained by the static B field and energized by the RF E 
field. The calculation was performed for three cases: (1) no collisions, no RF field, 
(2) collisions, no RF field, and (3) collisions plus RF field. 

(c) used a Direct Simulation Monte Carlo (DSMC) code including chemistry to 
calculate neutral and ion densities with ions constrained to move along the static B 

field. Density contours determined include Cl 2 , Cl, ClJ, Cl + , and Cl\ 

The status of GaSonics reactor code development: 

(a) local Boltzmann code for electron energy distribution extensively tested. 

(b) module for oxygen-nitrogen chemistry developed and tested. 



(c) modules for thermal conductivity, diffusion, and viscosity developed and tested. 

(d) a fluid code using a finite analytic Navier-Stokes (FANS) algorithm has been 
implemented for the GaSonics reactor’s plasma discharge tube. 

(e) simulation of flow in a plasma discharge tube using a high aspect ratio 
simplification has been performed in presence of a model plasma discharge 
distribution. 

In addition to the above, two separate studies were carried out: (1) a special numerical 
investigation for the PMT reactor of the effect of input nozzle placement on the efficiency and 
uniformity of flux to the substrate and (2) for the GaSonics reactor an experimental investigation of 
the role of impurities in the oxygen CDE resist etching process. 

A set of viewgraphs describing the above in more detail and presenting results was 
presented to our DARPA sponsor in June 1996 and is included herein as Appendix MM, entitled 
“A Comprehensive Model of Plasma Etch Reactors.” In addition, an invited article in the new 
journal The Industrial Physicist was written and published. Entitled “Computer Modeling of 
Deposition and Etching,” it is included here as Appendix NN. Also, an article was written in 
connection with a presentation at the 33rd Aerospace Sciences Meeting of the American Institute of 
Aeronautics and Astronautics (AIAA) at Reno, Nevada, in January 1995. That article, entitled 
“Modeling Chemical Vapor Deposition and Etching Processes” is included in this report as 
Appendix 00. Finally, in Appendix PP we include a paper titled “Role of Impurities in 0 2 
Chemical Dry Etching.” This paper details an experimental investigation carried out at SUNY 
Albany on the effect of the impurities N 2 and H 2 in an oxygen resist CDE reactor on parameters 
including the etch rate, oxygen atom concentration in the discharge region, and surface 
modifications on the resist. 
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A KrF oscillator system that has produced highly uniform flat-top focal distributions is described. The oscillator system is part 
of a large laser system that will utilize the echelon-free induced spatial incoherence technique to obtain uniform illumination of 
planar targets for fusion research. With this system, focal profiles with small long scale length nonuniformities have been obtained. 
The nonuniformity was determined by performing a least-squares fit to a series of profiles, and calculating the deviation of each 
fit from a flat-top profile. With a linear fit, the deviation averaged over the series is ± 0.5%, and with a quadratic fit, it is ± 1.4%. 
Details of the oscillator system configuration, focal uniformity measurement techniques, and resulting focal profiles are presented. 


1. Introduction 

One of the requirements for high-gain direct-drive 
inertial confinement fusion is a highly symmetric 
implosion of the spherical fuel pellet. Ablation pres¬ 
sure nonuniformities less than a few percent are 
thought to be required. If an ultraviolet wavelength 
is used (which couples more efficiently to the target 
than longer wavelengths), then there is only modest 
lateral smoothing of the ablation pressure [1], 
Therefore, success with direct drive laser fusion re¬ 
quires the development of techniques for highly uni¬ 
form illumination of fuel pellets. It is perhaps im¬ 
possible with today’s technology to have a uniform 
focal illumination with a nearly diffraction limited 
beam. Progress has instead been made by methods 
that employ controlled spatial and temporal incoh¬ 
erence with focal profiles that are smooth when av¬ 
eraged over many temporal coherence times [2-11]. 
These smoothing techniques have been shown to re¬ 
duce laser plasma instabilities [12-18]. However, 
with existing high energy glass lasers, peak-to-valley 
focal nonuniformities still are typically ~ 10% with 
these techniques [9-11]. 


The NIKE KrF laser system [19-21] currently 
under construction at the Naval Research Labora¬ 
tory, is being built to have focal profiles that are uni¬ 
form enough to produce ablation pressures flat to 
within 2% on planar targets. NIKE will use the ech¬ 
elon-free induced spatial incoherence (EFISI) tech¬ 
nique [3] to produce 60 time diffraction limited flat- 
top focal profiles with at least two kilojoules in 4 ns 
on target. 

The EFISI technique is illustrated in fig. 1. An os¬ 
cillator with spatially incoherent output illuminates 
an object aperture, whose image is relayed by the two 
lenses to the image plane. Light from each point in 
the object aperture illuminates an aperture at the 
Fourier plane with the same intensity. The light 
passes through the object aperture, is amplified at 
the Fourier plane, and is then focused at the image 
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Fig. 1. A simplified schematic of the echelon-free induced spatial 
incoherence technique. 
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plane. With the EFISI technique, the image profile 
would not be strongly affected by the spatial non¬ 
uniformity of the amplifier gain because light from 
each point in the object aperture is amplified by the 
same amount. Also, because the image is already 
many times diffraction limited, it will not be strongly 
affected by the phase aberrations of the laser system. 

There are several requirements that the oscillator 
must meet: 

(i) The light at the object aperture must have suf¬ 
ficient spatial incoherence (divergence) to fill the 
Fourier aperture. 

(ii) The oscillator output must have sufficient 
temporal incoherence to produce a time-averaged 
smooth profile. 

(iii) The light at the object and Fourier apertures 
must produce a uniform flat-top profile at the image 
plane. 

(iv) The light from each point in the object ap¬ 
erture must illuminate the Fourier aperture with the 
same profile. 

Requirements (i) through (iii) are perhaps 
straightforward. Requirement (iv) is necessary so 
that the focal profile be insensitive to gain nonuni¬ 
formities of an amplifier located at the Fourier plane. 
These requirements are discussed in the next section. 

Here we report on a KrF oscillator system with un¬ 
conventional resonator optics that has come close to 
meeting the above requirements. This oscillator, with 
a two stage Pockels cell pulse slicer, produces 4 ns 
flat-top focal profiles (using an//130 lens) with tilts 
on the order of 1% and the temporal coherence time 
of 0.6 ps. When a nonuniform amplifier gain was 
simulated by blocking half the Fourier aperture, the 
tilts were still less than 3%. This system approached 
the focal uniformity goals for the NIKE laser. 

In this oscillator, the laser medium is imaged back 
onto itself by the resonator optics. Thus a photon that 
makes a large angle with the longitudinal axis will 
still pass through the laser medium, even after many 
transits (unless the angle is so large that the finite 
size of the laser chamber windows blocks it). The 
output of this oscillator therefore has greater angular 
divergence than the output of an oscillator with con¬ 
ventional stable resonator optics. In addition, the 
Fourier aperture is illuminated more nearly uni¬ 
formly by each point in the object aperture, as re¬ 
quired by the EFISI technique. 


The next section describes the oscillator setup in 
greater detail and presents its measured character¬ 
istics. Section 3 presents details of the pulse slicing 
system. Section 4 presents details of the imager used 
to measure the profiles. Section 5 presents the focal 
profiles and the algorithms used to evaluate them. 
Section 6 summarizes the results and presents the 
conclusions. 


2. The oscillator system 

As mentioned in the introduction, the oscillator 
output must be spatially incoherent so that it can 
produce a beam that is many times diffraction lim¬ 
ited. The focal profile does not then depend strongly 
on the phase errors encountered during propagation. 
The focal profiles presented are 60 times diffraction 
limited, although the NIKE system has been de¬ 
signed to propagate beams which are up to 120 times 
diffraction limited without vignetting. If both the 
object and Fourier apertures are circular, then the 
beam is N d times diffraction limited with 

N d =Dd/Af , (1) 

where D is the Fourier aperture diameter, d is the 
object aperture diameter, A is the wavelength of the 
light (248 nm), and/is the focal length of the lens 
between the object and Fourier apertures. 

The second requirement is that the oscillator out¬ 
put be temporally incoherent. At any given time, the 
focal profile is a complicated speckle pattern. After 
one coherence time, it is a different pattern. The 
measured profiles are time-integrated, so that if the 
measurement is made over more coherence times, 
then both the shot-to-shot variation due to the spec¬ 
kle and the random variation from one coherence 
zone to the next are decreased. The coherence time 
must be short enough so that these variations are not 
too large. 

The third requirement is that light from each part 
of the object aperture illuminate the Fourier aper¬ 
ture with the same angular energy distribution. This 
requirement can be stated more precisely as follows: 
Let 7(x, k) be the time-averaged intensity profile at 
point k within the Fourier aperture due to light from 
several coherence zones (which have a size of 
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~df 60) around point x in the object aperture. The 
requirement becomes 

Vj(x,k) = 0. (2) 

Note that /(x, k ) need not also be uniform across the 
Fourier aperture. If eq. (2) is satisfied, then the fo¬ 
cal profile will be flat, even if the light is subjected 
to nonuniform amplification at the Fourier aperture. 

Equation (2) can be checked by placing a small 
pinhole in the object aperture and measuring the 
time-averaged intensity profile at the Fourier aper¬ 
ture. The resulting Fourier intensity profile should 
be the same regardless of where the pinhole is placed 
within the object aperture. Adherence to eq. (2) can 
also be checked by blocking various regions of the 
Fourier aperture, and observing whether or not the 
image maintains its flat-top shape. The latter method 
was used in this work. 

Figure 2 shows the optical setup for the oscillator 
used for the results presented here. The oscillator op¬ 
tics image the laser medium back onto itself. All the 
oscillator configurations investigated used a 1 cmx 
2 cm x 80 cm discharge pumped KrF laser medium. 
The rear optics consist of a positive lens and a high- 
reflectivity flat mirror with an aperture, and the front 
optic is a 50% reflectivity flat mirror. The distance 
between each mirror and the lens is equal to the focal 
length of the lens (1 m). Light from point a inside 
the laser medium will be imaged, after reflection by 
both the front and rear optics, at point b. This prop¬ 
erty of imaging the laser medium back onto itself 
produces a large angular divergence. 

Conventional discharge oscillator optics did not 
satisfy these requirements. A stable resonator setup 
consisting of a flat front mirror and a rear mirror with 
a large radius of curvature (5 m, 10 m, and oo) was 
tested. While the image of the object aperture was 
flat, the angular divergence was too small to produce 
the required 60 times diffraction limited beam. 

The front of the laser medium (which is approx¬ 
imately 10 cm from the chamber window) was re- 
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layed with a telescope to the object aperture. This 
geometry was found empirically to produce the flat¬ 
test images. The image was not as flat when the cen¬ 
ter of the discharge was imaged onto the object ap¬ 
erture, or when the object aperture was — 50 cm from 
the front oscillator mirror outside the oscillator (no 
telescope was used in the latter case). 

The images produced by this setup had flat-top fo¬ 
cal profiles, but with residual tilts on the order of 10% 
in the vertical direction. This was most likely due to 
irregularities in the laser cell and/or electrodes. The 
tilts also varied during the oscillator pulse. Finally, 
there was a shot-to-shot variation of the tilts, pre¬ 
sumably caused by irreproducibilities of the dis¬ 
charge. 

All profile tilts were substantially reduced by add¬ 
ing the telescope system shown in fig. 3. The oscil¬ 
lator output was split into two beams and then re¬ 
combined. One beam passed through a single 
telescope, and the image was inverted. The other 
beam traveled the same distance but passed through 
two telescopes, and the image was not inverted. 
Combining the beams at the object aperture resulted 
in images with a very small tilt (~ 1%), independent 
of when the oscillator pulse was sliced. The tilts of 
the profiles also had a very small shot-to-shot 
variation. 

The rear reflector of the oscillator, which is lo¬ 
cated close to a Fourier plane, was apertured to limit 
the angular divergence of the output at the object ap¬ 
erture. This affected the concavity of the profile at 
the image plane (after passing through the Fourier 
aperture). Decreasing the angular divergence by 
placing a smaller aperture at the rear reflector tended 
to make the image concave up, while increasing the 
divergence had the opposite effect. With no rear re¬ 
flector aperture, the image was slightly concave down. 
The rear reflector aperture was made smaller until 



Fig. 3. The optical setup for the oscillator and telescopes. 


Fig. 2. The optical setup for the oscillator. 
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the concavity was nearly eliminated. For the results 
in this work, the divergence from the object aperture 
was limited to ~ 8 mrad in the vertical direction, and 
~14 mrad in the horizontal direction. This diver¬ 
gence is sufficient to overfill the Fourier aperture, 
which requires only 5 mrad. 

The object aperture diameter of 3 mm was limited 
by the transverse dimension of the laser medium (1 
cm by 2 cm), and the Fourier aperture size was lim¬ 
ited by the size of the Pockels cells to 0.5 cm x 
0.5 cm, which implies a focal length of 1 m. The re¬ 
quired angular divergence of the oscillator is 
60 A/d~ 5 mrad, which is less than the measured an¬ 
gular divergence. 

Two KD*P Pockels cells in series were used to slice 
a 4 ns pulse out of the 30 ns oscillator output. The 
setup is shown in fig. 4. A pair of dielectric polarizers 
polarized the beam horizontally before the object ap¬ 
erture. The beam then passes through the Fourier ap¬ 
erture, the two Pockels cells, and the remaining sets 
of dielectric polarizers. The energy contrast ratio, de¬ 
fined as the ratio of the transmitted fluences with and 
without voltage applied to the Pockels cells, was 3000 
to 1. 


3. The imager 

The imager is a cooled, slow-scan, two-dimen¬ 
sional charge coupled device (CCD) camera. It is 
capable of measuring the energy profiles to an ac¬ 
curacy of better than 1%, and it has a spatial reso¬ 
lution of 384 by 576. The camera parameters are 
shown in table 1. The CCD is coated with a phos¬ 
phor in order to increase its quantum efficiency at 
248 nm to -0.25. 

The imager has a vacuum window to prevent for¬ 
mation of frost on the CCD. This window has an anti¬ 
reflection coating on each surface with a power re¬ 
flectivity of 0.25% at 2=248 nm, 0° incidence. This 
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Fig. 4. The pulse slicing system. 


Table 1 

Parameters of the CCD camera. % 


Parameter 

Value 

Format 

384 by 576 pixels 

Pixel size 

23 pm by 23 pm 

Readout noise 

25 electrons 

Charge transfer efficiency 

0.99998 

Full well capacity 

160000 electrons/pixel 

Quantum efficiency 

0.25 at 248 nm 

Dark current 

15 electrons/sec/pixei 

Exposure time 

0.1s 

Digitizer resolution 

12 bits 

CCD temperature 

-45°C 

Window thickness 

1.0 cm 

Window reflectivity 

0.25%, each surface 


introduced a negligible error in the measurement of 
the profile because the coherence length of the light 
(1.9 X10“ 2 cm) was much shorter than the window 
thickness. 

For temporally coherent light, the noise in a cooled 
CCD measurement is due mainly to the statistical 
nature of the photoelectric process (the electron shot 
noise) and the preamplifier noise. For the measure¬ 
ments presented the signal was large enough that the 
preamplifier noise was negligible. Because the num¬ 
ber of photoelectrons in one pixel for several mea¬ 
surements of identical light levels has a Poisson dis¬ 
tribution, the electron shot noise Occd f° r one 
measurement is 


a ecd = v /^. (3) 

The noise in one pixel is independent of the noise in 
another. 

In addition to the noise in the CCD measurement, 
there is a random variation c x associated with the 
temporal incoherence of light. If a pixel in the de¬ 
tector is smaller than a spatial coherence zone, then 

a\—N K (x/T) xn , (4) 


where Tis the laser pulse length, r is the coherence 
time, N t is the average number of photoelectrons in 
the pixel measured in time T, and Oj is the shot-to- 
shot RMS variation of the signal in electrons. In this 
case, there is correlation in the measurements of ad¬ 
jacent pixels. If on the other hand there are N c co¬ 
herence zones in a pixel, then 


o^NAt/N'T) 1 ' 2 . 


(5) 
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In this case, the random variation for adjacent pixels 
is independent. The bandwidth (= 1 /r) of the os¬ 
cillator has been measured to be 1.6 THz, which gives 
a coherence time of 0.6 ps. Because the random vari¬ 
ation associated with the incoherence is not corre¬ 
lated with the CCD measurement noise, the total 
random variation o y in electrons of the number of 
electronics in a pixel is given by 

( 6 ) 

Because a typical CCD exhibits a nonuniform re¬ 
sponse to light, the camera was calibrated by illu¬ 
minating it with a uniform light source (fig. 5). The 
oscillator was used as a light source for a commercial 
integrating sphere. This has the advantage of cali¬ 
brating the camera for the same wavelength and ap¬ 
proximately the same pulse length used in the mea¬ 
surements. The camera was placed -1 m from the 
output aperture of the sphere. At that distance, the 
variation in light across the CCD surface from a 1am- 
bertian surface is theoretically 1.5 X 10~ 4 . In an ac¬ 
tual setup, the variation will probably be greater; the 
camera and integrating sphere might not be perfectly 
aligned, there might be spurious reflections, and the 
light output from the integrating sphere might not be 
perfectly uniform. 

In order to test the calibration technique, the cam¬ 
era was calibrated at different positions. The dis¬ 
tance between the camera and the integrating sphere 
was varied from 0.4 m to 1.6 m, the camera was 
moved ± 3 mm perpendicular to a line between it 
and the sphere, and the camera was rotated about 
that line. The greatest change in the calibration was 
a 0.3% spatial tilt across the 8.83 mm width of the 
sensor. This corresponds to a systematic error of less 
than 0.1% in the calculation of the tilt of a 2 mm di¬ 
ameter profile. 



KrF oscillator 1 camera 

integrating a P cnu « 

sphere 

Fig. 5. Calibration of the camera. The oscillator illuminates an 
integrating sphere. A negative lens (not shown) is used to spread 
out the input light to avoid damaging the integrating sphere. A 
tube (not shown) is used in order to reduce stray light. Apertures 
inside the tube are necessary in order to reduce stray reflections. 


During the calibration, there will be the random 
variation in the measurements given by eq. (6). 
There were several coherence zones in each pixel, so 
eq. (5) was used to calculate the random variation 
due to the incoherence of light. The size S of a co¬ 
herence zone at the CCD is approximately 

fcWA, (7) 

where X is the wavelength of light and / is the dis¬ 
tance between the CCD and the integrating sphere 
output aperture, which has a diameter A- For A=248 
nm, /= 1 m, and A = 5 cm, S is 4.96 pm. Using the 
pixel size from the table, the value of N c (to be used 
in eq. (5)) is (23 pm/4.96 pm) 2 =21.5. 

In order to measure the noise, the output from the 
integrating sphere was measured 64 times. After cor¬ 
recting for variation in the total energy falling on the 
CCD, the noise-to-signal ratio ( a y /N c ) for a given 
pixel was calculated. At a signal level of 6.6 XlO 4 
electrons, the result ranged from 2.5x10” 3 to 
3.0X 10~ 3 , compared to an expected value (from eq. 
(6)) of 3.8xl0” 3 (T=30 ns, t= 0.6 ps, and 
JVc=21.5). This indicates that the camera is capable 
of measuring the profiles with low noise. 

The calibration was determined by summing 64 
measurements (with the background subtracted) of 
the integrating sphere output (flat fields). The av¬ 
erage signal level was 1.5XlO 5 electrons, or 3825 
counts. The calibration factor C, for pixel / is given 
by 

I N p 

^ = aT7 ^ ^ * (8) 

where N p is the number of pixels on the CCD, and 
f is the summed flat field signal at pixel L Because 
f is a sum of 64 measurements, the relative error of 
C, calculated by eq. (6) due to the error in f is re¬ 
duced by a factor of 8 from 2.8X 10“ 3 to 3.5 X10” 4 . 
The relative energy e, falling on pixel i is given by 

e,==C f (5,-£>,), (9) 

where s, and b ( are respectively the signal and back¬ 
ground at pixel L The signal levels of the profiles pre¬ 
sented in the next section are 6.0 X10 4 electrons, or 
- 1500 counts, while the background levels (which 
are due to the camera) are ~ 50 counts. This implies 
that the RMS measurement error due to the electron 
shot noise and the calibration error is 0.4% for one 
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pixel. When observing longer scale length focal pro¬ 
file nonuniformities that cover many pixels, one can 
reduce this error by averaging over more than one 
pixel. 


4. The profiles 

The object aperture is imaged onto the camera 
through a lens, the Fourier aperture, the pulse slicing 
system, a demagnifying telescope, and focusing lens. 
A schematic of the experimental arrangement with¬ 
out the demagnifying telescope is shown in fig. 4. The 
telescope is located before the second lens, which fo¬ 
cuses the beam onto the camera after attenuation by 
two reflections by uncoated surfaces and transmis¬ 
sion through a 95% flat reflector. The telescope de- 
magnifies the image of the object aperture from 3 mm 
to 2 mm diameter. 

The measured profiles were analyzed with the fol¬ 
lowing algorithm: 

(i) Determine the centroid (x C9 y c ) of the profile. 

(ii) Find the edges of the flat region of the hori¬ 
zontal and vertical cross-sections through the cen¬ 
troid. 

(iii) For the flat region of each cross-section: (a) 
Perform a linear least-squares fit, and calculate the 
variation of the fit from a flat-top (tilt), (b) Per¬ 
form a quadratic least-squares fit, and calculate the 
mean-to-peak variation of the fit from a flat-top. (c) 
Calculate the RMS deviation of the measured cross- 
section from the fits. 

The centroid is determined by 

*c= I W I e„ (10) 

i- 1 / im 1 

where x g is the x position of pixel /. The calculation 
of y c is analogous. The edges of the flat region of a 
cross-section is determined by the following algo¬ 
rithm: 

(i) Find the pixels / and r where the measured 
value of the cross-section is just greater than a spec¬ 
ified fraction f p of the maximum value. 

(ii) The edges of the flat region at t pixels from / 
and r towards the center of the cross-section. For ex¬ 
ample, if / is the pixel on the left edge of the profile, 
and pixel numbers increase from left to right, the the 


flat region is between pixels l+t and r—t, inclusive. 

For the results presented, f p was 0.25, and t was 5 
(the cross-section of the profile is 85 pixels across). 
The results do not depend strongly on or t. 

Three aspects of the profiles were evaluated. First, 
the 4 ns pulse was taken at different times during the 
oscillator output to check whether the object aper¬ 
ture illumination uniformity changed in time. It was 
found that the tilts of the profiles do not vary ap¬ 
preciably during the oscillator output. Second, a se¬ 
ries of profiles were taken at the same time during 
the oscillator output to determine the shot-to-shot 
variation of the profiles. It was found that the ob¬ 
served shot-to-shot RMS variation of the tilts was 
consistent with the spatial and temporal incoherence 
of the light. It was also found that the variation of 
the linear fit from a flat-top profile (a measure of 
tilt) averaged over the series was ±0.5%, and of the 
quadratic fit (a measure of peaking or concavity) 
was ± 1.4%. Finally, the Fourier aperture was par¬ 
tially blocked to simulate the effects of a nonuniform 
gain in an amplifier. The profiles were found to be 
insensitive to this partial blocking; blocking half the 
Fourier aperture changed tilts of the profile by only 
a few percent. 

Figure 6 shows a typical profile and its cross-sec¬ 
tions. The RMS deviation of the measurement from 
the linear least-squares fit is 1.0% along the vertical 
direction and 0.8% along the horizontal. If the pro¬ 
file were flat, the deviation would be the same as the 
total random variation cr y (given by eq. (6)) in each 
datum. Because a pixel is smaller than a coherence 
zone, eq. (4) can be used to calculate the variation 
due to the incoherence of the light. With a coherence 
time of 0.6 ps, a pulse length of 4 ns, and a signal of 
6xl0 4 electrons, the expected RMS relative varia¬ 
tion of each datum is 1.3%. This indicates that the 
observed deviation is probably due to the CCD shot 
noise error and the variation of the light energy due 
to the laser incoherence and the finite averaging time. 

Figure 7 shows the tilts of the cross-sections as a 
function of time during the oscillator output. Eight 
images were recorded for seven times spaced 5 ns 
apart during the oscillator output, for a total of 56 
images. Each point on the graphs is the tilt of the 
horizontal or vertical cross-section of one image. Note 
that the time variation is negligible. Therefore, the 
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Fig. 6. A typical profile and its cross-sections: (a) three-dimen¬ 
sional view, (b) horizontal cross-section through the centroid, 
and (c) vertical cross-section through the centroid. 


output of the oscillator does not vary appreciably 
when averaged over 4 ns. 

Figure 8 is a histogram of the tilts for 64 images. 
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Fig. 7. Tilts of the cross-sections as a function of time during the 
oscillator output. 
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Fig. 8. A histogram of the tilts of the linear fits to the profiles with 
the Fourier aperture completely unblocked. 

Note that the average tilt is very nearly zero; it is 
—0.75% along the vertical direction, and 0.75% along 
the horizontal. The RMS variation of the tilt is 1%, 
which is close to the expected value of 0.7% (this is 
calculated in the appendix). The RMS variation of 
the tilt of a single beam of fig. 3 is ^ 5% along the 
vertical direction and -1% along the horizontal. The 
larger variation along the vertical direction for a sin¬ 
gle beam indicates that the telescopes shown in fig. 
3 are effective in reducing the shot-to-shot variation 
of the tilt. Furthermore, the average tilt of a single 
beam is 5 to 10%, which indicates that the telescopes 
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are also effective in reducing the average tilt. 

Figure 9 is a histogram of the mean-to-peak vari¬ 
ation of the quadratic fit from a flat-top profile for 
the 64 images. The mean averaged over the images 
is ±1.4% along the vertical direction, and ±0.6% 
along the horizontal. The variation is larger along the 
vertical direction because there is more shot-to-shot 
variation of the concavity of the profile, which is not 
reduced by the telescopes. 

Figure 10 shows the tilts of the cross-sections with 
different parts of the Fourier aperture blocked in or- 
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Fig. 9. A histogram of the mean-to-peak variation of the qua¬ 
dratic fits from a flat-top profile with the Fourier aperture com¬ 
pletely unblocked. 
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Fig. 10. Variation of the tilts of the cross-section when different 
parts of the Fourier aperture are blocked. 


der to simulate nonuniform amplifier gain. Sixteen 
images were recorded with (i) the Fourier aperture 
completely unblocked, (ii) the top half of the Four¬ 
ier aperture blocked, (iii) the right half blocked, (iv) 
the bottom half blocked, and (v) the left half blocked, 
for a total of 80 images. Note that the average tilt 
changed by a few percent. Note also that when the 
top or bottom of the Fourier aperture was blocked, 
the shot-to-shot variation of the tilt of the vertical 
cross-section increased, because different parts of the 
inverted and noninverted beams were blocked. The 
two beams were not exact inverses of each other, and 
the the tilt of one did not cancel the tilt of the other. 
This larger shot-to-shot variation does not occur in 
the horizontal direction because the angular diver¬ 
gence of the oscillator output in the horizontal di¬ 
rection is larger than the divergence in the vertical 
direction. 


5. Summary 

A laser oscillator system has been developed with 
a 4 ns pulse output, 3000 to 1 energy contrast ratio, 
and flat focal profile. Its angular divergence is large 
enough to produce 60 times diffraction-limited im¬ 
ages. The coherence time was 0.6 ps, and the pulse 
duration was 30 ns. The focal images of 4 ns slices 
of the beam had the desired flat cross-sections (tilts 
of - 1%). The shape of the focal profile should not 
depend strongly on the gain profiles of the laser am¬ 
plifiers if they are placed at the Fourier aperture of 
the EFISI system. This was tested by partially block¬ 
ing the Fourier aperture and observing that the shape 
of the focal profile was not strongly affected (the tilts 
were typically on the order of a few percent). The 
top, bottom, left, and right halves of the Fourier ap¬ 
erture were blocked. Partially blocking the Fourier 
aperture simulates an extremely nonuniform ampli¬ 
fier gain; typical nonuniformities of actual ampli¬ 
fiers used in the NIKE laser are only approximately 
20 %. 

The oscillator system described here comes close 
to fulfilling the goals for the NIKE system. The ex¬ 
isting system is now being used to test the ability of 
the NIKE system to maintain uniform focal profiles 
after several stages of amplification. In future work, 
we will attempt obtain more nearly uniform beams 




Volume 106, number 1,2,3 


OPTICS COMMUNICATIONS 


1 March 1994 


which are less affected by partial blocking of the 
Fourier aperture. We will also attempt to produce 
more than 60 times diffraction limited beams, so that 
phase aberrations in the laser system will have even 
less effect on the focal profile. 
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Appendix 

This appendix presents a calculation of the vari¬ 
ance of the slope of the linear least-squares fit. The 
variance is determined by the variance of the data 
used to calculate the slope. The random variation of 
each datum in the measured profile is due to both 
the CCD measurement noise and the random vari¬ 
ation associated with the temporal incoherence of the 
light. The CCD measurement noise is due mainly to 
the electron short noise, and is given by eq. (3). The 
random variation due to the incoherence is given by 
eq. (4) or (5). The total random variation a y (given 
by eq. (6)) causes the calculated slope m to have a 
variance o„. 

In order to calculate o m , let y a be a set of N ( ran¬ 
dom variables, and y ai be the value of sample i of y a . 
Let 'x a be a set of N f numbers. The y a are the mea¬ 
surements at position x a \ N f is the number of pixels 
across the profile. Define 

1 N 

.!>«.» (11a) 

1 N 

°le= v I iy a i-y a )(yfii-yfi ), (1 ib) 

I* 1 

AY 

P\= I *a, (lie) 

a=l 


Nf 

A=I4, (lid) 

ass i 

where N is the number of profiles measured. Note 
that the x a can be chosen so that fi x is zero. Note also 
that in this case, eq. (lid) can be approximated by 
an integral. Let L be the diameter of the profile, and 
let Ax=L/N { . Then 

P 2 =-fZxlAx, ( 12 ) 

i— 1 
L/2 

J x 2 dx (13) 

- L/2 

*N f L 2 /l2. (14) 

The variance will be calculated by first using the 
standard formula for the slope of the linear least- 
squares fit to a set of data. The variance will depend 
on al 0 . However, will be negligible if the pixels 
a and fi are not close together, because the size of a 
coherence zone is approximately the same size as a 
pixel. Using a rough approximation, the ratio a m /a y 
is calculated. 

The slope m of the linear least-squares fit to the 
data pairs ( x a , y a ) is a random variable given by 
(after setting /?,=()): 

1 Nr 

I x a y a . (15) 

Pi ass l 

Let cfjx\ be the variance of m. Because x a is a number 
(rather than a random variable), 

1 Nf Nf 

= I Y.XcXfaif. (16) 

P2 o-l /i-1 

For the results presented, there are 60 coherence 
zones and 85 pixels across a profile; each coherence 
zone spans approximately one pixel. In addition, 
C7i—750 electrons (from eq. (4), with T= 4 ns, z=0.6 
ps, and A r e =6.0x 10 4 electrons), while <r ccd ~250 
electrons (from eq. (3)). The total variation at one 
pixel is therefore (eq. (6)) 790 electrons, which is 
a relative variation of 1.3x 10 -2 . Because the vari¬ 
ation due to the measurement (creed) is independent 
for each pixel, while the variation due to the incoh¬ 
erence of light (<Tj) is somewhat correlated, the rather 
arbitrary assumption can be made: 
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ol 0 =<ria, ifa=A, 

=kui a , if |a—/?| = 1, 

= 0, otherwise. (17) 

Equation (16) then becomes 
1 Nt 

~ q 2 S {,X a ~\‘kx a ^\X a '^"kx a ^\X ol ) (7 aa , (18) 

P2 0=1 

where x a =0 for a = 0 and a=jV f +1 so that there is 
no contribution from the nonexistent points 0 and 
jV f +l. 

Because the signal level is nearly the same for all 
points on the profile, the variances of each of the y a 
will all be approximately equal: 


On =o\ 2 =...=o]. (19) 

Then 



Approximating fi 2 by N f L 2 /12, this becomes 


£m _ hH( l+2£i \ l/2 

o y ~ L \ N { ) 


( 22 ) 


For a 2 mm diameter image with A r f =85 and 
/c=0.5, a m /(T y =0.27/mm. With a y /N c = 1.3X 10~ 2 , 
^m/^Ve = 3*^X 10”’ 3 /mm, or a 0.7% shot-to-shot RMS 
variation of the tilt of the profile. With /c=0.75, 
(7 m /a y =0.30/mm, and with /:=0.25, a m /cr y = 
0.23/mm. This indicates that the value of k does not 
strongly affect the RMS variation of the tilts. 
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The ablative acceleration of spheres and 
foils for direct drive inertial confinement fu¬ 
sion research requires extremeiv uniform 
spatial pressure profiles, which in turn de¬ 
mand extremely uniform laser intensity pro¬ 
files. Less than two percent peak to vailev 
ablation pressure nonuniformity mav be es¬ 
sential to restrict the growth of the Ravleigh- 
Tavlor hydrodynamic instability and to 
ensure adequate spherical implosion symme¬ 
try. During the past ten years, a large part of 
the direct drive laser fusion effort has been 
directed toward achieving this laser unifor¬ 
mity and demonstrating control of the 
Ravleigh-Tavlor modes. 

Nike is a KrF laser system designed to 
produce controlled, uniform spatial profiles 
on flat targets. Echelon-free induced spatial 
incoherence (ISO beam smoothing' is incor¬ 
porated into an angularly multiplexed KrF 
amplifier system that is expected to deliver 
more than 2 kj of energy in a 4 ns pulse on the 
target. Flat target experiments were chosen 
because they provide better access for diag¬ 
nostics, and allow direct scaling to high gam 
targets. Complementary experiments with 
NdrClass lasers and spherical targets are 
being performed at the University of 
Rochester's Omega laser 2 and Osaka's Gekko 
laser. 3 

Echelon-free 1SI is basically an image am¬ 
plification technique. An aperture at the front 
end of the laser is uniformly illuminated with 
low intensity radiation from an oscillator. The 
optical Fourier transform of this object aper¬ 
ture is produced with a simple lens. The Fou¬ 
rier transform is then image relayed through 
a series of amplifiers. If every point at the 
object illuminates the Fourier aperture in the 
same way, the image of the object aperture 
formed on target is relatively insensitive to 
gain nonuniformities in the amplifiers. If 
image distortion effects such as optical im¬ 
perfections, atmospheric turbulence, and 
nonlinear optical processes are small, then 
the image on target is an accurate reproduc¬ 
tion of the object aperture. This is why eche¬ 
lon-free ISI does not lend itself well to glass 
laser systems; the nonlinear B integral effects 
in the laser glass can be excessive. For Nike, 
the total B integral, including air propagation 
and optics, is calculated to be less than 0.4.'* 

When completed, Nike will be a 56 beam 
angularly-multiplexed system. The final am¬ 
plifier is a 60 cm aperture, 240 ns pulse length 
electron beam-pumped device with a total 
output that should exceed 5 kj. Forty-four 4 
ns target illumination beams and twelve 5.3 
ns beams for x-ray backiighter illumination 
are planned. Conservative estimates for 
losses at optical surfaces and in air propaga¬ 
tion paths result in the design goal of more 
than 2 kj on target in the 44 main beams. The 
60 cm amplifier is partially constructed and 
the results, of pulse power tests are given 
elsewhere.' 


Approximately one half of the Nike sys¬ 
tem is in place and operational. This indudes 
the oscillator, three discharge amplifier 
stages, and a 28 beam angularly-multiplexed 
20 cm electron beam-pumped amplifier. De¬ 
tails of the 20 cm amplifier are presented 
elsewhere. 3 Currently, the laser is being oper¬ 
ated with twenty-eight 4 ns beams to charac¬ 
terize system performance. 

The osdllator has produced intensity pro¬ 
files that are flat to within xl% over 65% of 
the diameter integrated over 4 ns; work is 
continuing to improve the profile further. 
Past experiments have shown that this beam 
can be amplified in a 4 x 4 cm aperture dis¬ 
charge amplifier with negligible distortion of 
the focal profile. We are currently measuring 
the image quality after both the discharge 
amplifiers (output energy of 2 joules from 
four modules) and from the 20 cm amplifier 
(output energy greater than 120 Joules). The 
results of these measurements will be pre¬ 
sented. In conjunction with these measure¬ 
ments, experiments are planned to measure 
the nonlinear index of refraction of various 
gases under Nike operating conditions. A 
high pressure gas cell will be used to simulate 
long propagation paths. The results, which 
will be used to update the calculations of 
image distortion due to B integral effects, will 
also be discussed. A PC-based remote align¬ 
ment system capable of controlling every op¬ 
tical component in Nike has been developed. 
CCD cameras and commercial software are 
used to monitor beam positions, and this in¬ 
formation is used in custom software to con¬ 
trol stepper motor drivers developed at NRL. 
The system is low cost, is capable of aligning 
an entire array of 32 mirrors in approximately 
30 seconds, and is currently in use on the 20 
cm amplifier system. This alignment scheme, 
with slight modifications, will also be used 
for target alignment Details of the system 
will be presented. 

The Nike optical design is complete. We 
expect to finish fabrication and installation of 
the laser in late 1993 and to complete the 
target facility in 1994. 
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Abstract 

Nike, a KrF laser facility at the Naval Research Laboratory, is designed to produce high intensity, ultra-uniform focal profiles 
for experiments relating to direct drive inertial confinement fusion. We present measurements of focal profiles through the next- 
to-last amplifier, a 20X20 cm 2 aperture electron beam pumped amplifier capable of producing more than 120 J of output in a 
120 ns pulse. Using echelon free induced spatial incoherence beam smoothing this system has produced focal profiles with less 
than 2% tilt and curvature and less than 2% rms variation from a flat top distribution. 


1. Introduction 

Uniform illumination of the spherical pellet is critical 
to the success of inertial confinement fusion. Intensity 
nonuniformities can produce ablation pressure varia¬ 
tions resulting in an asymmetric implosion and possible 
failure of the target. For direct drive ICF this problem 
is reduced by illuminating the pellet in. a ‘bath’ of X- 
rays produced when high intensity laser beams strike a 
high-Z material in a hohlraum configuration [ 1 ]. One 
disadvantage of this technique is the relatively low effi¬ 
ciency for conversion of laser light to X-rays absorbed 
on the pellet, resulting in low overall target gain. 

For direct drive ICF the pellet is directly irradiated 
with laser light and one seeks to obtain symmetry by 
the combination of uniform laser illumination and ther¬ 
mal smoothing. Laser nonuniformities on the order of 
1% tend to degrade the performance of a high gain 
pellet because the laser nonuniformity seeds the Ray- 
leigh-Taylor hydrodynamic instability. This instability 

00304018/95/$09.50 © 1995 Elsevier Science B.V. All rights reserved 
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can be reduced by preheating the fuel, but the preheat 
then reduces the efficiency of the thermonuclear bum 
and thus the target gain. 

The Nike laser facility is a 5 kJ, 56 beam angularly 
multiplexed KrF laser system located at the Naval 
Research Laboratory. Nike is designed and built with 
the goal of producing focal profiles with the least pos¬ 
sible nonuniformity to investigate hydrodynamic insta¬ 
bilities and evaluate the uniformity requirements for 
direct drive ICF. Initial design goals for the system were 
to produce a focal profile with less than 2% rms inten¬ 
sity nonuniformities. Results presented in this paper 
show that we have exceeded this requirement in a single 
beam and should do significantly better when multiple 
beams are overlapped on the target. 

In this paper we describe the operation and evalua¬ 
tion of performance through approximately two-thirds 
of the Nike laser system. This portion includes an oscil¬ 
lator and Pockels cell capable of producing the desired 
laser uniformity in a 4 ns pulse, four stages of ampli- 
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fication in discharge pumped amplifiers and angular 
multiplexing of 28 beams through a 20 cm aperture 
electron beam pumped amplifier. It has produced more 
than 120 J of output distributed in 28 4 ns long pulses. 
Focal profile measurements of one of these beams have 
demonstrated that this amplifier can produce the desired 
uniformity, i.e. <2% tilt and first order curvature and 
< 2% rms variation. This focal uniformity is signifi¬ 
cantly better than that obtained with any other large 
laser facility. In addition, overlap of multiple beams on 
target should reduce this to less than I % rms deviation 
in a 4 ns pulse. The output of the 20 cm amplifier will 
be used as the input to a 60 cm aperture final amplifier, 
which should produce 5 kJ of output. 

In the next section we will describe echelon free 
induced spatial incoherence (ISI), the beam smoothing 
technique employed on Nike. The experimental setup 
used to produce and measure the focal profile unifor¬ 
mity is presented in Section 3, and experimental results 
are described in Section 4. 


2. Beam smoothing theory 

To produce a uniform beam, Nike is implementing 
a modified version [2] of the induced spatial incoher¬ 
ence (ISI) technique [3]. An object aperture is uni¬ 
formly illuminated by broad bandwidth (A v~ 1 THz), 
spatially incoherent light. This aperture is imaged onto 
the target by relaying its optical Fourier transform plane 
(pupil plane) through the laser system. The time-aver¬ 
aged focal profile at the target is therefore controlled 
directly by adjusting the object aperture; for example, 
it can be shaped to a nonflat profile by using a soft 
aperture. Light from each point in the object aperture 
illuminates the Fourier plane with a different ray angle 
but the same time-averaged intensity distribution. If 
each amplifier stage is located at or near an image of 
the Fourier plane, the image of the object formed at the 
target will be insensitive to the amplifier gain nonuni¬ 
formities [2]. 

The time-averaged focal profile will remain rela¬ 
tively insensitive to large scale phase nonuniformities 
imposed by the laser system if its angular width is many 
times diffraction-limited (XDL) and large compared 
to the angular perturbations introduced by the phase 
aberration. The Nike optical design allows nearly com¬ 
plete compensation of all systematic phase aberrations, 


such as astigmatism, coma, and spherical aberration. 
Distortion due to random phase aberration, such as 
those arising from optical surface imperfections, will 
be discussed in Section 4. For the 40-100 XDL flat top 
profiles to be used in Nike planar target experiments, 
the main effect of random phase aberration is to round 
off the edges of the profile. Distortion of nonflat profiles 
can be precompensated at the object aperture as long 
as the angular perturbations remain relatively small and 
reproducible. 

The instantaneous focal spot intensity (7(x, t) pro¬ 
duced by incoherent beam smoothing schemes such as 
ISI is highly nonuniform speckle; the illumination pro¬ 
file approaches a smooth profile only when this inten¬ 
sity is averaged over time intervals f av much larger than 
the laser coherence time r c . The coherence time is for¬ 
mally defined by 
+ * 

t c =j |y T (f)| 2 df, y(0) ■ 1.(1) 

— oo 

where y( t) is the temporal autocorrelation function of 
the laser. Using the Wiener-Khinchin theorem [4], one 
can relate r c to the normalized optical power spectrum 
S(p): 

+ 00 + *> 

r c = j S 2 ( v) d v— -, J 5(v)d^=l, (2) 

— 00 — * 

where A v is the fwhm bandwidth and r) is a numerical 
factor that depends on the shape of the spectrum (e.g., 
j)~ 0.664 in the case of a gaussian spectrum). 

In the limit of large spatial incoherence, the rms 
residual nonuniformity due to speckle can be calculated 
from the definition 

/</(*)>s, (3) 

where J(x) denotes the time-averaged intensity and 
( ) s denotes a spatial average over many coherence 
zones. Assuming gaussian statistics (chaotic light) and 
negligible tilt and curvature across the averaging 
region, one finds in the limit f av > r c [3,4], 

cr= VT c /f av . ( 4 ) 

Eq. (4) is the expected result for a superposition of 
4 v /p c statistically independent speckle patterns. 

Strictly speaking, r av is the actual averaging time only 
if the pulse shape remains constant during the interval. 
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In the results reported here, where the averaging proc¬ 
ess consists of measuring the time-integrated profiles, 
the effective averaging time is related to the normalized 
pulse envelope function P(t) by the integral 


+ OC +00 



3. Experimental arrangement 

As discussed above we have been operating the Nike 
laser system through the 20 cm amplifier to verify that 
beam uniformity is maintained through the amplifier 
chain. A block diagram of the experiments described 
below is shown in Fig. 1. A spatially and temporally 
incoherent commercial KrF oscillator in the front end 
illuminates a lambertian reflector. A small portion of 
the light from this reflector is focussed onto a circular 
aperture. The Fourier transform of this aperture is 
formed in the center of the first commercial discharge 
amplifier by a single lens. After amplification the Fou¬ 
rier image is relayed to a Pockels cell for temporal 
shaping of the pulse, then relayed again to a second 
commercial discharge amplifier. 

Although the Fourier plane is relayed into the center 
of each amplifier, the combination of small aperture 


( mm) and finite length ( ~50 cm) allows some 
imprinting of gain nonuniformities onto the laser beam 
at the focal plane. We have observed that these com¬ 
mercial discharge amplifiers have a tendency to impose 
a small ( ~5%) linear tilt on the focussed beam. To 
overcome this difficulty, the beam is split into two parts 
after the second amplifier. One of these is focussed 
directly onto an aperture while the second is inverted 
in both the horizontal and vertical directions and then 
focussed onto the aperture. This aperture is the object 
plane for the rest of the system and therefore will be 
imaged onto the target. This superposition of the two 
beams reduces the tilts below the desired 2% level. 

A single lens again forms the Fourier transform of 
the object illumination onto a square aperture which 
clips the beam to the correct dimensions. The size of 
the object and Fourier aperture, as well as the focal 
length of the lens between them, determine the beam 
divergence or number of times over the diffraction 
limit. For Nike experiments we plan to use focal spots 
in the range of 30-100 times diffraction-limited 
(XDL), with a baseline of 60 XDL. The experiments 
described below were performed with 60 XDL beams. 

The beam is expanded and the Fourier image relayed 
to a 4 X 4 cm 2 discharge amplifier [ 5 ]. After this ampli¬ 
fier the beam is split into four separate beams to begin 
the time multiplexing required for the electron beam 
pumped amplifiers [6]. Two of the beams go directly 



Fig. 1. Block diagram of the Nike laser system through the 20 cm amplifier. 1: Commercial oscillator, 2: diffuse reflector, 3: lens, 4: object 
aperture, 5: commercial discharge amplifier, 6: image relaying telescope, 7: temporal pulse shaping, 8: beam inverter, 9: Fourier aperture, 10: 
4X4 cm 2 discharge amplifier, 11: temporal multiplexing array, 12:20 cm amplifier, 13: diagnostics (cameras, photodiodes, calorimeters). 
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to two 4X4 cm 2 discharge amplifiers while the other 
two are delayed by 64 ns (via propagation delay) 
before going to another set of two 4X4 cm 2 discharge 
amplifiers. Telescopes in the beam paths relay the Fou¬ 
rier image from the preamplifier to this set of four 
discharge amplifiers. After this set of amplifiers the 
beams are split twofold and each of the resulting eight 
beams passes through a separate image relaying tele¬ 
scope. These telescopes, in conjunction with the optics 
that direct the laser beams through the electron beam 
pumped amplifier stages, were designed to relay the 
Fourier image from the array of discharge amplifiers to 
the 60 cm amplifier. Immediately after the telescopes 
the eight beams are divided by beamsplitters into 28 
beams. The temporal spacing for the first six beams 
(intended for backlighter use) is 5.33 ns, with 4 ns 
spacing for the remaining 22 beams. This gives an 
effective pulse length of 120 ns to drive the 20 cm 
amplifier. 

It is important to note here that the 20 cm amplifier 
is not located at a Fourier image plane. It was felt that 
image relaying the beams from this amplifier to the 60 
cm amplifier would be too complicated and costly. 
Because of the large beam sizes (and correspondingly 
small divergence angles) involved, the optical distance 
from the Fourier plane to the 20 cm amplifier is not 
large. For example, the maximum deviation of extreme 
rays is calculated to be 8 mm at the 20 cm amplifier for 
the 60 XDL baseline operation. If gain nonuniformities 
in this amplifier are less than 20% we would then expect 
less than a 1% (20% X 0.8 cm/20 cm) tilt to be 
imposed on the beam. Because of this separation, how¬ 
ever, amplification in the 20 cm amplifier was thought 
to be one of the higher risk items in the Nike design, 
so we were particularly interested in obtaining focal 
profile data from this amplifier at the earliest possible 
date. The 60 cm amplifier lies closer to the Fourier 
plane, so we expect that any gain nonuniformities in 
that laser will have less of an effect on the focal spot 
uniformity. The 28 beams emerging from the 20 cm 
amplifier will be split into 56 beams and then propa¬ 
gated to the 60 cm amplifier. For the measurements 
presented herein we are directing these 28 beams to 
calorimeters, photodiodes and focal profile diagnostics. 

A previous version of our oscillator has exceeded 
the beam uniformity requirements discussed above for 
a 60 XDL beam divergence [7]. The present lamber- 
tian reflector arrangement allows us to go to higher 


divergence while maintaining this beam uniformity. In 
the next section we will present results from amplifi¬ 
cation of this beam with the system described above. 
These data will show that we have successfully ampli¬ 
fied the laser beam with insignificant distortion in the 
focal profile uniformity. 

4. Experimental results 

The main goal for Nike is the production of uniform 
high intensity focal profiles for the acceleration of flat 
targets. For this application we require a flat topped 
profile. The edges of this profile are rounded by accu¬ 
mulated optical distortions [6]. At the level it occurs 
on Nike this rounding is desirable for flat target accel¬ 
erations because it helps reduce edge effects. In our 
definition of beam uniformity we will therefore restrict 
our attention to the central region of the focal profile, 
as discussed below. 

For this region of interest we assign three numbers 
to characterize the beam uniformity: peak-to-valley lin¬ 
ear tilt, peak-to-valley first order curvature and rms 
deviation from a linear fit to the data. The latter arises 
primarily from residual speckle. These numbers are 
obtained by performing a two-dimensional linear and 
second order least squares fit to the (usually, as it was 
in this case) circular region of interest. This yields a 
plane of the form P x = a 0 +a l x + a 2 y and a paraboloid 
of the form P 2 = a 0 +a x x+a 2 y+a 3 xy+a 4 x 2 + a 5 y 2 . 
The tilt is defined as [max(Pj) — min(P,)]/Avg[/(x, 
y) ] and the curvature is defined as [max(P 2 “'^ > i) “ 
min(P 2 -Pi)l/Avg[/(jt,y)] where J(x, y) is the 
measured time-integrated focal profile. The rms error 
is simply the rms deviation of the data from the linear 
fit divided by the average value of J(x y y). The goals 
for Nike experiments are a tilt of less than 2% peak to 
valley, a first order curvature less than 2% peak to 
valley, and a less than 2% rms deviation for each of the 
beams in the system. As discussed earlier, overlapping 
multiple beams on target should reduce this rms devi¬ 
ation even further. 

The focal profile data (J(x, y)) described below 
were obtained in the following way. After amplification 
in the 20 cm amplifier, as described in the previous 
section, one of the 28 beams is propagated through an 
aperture located at a Fourier image plane. This aperture 
limited the beam to 60 times diffraction-limited for 
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Fig. 2. (a) Surface plot of the measured focal profile, (b), (c) Horizontal and vertical cross sections of the measured focal profile compared 
with calculated profiles perturbed by random phase distortion. The jagged solid lines are the measured profiles, while the dotted lines (which 
blend into straight solid lines in the center portion) are the four quadrant profiles of the calculated fluence distribution. 


these measurements. (Note that in the final system the 
60 cm amplifier will act as the final Fourier image 
aperture.) This single beam is collimated to a 2.7 cm 
square size, then focussed onto a CCD camera with an 
11 m focal length lens. This camera is a cooled, slow 
scan device capable of measuring rms errors as low as 
0.3% and has been described previously [7]. The F# 
of the focussing lens is 400, resulting in an overall focal 
spot size of 6 mm for these 60 XDL beams. The shortest 
wavelength speckle is therefore 6 mm/60 XDL, or 100 


p.m, which is well resolved by the 23 p,m pixels of the 
CCD camera. The beam was attenuated by reflection 
from three uncoated flats (4% reflection per surface) 
and propagation through a 95% and a 99% reflector. 
These attenuation methods have been routinely used in 
developing the Nike front end. 

A surface plot of the focal profile is shown in Fig. 
2a, with horizontal and vertical cross sections through 
the centroid of this profile in Figs. 2b and c. Also shown 
in Figs. 2b and c are the calculated focal profiles 
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accounting for optical imperfections. They were cal¬ 
culated by taking the interferograms available for the 
optics in the system and modelling the net effect of all 
the optics in the system on the point spread function 
(PSF). This PSF is then convolved with the initial 
aperture function. As is evident in the figure the model 
and data are in good agreement. Both the model and 
the data indicate that the optical system, described in 
the previous section, is producing a seven times dif¬ 
fraction-limit PSF at 248 nm. 

The seven XDL PSF combined with the 60 XDL 
beam divergence yields a focal profile which should be 
uniform over the central 75% of the diameter. The data 
analysis region is defined by a circle centered on the 
image centroid. The diameter of this circle is deter¬ 
mined by first identifying the 50% contour and then 
multiplying this diameter by 0.75. 

For the focal profile shown in Fig. 2 the time-aver¬ 
aged rms nonuniformity for these 4 ns fwhm pulses is 
measured to be 1.4% with a maximum linear tilt of 
1.8%. The first order curvature is only 1.0%. These 
meet and exceed the Nike goals of 2% rms deviation 
and 2% peak-to-valley tilt and curvature discussed pre¬ 
viously. For this shot the measured energy was between 
4 and 5 J per beam with a total of 125 J in the 28 output 
beams from the 20 cm amplifier. After propagation 
through the final aperture the energy is reduced to 2.7 
J in a single 4 ns beam. 

It should be noted that these results are the best 
obtained with the Nike system to date, and this level of 
uniformity was obtained on approximately 10% of the 
system shots. They do, however, provide a proof of 
principle for the echelon free ISI concept on Nike. 
Typically we are obtaining linear tilts of about 4% from 
the 20 cm amplifier. We are currently in the process of 
identifying the cause of this nonuniformity. Possible 
causes include variations in alignment, shot-to-shot 
irreproducibility in the 20 cm amplifier and thermal 
variations in the propagation paths. 

The measured rms beam nonuniformity was com¬ 
pared to speckle theory (Eq. (4)) for five shots, using 
the measured spectral and temporal pulse shapes to 
evaluate Eqs. (2) and (5). For completeness the meas¬ 
ured temporal and spectral shapes are shown in Figs. 
3a and b. Because the laser pulse tends to have a trailing 
edge, the calculated r av values (8.5-9.6 ns) were sig¬ 
nificantly larger than the fwhm pulsewidth t p ( ~4.2 
ns); hence the calculated nonuniformities were some- 
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Fig. 3. (a) Temporal pulse shape after amplification in the 20 cm 
amplifier, (b) Spectral pulse shape after amplification in the 20 cm 
amplifier. 


what lower than one would expect for a 4.2 ns pulse. 
To reduce the contributions due to residual envelope 
curvature, we confined the data analysis to a circle of 
60% of the fwhm beam diameter. Hie theory yields 
CT“ 0.75-0.85%. Fig. 4 shows the comparison of theory 
and experiment, along with recent nonuniformity 
measurements reported on large glass lasers [8-10], 
plu s the result (dashed line) that shows the era 
1 /Va vt p scaling. The abscissa values used for the 
Nike measurements were taken from the measured 
fwhm values of A 0.98-1.05 THz and t p - 4.1-4.4 
ns. The small discrepancy between the measured and 
calculated rms nonuniformities appears to stem pri¬ 
marily from the residual envelope curvature, which 
over the five shots varied from 0.3% to 2% within the 
60% analysis circle. To the authors’ knowledge, our 
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Fig. 4. Comparison of the rms nonuniformities measured after the 
20 cm amplifiers with speckle theory ( X point) and with measure¬ 
ments on the Nova laser at LLNL, USA [ 8 ], the Phebus laser at 
CEA, France [ 9 J, and the Gekko XXII laser at ILE, Japan {101. The 
bandwidth and pulsewidth refer to fwhm values. The dashed line, 
shown for reference, would be strictly applicabl e to a recta ngular 
spectrum and pulse shape, and shows the <7>oc Vr c /r p a l/V^Aw p 
scaling. 


measurements represent the highest degree of laser uni¬ 
formity obtained at high energy to date. 


5. Conclusion 

We have demonstrated the production high energy, 
ultra-uniform intensity focal profiles with the Nike 


laser. A flat top beam profile with 1.8% linear tilt, 1.0% 
first order curvature and 1.4% rms deviation from the 
linear fit was achieved in a single 2.7 J, 4 ns beam. 
Overlap of multiple beams on target should reduce the 
rms variation below 1%. This level of uniformity will 
allow us to perform detailed hydrodynamic stability 
experiments with conditions relevant to direct drive 
inertial confinement fusion. 
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Optical beam smoothing on the NIKE 
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NIKE is an angularly-multiplexed KrF laser 
that is currently under development at the 
Naval Research Laboratory to address tech¬ 
nological and physics issues of direct-drive 
laser fusion. 1 It will deliver 2-3 kj of 
248-nm light in a uniform flat-top profile at 
intensities >2 x 10 14 W/cm 2 , which will be 
used to study ablative acceleration of thin 
planar foil targets under conditions dose 
to the operating regime envisioned for a 
high gain 1CF pellet. The NIKE system con¬ 
sists of a commercial osdllator/amplifier front 
end, an array of discharge preamplifiers, 
two e-beam pumped amplifier stages (with 
apertures of 20 x 20 cm 2 and 60 x 60 cm 2 ), 
and the optics required to relay, multiplex, 
and demultiplex the optical beams. Ap¬ 
proximately two-thirds of the system, in¬ 
cluding the 20*cm amplifier, is operational 
and currently undergoing tests. The output 
of the 20-an amplifier is suffidently uni¬ 
form, and its energy exceeds the 120 J re¬ 
quired to drive the 60-cm final stage. 

Direct-drive ICF requires a highly smooth 
and controllable focal spot irradiance be¬ 
cause the required UV tight allows only 
modest smoothing of beam nonuniformi- 
ties by lateral energy flow in the under- 
dense plasma surrounding the pellet. To 
produce such a beam, the NIKE optical sys¬ 
tem is designed to incorporate spatial in¬ 
coherence. 2 In this technique, the desired 
time-averaged beam profile is created by a 
broadband spatially incoherent oscillator, 
then imaged through the amplifier system 
and final focusing lens onto the target. Be¬ 
cause the amplifier stages lie at or near the 
optical Fourier-transform plane of the im¬ 
age, their gain nonunifonnities will have 
little effect on the envelope (long time-av¬ 
erage) of the focal profile. Focal spot non- 
uniformities can still arise from either re¬ 
sidual speckle (mainly at short transverse 
scalelengths), or envelope distortion (mainly 
at longer scalelengths) due primarily to 
random phase nonuniformities in the op¬ 
tical system. Here, we report on focal dis¬ 
tribution measurements of a single NIKE 
beam at the output of the 20-cm amplifier. 

The experimental setup is shown in Fig. 

1. A "top-hat"' envelope F(x) of 40 x = 
diffraction-limited width (40 XDL) is cre¬ 
ated by a circular hard aperture at the out¬ 
put of the broadband incoherent oscillator. 
The optical Fourier transform is relayed 



CTuQ2 Fig. 1. Experimental setup used 
to measure focal energy distributions at 
the output of the NIKE 20-cm amplifier. 

Focal Profile aftar the 20 cm Amplifier 



CTuQ2 Fig. 2. Isometric view of the 
measured focal distribution after the 20- 
cm amplifier. 
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CTuQ2 Fig. 3. Comparison of the 
measured horizontal and vertical focal 
spot profiles with the calculated envelope 
profiles perturbed by random phase dis¬ 
tortion. The heavy solid lines are the ex¬ 
perimental data, and the dots (which 
blend into thin solid lines in the flat re¬ 
gions) are the calculated profiles as 
viewed from the four quadrant direc¬ 
tions. 


through the pulse shaping optics and 
preamplifiers onto locations just beyond die 
20-an amplifier in a 4 x 7 array of se¬ 
quential 4-5 J, 4-ns beams. One of these 
beams is then collimated and focused onto 
a CCD camera. With a 23-pm pixel spacing, 
the camera fully resolved the shortest spec¬ 
kle wavelength of 70 pm. 

Figure 2 shows one of the measured 
focal distributions. A least-squares analysis 
performed within the central 65% of the 
diameter gave a planar fit with a tilt of 
1.4%. The rms deviation from this planar 
fit was 1.3%, in good agreement with a 
theoret ical sp eckle nonuniformity o s = 
0.815/VAvt^ = 1.4% for the measured 
FWHM bandwidth Av = 0.79 THz and av¬ 
eraging time t„ = 4 ns. In the planar foil 


experiments, which will use 44 indepen¬ 
dent overlapping beams and an operating 
bandwidth ^2 THz, NIKE should thus at¬ 
tain a speckle-level <r 5 < 1% rms in t„ - 
100 ps. 

Figure 3 compares the measured hori¬ 
zontal and vertical profiles through the 
centroid with the corresponding envelope 
profiles calculated for a 40-XDL top-hat beam 
perturbed by random phase distortion 
within the laser system. 2 The statistical re¬ 
alization of the phase distortion was con¬ 
structed by using measured or specified rms 
phase variations and phase gradients on 
each of the optical surfaces within the com¬ 
pleted portion of the system; this gave a 
point-spread function containing half of its 
energy within a width of 7 XDL. 

In the completed NIKE system, the point- 
spread function is expected to broaden to 
—10 XDL, and additional envelope distor¬ 
tion may arise from nonlinear refraction in 
the high intensity air paths beyond the 
60-cm amplifier. These effects, along with 
rotational SRS, two-photon absorption, and 
group velocity dispersion, are modeled in 
the NIKEBEAM code. 2 For the 60-XDL focal 
spots to be used in the baseline target ex¬ 
periments, NIKEBEAM simulations predict 
envelope distortion <2% over the central 
2/3 of the focal spot diameter if the high 
intensity beams propagate in argon or he¬ 
lium. 
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ELSEVIER 


Abstract 

We report measurements and ab initio calculations of a large negative nonlinear refractive index in xenon for linearly-polarized 
KrF laser light, and describe a simple experiment that demonstrates xenon compensation of both self-focusing and self-phase 
modulation. This effect arises because KrF laser frequencies lie just above a two-photon resonance with the Xe 6p[ l/2] 0 state 
at 249.6 nm. The negative nonlinear index resulted in self-defocusing of 10 ps linearly-polarized 248.4 nm pulses in a 4.6 m cell 
at Xe pressures up to 1000 Torr. Numerical simulations of this defocusing at pressures up to 266 Torr yield a nonlinear index 
n 2 (2.06 ±0.14) X 10 1 esu for 760 Torr and 300 K, but the simulations fail to adequately reproduce the shapes of the 
measured profiles at pressures significantly above 266 Torr. In the compensation experiment, the cell was first filled up to 1260 
Torr with pure carbon dioxide, whose large positive n 2 resulted in self-focusing of the beam. A small amount of Xe was then 
added to the cell and allowed to mix with the C0 2 . Less than 130 Torr of Xe completely compensated the 1260 Torr of C0 2 , 
allowing both the spectrum and beam profile to be recovered. Numerical simulations of the self-focusing measurements yield a 
nonlinear index of (1.60±0.07) X 10 ,5 esuforC0 2 ,andthecompensationexperimentgives/22(Xe) = —(1.82±0.08) X I0“ 14 
esu at 760 Torr, 300^K, and 248.4 nm. The combined defocusing and compensation measurements give /i 2 (Xe) = 
- (1.97+0.23) X 10“ 14 esu, in good agreement with our ab initio calculation of - (1.54±0.30) X 10“ 14 esu. 


1. Introduction 

One of the limitations of intense KrF laser beams in 
either short pulse or laser fusion systems is the self- 
focusing and self-phase modulation that can occur in 
the optical components or air propagation paths [1-3]. 
These effects arise from nonlinear refractive indices n 
which are normally positive in most gases and optical 
materials. If a material of negative n 2 were available, it 
would allow one to compensate these effects under 
suitable conditions, and thereby increase the useful KrF 
power density. In this paper, we report calculations and 

0030-4018/95/S09.50 © 1995 Elsevier Science B.V. All rights reserved 
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measurements of a large negative n 2 in xenon at KrF 
laser wavelengths. These measurements include not 
only self-defocusing and self-phase modulation in Xe, 
but also a simple experiment that demonstrates Xe com¬ 
pensation of whole-beam self-focusing and self-phase 
modulation in C0 2 . 

The large negative n 2 arises because KrF light around 
248 nm lies just above a two-photon resonance with 
the Xe 6p[ 1 /2] 0 state at 249.6 nm, as shown in Fig. 1. 
This resonance, which has been studied by several 
authors [4-7], has also been used to enhance a variety 
of other four-wave parametric mixing processes driven 
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Fig. i. Lower-lying energy levels of atomic xenon, showing the odd 
parity states that couple most strongly with the two-photon near¬ 
resonant level 6p( 1/21 0 at 80119 cm' 1 to produce the negative n 2 . 

by very high intensity KrF light [6,7]. A similar two- 
photon resonant enhancement causes a large negative 
n 2 in cesium at 1.06 fim [8,9]. The phenomena 
described here arise only from the third order atomic 
susceptibility; they are distinct from the self-defocus- 
ing and blue-shifting caused by photoionization elec¬ 
trons [10], which would occur at much higher 
intensities. At the intensities used in our experiments 
( ~ 2 GW/cm 2 ) the refractive index perturbations due 
to photoionization are negligible. 


2. Theory 


Applying the usual definition 8n ss \n 2 \%\ 2 , where 
8n is the nonlinear perturbation of the refractive index 
and f is the slowly-varying complex laser field ampli¬ 
tude, one can calculate the general expression for n 2 
from the third order atomic susceptibility. For linear 
polarization, this expression reduces to [8] 


»2(*o*2 vn £ r e (Pb) 2 

p*o L E fu~ 2 hv 


, (PS) 2 , (g£±f£2! 1 

E0o + 2hv Epo J 

— 2ot/V^(Po~ +Pq)R+ (P ° 0) 


where 


hi 

I" P0*Pa O ] 

lE M ±hvy 

(2a) 

1-1 

W* 

hi 


(2b) 

(Eeo-hv) 2 (Eeo+hv) 2 ]' 


N is the atomic number density, v is the laser frequency, 
Eyo is the energy difference between an excited state 
|y> and the ground state |0>^5p 6 l S 0 , and fi a0 = 
(a | ex 10) and ^ a =<j3|ex| a) are the allowed dipole 
matrix elements between the odd (| a)) and even (10), 
| /3)) parity states. The first term inside the summation 
in Eq. (1) is enhanced near a two-photon resonance, 
while the R term on the third line would be enhanced 
near a single-photon resonance. At KrF laser wave¬ 
lengths, the two-photon near-resonance with the xenon 
6p[ l/2] 0 = 12) level allows one to approximate Eq. 

(i) by 


2ttN(P 2 ) 
E 2Q — 2hv 


(3) 


where £ 20 = 80119 cm " 1 . (For example, E 20 — 2/z y is 
only - 396 cm ~ 1 at 248.4 nm.) 

The Xe dipole matrix elements in expressions (2a,b) 
were calculated by the relativistic parametric potential 
method [11-13] using the “spectroscopic’' mode. In 
this mode, the atomic potential parameters are varied 
until a minimum is found for the rms deviation between 
the calculated energy levels and experimentally docu¬ 
mented ones. For each parameter set, the code solves 
the Dirac equation for the wave functions and uses these 
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Fig. 2. Calculated nonlinear refractive index n 2 versus wavelength 
in 760 Tore of Xe at 300 K. 
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to compute the Hamiltonian matrix elements of the 
Coulomb interaction, plus the Breit term and QED cor¬ 
rections. In accord with first order perturbation theory, 
the mean value of the effective potential is subtracted 
from the energies. The eigenvalues of the matrices are 
then compared to the experimental energy levels [14], 
and the parameters are varied until a minimum is found 
for the rms deviation. Thus the parametric potential 
method generates consistent wave functions that give 
the best fit to experimental energies to first order. The 
resulting wave functions are then used to calculate the 
dipole matrix dements in Eqs. (2a,b). This procedure 
has already been used successfully to evaluate transi¬ 
tion probabilities [ 15]. An rms deviation of 700 cm ~ 1 
was achieved with five parameters for a total of 36 
levels ranging in energy from 0 (ground state) to 90000 


The summations in Eqs. (1) and (2) included all 
7 a = 1 odd parity intermediate states up to the 9s and 
9d levels, and all two-photon accessible (7^ = 0, 2) 
even parity states up to the 9p and 5f levels. No attempt 
was made to include any continuum state contributions. 
The largest intermediate state contributions came from 
the lower levels, such as the 6s [3/2]® and 5d [3/2]® 
levels shown in Fig. 1. At 248.4 nm, expressions (1) 
and (3) gave nearly the same results, n 2 = 
- 1.536X I0~ ,4 esuand - 1.539X 10" 14 esu,respec¬ 
tively, at 760 Torr and 300 K. From an estimated ±7% 
uncertainty in the magnitudes of the calculated dipole 
matrix elements, we obtain n 2 — — (1.54 ± 0.30) 
X 10" 14 esu. Fig. 2 shows the wavelength dependence 
of n 2 y as calculated from Eq. (1). 
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Fig. 3. Experimental arrangement. The short pulse dye laser front-end in the upper left hand comer is pumped by a XeCI laser at 308 nm. The 
beam is amplified by the KrF laser in the center and then goes to the gas cell and incident beam-imaging optics. The relative positions of the 
CCD camera, spectrometers, and streak camera at the output are shown. 
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3. Experiment 

To observe the negative n 2 of Xe, we set up a non¬ 
linear propagation experiment using a short pulse laser 
system [ 16] at the University of Maryland (Fig. 3). A 
quenched mode dye oscillator creates a 200 ps pulse, 
which is amplified and used to pump a distributed feed¬ 
back dye laser (DFDL). The DFDL is made with a 
holographic transmission phase grating [ 17], and gen¬ 
erates a single output pulse in each direction normal to 
the pump pulse. The pulsewidth is dependent on the 
length of the pumped region, and will vary from shot 
to shot. After two stages of amplification the pulse is 
frequency-doubled by a BBO crystal to the KrF gain 
band. The 248 nm light double-passes a KrF discharge 
laser with ASE-suppression apertures between passes, 
producing an output beam of 10 to 14 mJ in a 3.2 cm 2 
area. The beam then traverses a 3 mm aperture, fol¬ 



ic) 



248.1 248.4 248.7 

X (nm) 


lowed by a 2X reducing telescope with a 400 fim 
pinhole at the focal plane (in vacuum), which blocks 
almost all of the residual ASE. At the output lens, the 
fwhm beam diameter is approximately 1.5 mm. 

Beyond the telescope, the beam propagates through 
5.3 meters of air to enter a gas cell. At this point, 
diffraction has caused the beam to acquire an approx¬ 
imately Gaussian distribution with a 0.85 mm fwhm. 
The cell entrance window is a 5 mm thick calcium 
fluoride (low n 2 ) wedge, whose inner surface is AR 
coated with a 2 cm clear aperture. The cell is a 4.6 meter 
long, 8 cm ID steel pipe, whose inner walls were treated 
with a black anti-rust finish. The small beam size plus 
the inner wall treatment ensured that no light scattered 
from the inside cell wall. After exiting the cell through 
a second calcium fluoride window (uncoated), the 
beam is measured by a cooled CCD camera, two spec¬ 
trometers, and a streak camera. 



(d) 



300 320 340 360 380 400 

Time (ps) 


Fig. 4. Magnified incident profile (a) and output profile (b) of the 10 ps KrF beam for the cell under vacuum. The peak intensity of the incident 
profile is near 1.9 GW/cm 2 . Least-squares 2D fits using azimuthally-symmetric Gaussian functions are shown in the dashed lines. The spectrum 
(c) and streak camera pulse shape (d) are also shown. 
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The CCD camera acquires the spatial distribution of comparing it with the image to verify the calculated 

the output beam, plus a magnified relayed image of the 1.86 magnification. To ensure that the output image 

incident beam taken from the 4% reflection off of the intensity was comparable to the relayed incident image, 

uncoated first surface of the cell entrance window. The the output beam was directed onto the CCD camera by 

focus of the lens used to transfer the incident image to reflection off the front face of the first beamsplitter, 

the camera was checked by placing a 210 mm wire tied which was an uncoated fused silica wedge. Additional 

in a 1 mm diameter loop on the input window and attenuation was provided by calibrated ND filters that 



220 240 260 280 300 320 300 320 340 360 380 400 

Time (ps) Time (ps) 

Fig. 5. Output profiles and Gaussian fits, along with the spectra and pulse shapes for 267 Torr (a-c) and 1000 Ton (d-f) of Xe. In the 1000 
Ton case, the double-humped spectral structure is consistent with a self-phase modulation of peak value ~ rr [17]. The input profiles were 
essentially unchanged from those of Fig. 4. 
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were shared by the output beam and relayed image. 
Test shots in which the BBO crystal in the laser was 
blocked showed that the ASE from the unloaded KrF 
amplifier was below detectability of the CCD camera 
to better than 2000:1. The CCD camera was checked 
for linear response to the short pulse light by comparing 
the total integrated signal on the camera with the energy 
on a pyrometer. No evidence of saturation of the CCD 
response was found. 

The portion of the output beam that is transmitted 
through the first beamsplitter (uncoated wedge) is sent 
to the spectrometers and the streak camera. One spec¬ 
trometer, which has high resolution (0.0043 nm), 
measured the wavelength and the spectral broadening 
and structure due to self-phase modulation. The second, 
with lower resolution (0.045 nm) but larger spectral 
range (242-267 nm), was used to look for light shifted 
by four-wave parametric optical mixing processes 
[6,7]. At the intensities ( <2 GW/cm 2 ) and Xe pres¬ 
sures (<1100 Torr) used in the defocusing and com¬ 
pensation experiments, there was no evidence of any 
such processes, nor any significant attenuation of the 
beam within the gas. The streak camera measured the 
pulse shape after the pressure tube. The pulsewidths 
exhibited shot-to-shot variation, but generally 
remained within 9 to 14 ps fwhm. Part of this variation 
was due to the streak camera itself, whose resolution 
was - 7 ps with a linear array that was subject to elec¬ 
trical noise from the discharge amplifiers. 

Initial experiments were carried out to confirm that 
the beam was well characterized, and that the incident 
and output images were not appreciably perturbed by 
the windows under varying pressures. We first propa¬ 
gated the beam in air with the tube completely removed 
to verify that the beam did not go through a focus. 
When the camera was moved in one meter steps from 
just behind the entrance window of the cell (supported 
on a mount) to the final position where the output beam 
was normally measured, the image spread slowly from 
a diameter of 0.85 mm fwhm at the entrance window 
to 1.3 mm fwhm at the final position. We then measured 
the beam with the cell under vacuum and with an argon 
fill (lown 2 [2]) of 1100Torr. Fig. 4 shows the incident 
and output beam profiles, along with the spectrum and 
pulse shape, for the vacuum case. These results were 
unaffected by filling the cell with argon. 

We measured the broadening of the output beam 
profile as a function of Xe pressure at various incident 


intensities for pulses centered around 248.2 nm and 
248.4 nm. Fig. 5 shows a sample of this data for 248.4 
nm, along with spectral data from the high resolution 
spectrometer. In the 1000 Torr case, the large negative 
n 2 has not only significantly broadened the spatial pro¬ 
file (Fig, 5d), but also created the well-known spectral 
structure (Fig. 5e) due to the self-phase modulation 
that builds up as the pulse travels through the Xe [ 18]. 
The blue shift of the lower spectral peak and (weak) 
red shift of the main peak are consistent with a negative 
n 2 and a pulse whose leading edge is steeper than its 
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Fig. 6. Fwhm of the Gaussian fits to the output profiles as a function 
of Xe pressure (a) and normalized incident beam intensity (b). In 
(a), the Gaussian fits become a poorer approximation to the actual 
profile, especially in the low intensity skirts, for Xe pressures greater 
than ~400 Torr. In (b), the fwhm becomes indistinguishable from 
the vacuum case of 1.4 mm at an intensity of 0.2 GW/cm 2 . 
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Fig. 7. Compensation of self-focusing in C0 2 by adding Xe. Output profiles with Gaussian fits and spectra are shown for 1260 Torr of C0 2 
(a,b), and the C0 2 plus 129 Torr of Xe (c.d). 


trailing edge [18]. The spectral shape differs markedly 
from those created by photoionization [ 10], indicating 
that such processes are negligible in our experiments. 

As an initial analysis, we plotted the measured fwhm 
of least squares Gaussian fits as a function of Xe pres¬ 
sure at constant incident intensity (Fig. 6a), and as a 
function of incident intensity at a constant pressure of 
775 Torr (Fig. 6b). These plots show that the defocus- 
ing does indeed tend to increase with the incident inten¬ 
sity and Xe concentration, as expected, but the behavior 
at the highest intensities and pressures is not well under¬ 
stood. Part of the problem stems from the fact that 
although a Gaussian fit provides an unambiguous num¬ 
ber for the fwhm, it becomes a poorer approximation 
to the actual profile as the nonlinear refraction 
increases. 

The most convincing demonstration of a negative n 2 
is the cancellation experiment summarized in Fig. 7. 


The cell was initially filled in six steps to 1260 Torr 
with pure carbon dioxide, whose large positive n 2 
resulted in whole-beam self-focusing. (Because of the 
difficulty of accurately modeling molecular dipole 
matrix elements, no ab initio calculation of n 2 was car¬ 
ried out for C0 2 .) As the C0 2 was added, the beam 
partially focused (Fig. 7a and Fig. 8) and the spectrum 
(Fig. 7b) developed the double-hump structure due to 
self-phase modulation [ 18]. (Note that the positive n 2 
has reversed the shifts of the two spectral peaks from 
those in Fig. 5e.) A small amount of Xe was then added 
to the cell and allowed to mix with the C0 2 . Less than 
130 Torr of Xe completely compensated the 1260 Torr 
of C0 2 (Fig. 8). As shown in Figs. 7c,d, both the beam 
profile and spectrum were recovered with negligible 
loss. The Xe pressure at which exact compensation 
occurs was estimated by using a third order polynomial 
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Fig. 9. Comparison of simulated (—) and measured (—) output 
beam profiles for the vacuum case, showing agreement to - 1.6% 
RMS of the peak fluence. For this data shot, the optimum curvature 
of the incident beam was 75 cm* 2 . 

least-squares fit to the data points ^ 1260 Torr in Fig. 8. 
This fit intercepted the average fwhm of the three vac¬ 
uum shots at 111 Torr, thus giving n 2 (Xc)/n 2 (C 0 2 ) 
= — 11.4 at 248.4 nm. 


4. Analysis 

To evaluate n 2 from the experimental data, we devel¬ 
oped a propagation code that simulates the output pro¬ 
files from the measured incident beam profiles. It 
calculates the time-integrated intensity by solving the 


nonlinear Schrodinger equation for the complex field 
amplitude z , t-z/c): 

(^-^vi)r=i*in 2 | r |2 ^, (4) 

where r L s (x, y) and z are the transverse and axial 
coordinates, respectively, t -z/c is the time measured 
in the pulse frame, and k =assuming n 0 ~ l for 
the gas. The numerical integration is performed by a 
split-operator technique [19], which effectively lumps 
the nonlinear refraction into a stack of evenly-spaced 
thin windows with the beam propagating freely 
between them; the free propagation is treated by stan- 


(a) 





Fig. 10. (a) Comparison of simulated (—) and measured (---) 
output beam profiles for 140 Torr of Xe, showing self-defocusing. 
For this shot, the optimum fit (within — 2.1% RMS) was obtained 
for /i 2 (Xe) = ~(4.0±0.3) X 10“ 15 esu. (b) Pressure dependence 
of the Xe nonlinear refractive indices obtained from the self-defo¬ 
cusing simulations for pressures up to 266 Tonr. 
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Fig. 1!. Comparison of simulated (—) and measured (—) output 
beam profiles for 785 Toir of Xe, showing self-defocusing. The 
anomalous behavior, with the simulation being too broad near the 
axis and too narrow in the skins, was found in all of the high pressure 
shots. 

dard fast Fourier transform techniques. Most of the 
calculations used a 128 X 128 or 256X256 transverse 
grid, 11-41 z-planes, and 20-30 time steps. The code 
also models the weak self-focusing in the CaF windows 
and the free propagation in the 65 cm air path between 
the cell exit window and CCD camera. To benchmark 
the code, we modeled the axial growth (for n 2 > 0) of 
a small ripple 8l=el t cos(Ajc) superimposed upon a 
flat-top incident beam profile of intensity I t , and com¬ 
pared the results with perturbation theory [20]. 
Agreement betwe en the code calculat ions and analytic 
growth rate Ky/A'rni 2 I x lc — K 2 /4k? was excellent 
(within ~ 1% maximum deviation) for all cases where 
the ripple amplitude at the output remained small com¬ 
pared to I v 

The incident complex amplitudes used in the simu¬ 
lations were modeled from the experimental data. The 
intensity distributions were calculated from the meas¬ 
ured pulse shapes and the incident fluence profiles that 
were imaged onto the CCD camera on each shot. To 
estimate the effect of the streak camera resolution time 
r sc » 7 ps, we sca led up t he intensities by the deconvo¬ 
lution factor t p /where r p is the measured 1 /e 
pulsewidth. This factor typically ranged from 1.1 to 
1.3. To remove small-scale noise structure from the 
fluence profiles without significantly affecting their 
overall shape, we performed a 2D boxcar average over 
nearby points. The incident phase distribution ) 
was determined by fitting the calculated and measured 
output profiles for the three shots where the cell was 


under vacuum. We found that it was well modeled by 
a combination of linear gradient and diverging quad¬ 
ratic curvature terms; i.e., by the function <& = 
C x x+C y y + C\r x \ 2 . The coefficients varied over the 
three shots, but the optimum fits were found for 
|C X |,|C V | <2 cm -1 and C= 70-90 cm" 2 (i.e., cur¬ 
vature radii of 14-18 m). An example of such a fit is 
shown in Fig. 9. In these and in subsequent shots, the 
best fit was determined by minimizing the total rms 
difference between the calculated and measured flu- 
ences for all points where the measured fluence was 
larger than 10% of its peak value. 

We first evaluated n 2 directly from simulations of 
the Xe self-defocusing data at 248.4 nm and several 



x (cm) 




C0 2 Pressure (Torr) 


Fig. 12. (a) Comparison of simulated (—) and measured (-—) 
output beam profiles for 1020 Torr of C0 2 , showing whole-beam 
self-focusing. For this shot, the optimum fit (within - 1.5% RMS) 
was obtained forn 2 (Xe) - (2.35 ±0.12) X 10“ 15 esu. (b) Pressure 
dependence of the C0 2 nonlinear refractive indices obtained from 
the self-focusing simulations. 
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different pressures. (The ambient temperature was 
~ 20°C.) For each shot, we chose a range of n 2 values 
that gave the best fit to the measured output fluence 
profiles, assuming the same 70-90 cm" 2 range of quad¬ 
ratic phase curvatures that characterized the vacuum 
shots. At pressures up to 266 Torr, the agreement 
between measured and calculated profiles was good, 
with RMS differences around 1.9-3.3% of the peak 
fluence. Fig. 10a shows an example of this fit, and 
Fig. 10b shows the pressure dependence of the meas¬ 
ured n 2 . The linear fit in Fig. 10b scales to n 2 = 
- (2.06 ±0.14) X 10* 14 esu at 760 Torr and 300 K. 

At pressures much above 266 Torr, the simulations 
failed to adequately reproduce the shapes of the meas¬ 
ured profiles; they were generally too flat near the axis 
and dropped off too abruptly around the skirts 
(Fig. 11). The onset of this disagreement coincides 
roughly with the saturation of the beam widths shown 
in Fig. 6a. The anomalous behavior could arise from 
higher ordet terms in the radial phase distribution, 
which would become more important in the broader 
profiles. It could also arise from Xe 2 dimers, whose 
concentration increases quadratically with Xe pressure. 
Gornik et al. [4 ] have observed weak two-photon exci¬ 
tation bands between 247 and 249 nm, which they 
attributed to Xe 2 . (The excitation of the near-resonant 
atomic 6p [ I /2 ] 0 state was negligible for A < 249 nm.) 
In our experiments, the fractional Xe 2 concentrations 
remained small ( ~ 0.6% at 1 atm of Xe [ 21 ]), and the 
measured absorption was negligible. The anomalous 
profiles were apparently not caused by two-photon 
absorption, or by photoionization from excited Xe 2 
states. (Upper limits on the magnitudes of those effects 
are estimated in the Appendix.) However the close 
proximity of the excitation bands may resonantly 
enhance the Xe 2 nonlinear susceptibility enough to 
have affected our profiles at higher pressures. 

Because of the uncertainties encountered in the 
higher pressure Xe simulations, we also calculated 
n 2 (Xe) indirectly by first evaluating/i 2 (C0 2 ) from the 
C0 2 self-focusing data, then multiplying by the ratio 
/i 2 (Xe) /n 2 (C0 2 ) derived from the cancellation exper¬ 
iment. That ratio is unaffected by either profile 
broadening or high Xe pressure effects. In addition, the 
self-focused profiles are less sensitive to the uncertain 
phase variation in the skirts of the incident beam, but 
are inherently more sensitive to the values chosen for 
n 2 . (The defocusing is a self-limiting process.) The 


Table I 

Calculated and measured nonlinear refractive indices (for 760 Torr 
and 300 K) of xenon at 248.4 nm. compared to that of C0 2 at 248.4 
nm. air at 248 nm. and fused silica at 249 nm 


Medium (source) 

n 2 (ICT* 4 esu) 

Xe (Eqs. (1) or < 3)) 

-1.54 ±0.30 

Xe (self-defocusmg exp.) 

— 2.06 ±0.14 

Xe (C0 2 compensation exp.) 

-1.82 ±0.08 

C0 2 (self-focusingexp.) 

+ 0.160 ±0.007 

Air (Ref. (2]) 

+ 0.029 ±0.010 

Fused Si0 2 (Ref. (1 ]) 

15-20 


simulations gave excellent fits to the self-focused 
beams, typically with RMS differences of 1.5-2% cf 
the peak fluence. Fig. 12a shows an example of such a 
fit, and Fig. 12b shows the pressure dependence of the 
calculated n 2 (C0 2 ) values. The resulting indices at 760 
Torr. 300 K are then n 2 (C0 2 ) = (1.60 ±0.07) X 10" 15 
esu and n 2 (Xe) = - (1.82+0.08) X 10“ 14 esu. 

5. Summary and conclusion 

Table 1 summarizes our Xe and C0 2 results, and 
compares them with the measured n 2 of air at 248 nm 
[2] and fused silica at 249 nm [ 1 ]. At 248.4 nm, 760 
Torr, and 300 K, our combined measurements yield 
n 2 (Xe) = - (1.97 ± 0.23) X 10~ 14 esu, in good agree¬ 
ment with the ab initio calculation of -(1.54± 
0.30) X 10" 14 esu. The magnitudes of the measured 
xenon indices are 60-75 times larger than the positive 
n 2 in air, and within a factor of ten of that measured in 
fused silica. This suggests that under suitable condi¬ 
tions, Xe cells could be used to compensate self-phase 
modulation and self-focusing in air paths and KrF 
window materials, thereby increasing the useful KrF 
power density. The only caveat is the question of what 
causes the anomalous behavior at higher Xe pressures. 
If it is caused by Xe 2 dimers, then the problem might 
be solved by operating at lower pressures, heating the 
gas, or using longer more energetic pulses to dissociate 
the dimers. These questions can be addressed in a later 
paper. 
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Appendix A 

In this appendix, we estimate upper limits on dimer 
two-photon absorption, and on refraction due to pho¬ 
toionization of the excited dimer states. From the two- 
photon Xe 2 spectra in Ref. [4], plus those authors’ 
earlier measurement of the weak atomic line at 247 nm, 
we estimate an upper limit on the two-photon excitation 
rate W Xg2 (s“ 1 ) < 3.7 X 10 5 / 2 (GW/cm 2 ) at248.4 nm. 
The two-photon absorption coefficient k Xc 2 — 
2h vN Xc2 W Xe2 // for N Xc2 a N Xc density [21] is then 

K Xe2 (cm“ , )<8X10- 5 [p(Torr)/760] 2 /( GW/cm 2 ). 

This result predicts less than 1 % peak on-axis absorp¬ 
tion in our 4.6 m propagation path under all conditions 
where n 2 was measured (/< 2 GW/cm 2 and p<266 
Torr). Although this absorption is larger at higher pres¬ 
sures, it is not large enough to have been unambigu¬ 
ously measured, or to have created the anomalous beam 
profiles that we observed. Simulations in which the 
two-photon absorption term was added to Eq. (4) 
revealed small losses and negligible profile distortion 
at all pressures that were used, even when the coeffi¬ 
cient was chosen several times larger than the 8 X 10 ~ 5 
shown above. 

The electron density produced by photoionization of 
the two-photon-excited dimer levels is N c = 
5 (W Xc2 W X c 2 /p) (o-pi Uhv)t p , where r p is the pulsewidth 
and (7 pi =s 4X I0~ 18 cm“ 1 [22] is the photoionization 
cross section of those levels. The resulting refractive 
index perturbation is Sn Pl - -N C /2N CJ where 
N c = map I Aire 1 is the critical density. To compare this 
with our result 8n^{n 2 \g\ 2 (assuming n 2 ~ 

— 2X 10“ 14 p(Torr)/760 esu) we evaluate the ratio 
8ttp\f 8n: 

“ <4X 10~*[p(Torr)/760]/ 2 (GW/cnr)?ij(ps), 

which is negligible under all conditions of our defo- 
cusing experiments. 


We have also estimated the absorption and refraction 
due to three-photon ionization of the atomic xenon [ 5 ]. 
Although this process is resonantly-enhanced by the 
6p[l/2] 0 state, its absorption and refraction remain 
negligible under our experimental conditions. How¬ 
ever, its excitation rate scales as / 3 , and it is likely to 
limit operating intensities to a few times 10 GW/cm 2 , 
even if dimer effects can be eliminated. 
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Krypton-fluoride (KrF) lasers are of interest to laser fusion because they have both the large 
bandwidth capability (>THz) desired for rapid beam smoothing and the short laser wavelength (J 
ftxa) needed for good laser-target coupling. Nike is a recently completed 56-beam KrF laser and 
target facility at the Naval Research Laboratory. Because of its bandwidth of 1 THz FWHM (full 
width at half - maximum ), Nike produces more uniform focal distributions than any other 
high-energy ultraviolet laser. Nike was designed to study the hydrodynamic instability of ablatively 
accel e r ated planar targets. First results show that Nike has spatially uniform ablation pressures 
(&p/p<2%). Targets have been accelerated for distances sufficient to study hydrodynamic 
instability while maintainin g good planarity. In this review we present the performance of the Nike 
la sor in producing uniform illumination, and its performance in correspondingly uniform 
acceleration of targets. © 1996 American Institute of Physics. [S1070-664X(96)94705-X] 


I. INTRODUCTION 

The inventions and refinement of laser beam 
smoothing 1,2 " 3 have enhanced the prospects for direct-drive 
fusion. The combination of a short laser wavelength with 
laser beam smoothing should control laser plasma 
instabilities, 4-9 particularly when using moderate laser inten¬ 
sities (s=10 15 W/cm 2 ). The combination of beam smoothing 
with precise beam balance should easily provide sufficient 
low-mode illumination uniformity around a pellet (mode 
numbers <10). 

The most serious remaining challenge to direct-drive 
fusion 10-13 is the control of the shorter-wavelength asymme¬ 
try and hydrodynamic instability growth that can disrupt 
symmetric pellet implosions. Possible control measures in¬ 
clude the following. 

(1) Improved laser uniformity, particularly during the early, 
laser imprinting phase. 

(2) Impr oved target fabrication, particularly at the shorter 
wavelengths that are most dangerous to Rayleigh-Taylor 
(RT) growth. 

(3) Exotic targets that may reduce the imprint (such as gold- 
coated foam). 14 

(4) Thicker targets via controlled preheat (shocks, x 
rays). 15 ’ 16 

(5) Lower aspect ratio pellets (initial thickness to diameter), 
with the concomitant higher laser intensities (>10 15 
W/cm 2 ). 


*Papcr 3EB1, Bull. Am. Phys. Soc. 40. 1693 (1995). 
invited speaker. 


There is a penalty to pay in the pellet yield when utiliz¬ 
ing measures #4 and #5, and possibly #3. Use of a higher 
intensity (#5) may also reintroduce laser-plasma instabili¬ 
ties. The highest performance route, and also the most con¬ 
servative in regard to the target physics, will be to optimize 
items 1 and 2, and then appeal to the other methods. 

Nike is a high-energy krypton-fluoride (KrF) laser that 
was primarily developed to study the physics and means for 
control of hydrodynamic instability. The KrF laser has 
unique characteristics for such experiments, particularly in 
regard to beam smoothing technology. Nike produces the 
most uniform target illumination of all available high-energy 
uv lasers (at y or ; yum). In this paper we describe the Nike 
laser, its performance as a laser, and its initial use in uniform 
acceleration of planar targets. 


II. THE NIKE LASER FACILITY 

KrF is an excimer laser that combines two highly desired 
characteristics for the fusion application. 17 * 18 First, it has a 
short (248 nm) wavelength, needed for efficient target cou¬ 
pling and for suppression of laser-plasma instability. Sec¬ 
onder has a broad laser bandwidth capability for rapid beam 
smoothing. Bandwidths exceeding 3 THz have been demon¬ 
strated in large KrF laser systems. 19 Design studies indicate 
that KrF scales to the megajoule energies that will be re¬ 
quired for high-gain laser fusion. KrF also has potential as a 
driver for the energy application" 0 (see the Appendix). KrF 
poses technical challenges as well as opportunities in devel¬ 
oping large systems since the architecture is quite different 
from that of the more established glass lasers. 
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FIG. 1. Nike optical configuration and ampi.rier staging. A uniformly iilummated apenure m the front end is imaged onto target through the amplifier system 
iechelon-free ISI). 


The Nike laser utilizes echelon-free ISI (Induced Spatial 
Incoherence) beam smoothing: an aperture at the front end of 
the laser is uniformly illuminated by spatially and temporally 
incoherent light. This object is then imaged through the am¬ 
plifiers onto the target. 21 The amplifiers are placed at or near 
the Fourier transform planes of that aperture, so that the tar- 
set illumination is not sensitive to amplifier gain nonunifor¬ 
mities. To obtain good beam fidelity from the aperture to the 
tareet. the added beam divergence due to cumulative optical 
phase errors must be small compared to the angular diver¬ 
gence of the smoothed beams. In addition, the nonlinear 
phase shift iB integral) must be small. The KrF gaseous me¬ 
dium. low saturation fluence in the amplifiers, and optical 
architecture leads to small B integrals." 


Figure 1 depicts the echelon-free ISI concept in the Nike 
optical system. 23 A broadband multispatial mode, discharge- 
pumped KrF oscillator illuminates a reflecting diffuser, 
which in turn illuminates the initial ISI aperture. Because of 
the diffuser, the energy illuminating the apenure is small 
f—20 nJ). However the diffuser assures that the aperture is 
illuminated uniformly (to the statistical limit of such broad¬ 
band incoherent illumination sources). The beam energy is 
then amplified by a series of three discharge-pumped ampli¬ 
fiers. followed by an array of four large discharge-pumped 
amplifiers operated in parallel.-’ The Fourier plane of the ISI 
aperture is relayed to the center of each of the discharge- 
pumped amplifiers via a senes of relaying telescopes. The 
gain duration of these discharge pumped amplifiers is about 
25 ns full width at half-maximum iFWHM) for the oscillator 
and first two preamplifiers, and 15 ns tor the final amplifiers. 
Pulse shaping is achieved via Pockels cell shutters located 
after the first amplifier. The rejected beam from the Pockels 
cell copropagates with the target beam through the 
discharge-pumped amplifiers, and is then separated by a 
combination of polarizers and spatial filtering. The copropa- 


Th« variation in the laser 
intensity is 1% in one beam 


PIG. 2. Photograph of the 60 cm aperture electron-beam pumped final am¬ 
plifier! Four paraiiei water lines located on either side of the amplifier pro¬ 
vide the pulse power. The laser beams double pass the amplifier. An insu¬ 
lated tunnel protects the laser beams from air turbulence. 


Focal profile of a single beam A cross-section 

(averaged over 4 ns pulse) a Nike beam 

FIG. Nike focal distribution of a single attenuated beam after amplifica¬ 
tion by the oO cm amplifier. The FWHM ot the focal profile is 750 
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FIG. 4. Photograph of optic* near the target chamber including: the input 
array to the 60 cm ampiirier tforeground left): the final turning arrays di¬ 
recting beams into the target chamber: and the 44 beam lens array for the 
target-acceleration beams. 


gating pulse preserves the pulse shape and contrast of the 
laser pulse by maintaining a constant loading of the partially 
saturated amplifiers. The discharge-pumped amplifier system 

# produces 1.5-2 J in a 4 ns FWHM pulse. 

Nike then utilizes two angularly multiplexed 2 " electron- 
beam-pumped amplifiers. The angular multiplexing system 
uses only mirrors and high F# lenses to preserve the broad 
bandwidth capability of the laser. Beams from the front end 
system are split and delayed by various amounts to obtain 28 

# sequential 4 ns FWHM beams. Twenty-two beams intended 
for target experiments are delayed 4 ns center to center, 
while six beams intended for backlighters have 5 ns delays 
center to center. The beams sequentially extract energy from 
the 140 ns gain duration 20 cm aperture amplifier. A large 
beam splitter and delay telescope after the 20 cm amplifier 

# doubles the number of beams. The 56 beams then sequen¬ 
tially extract their final energy from the 250 ns gain duration 
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FIG. 5. The Nike target chamber. The laser beams converge on target 
through the cone-shaped portion of the vacuum chamber seen in tne back¬ 
ground. The 12-beam focusing array for the backlighter beams i> to the left 
of the spherical target-interaction chamber. 


FIG. 6. Focal distributions of 37 overlapped beams in the Nike target cham¬ 
ber with only the front end amplihers firing. (a> and (b) show perpendicular 
profiles at the target location while (c) shows a profile 300 (jl m closer to the 
lens array (dashed line) and a profile 300 (i m farther from the lens arra> 
(solid line). Here 77<r of the laser energy sampled by the diagnostic (3.5 
X2.4 mm : field of view at the target planet is contained within the focal 
FWHM. The peak-to-vailev curvature determined by a best second-order fit 
across the center 500 of the FWHM of (a) is 2.2^ and 2.6 <7c for (b). ic 
indicates that the beam overlap is quite good over axial distances longer 
than the planned target accelerations (200-300 yami. 


60 cm aperture amplifier. The KrF lasing media has a short 
excited state lifetime (a few nsj, so one must nearly continu¬ 
ously extract laser energy during the e-beam pumping in 
order to obtain good efficiency and avoid pulse distortion. 
The 44 target interaction beams are amplified with little tem¬ 
poral distortion because their 4 ns FWHM pulse length- 
match the interbeam delays. The pulse shape of the initially 4 
ns FWHM backlighter beams tend to lengthen to match the 5 
ns pulse interbeam delays. The front end design allows in- 
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FIG. 7. Diagram or an accelerated foil target and currently ridded diagnos¬ 
tics. Tiie widtn (—2 mmi ol the target foil is chosen wide compared to the 
laser focal diameter to -volute the relatively cool rear surface from the laser 
irradiated surface. 


Ntailation of an independent pulse shaping for the backlighter 
beams if needed. 

A photograph of the hnal 60 cm aperture amplifier is 
shown in Fig. 2. Both of the large Nike amplifiers employ 
large, monolithic coid-cathode diodes to electron-beam 


pump the laser gas from opposite sides of the gas cell. Ex¬ 
ternal magnetic fields guide the e beam into the laser gas. :c> 
Up to 5 kJ laser output has been obtained from the 60 cm 
aperture amplifier. 2 The amplifier is routinely operated with 
3-4 kJ output. Approximately 75% of the laser light in each 
beam at the amplifier is transported to the target through the 
remaining optical system. 

Figure 3 shows the time-integrated focal distribution of a 
single 4 ns beam after amplification by the 60 cm amplifier. 
The total energy in the 56 beams was 3.9 kJ for this laser 
shot (measured in front of the first mirror array following the 
60 cm amplifier). The aperture in the front end was adjusted 
to provide an angular width of 75 X diffraction limit. The 
beam was propagated a distance typical of that to the target 
chamber, attenuated, and focused using a 6 m focal-length 
lens (the same as the target chamber). The image after the 6 
m lens was then magnified 4X and placed onto a cooled 
charge-coupied-device (CCD) camera. The magnification is 
sufficient with the CCD camera's 23 fi m pixel size to detect 
the smallest interference structures in the focused laser beam. 
To remove light-sensitivity variation, each camera pixel was 
calibrated at the laser wavelength.’* We observed smooth, 
fiat-topped focal distributions with the center 50% of the 


22 ns before laser pulse preshot 





FIG. S. <u> Preshot shadowgram and (b> shadowgram 22 ns before the 
peak of the main pulse of a 35 £im thick piastic foil target, (c) shows 
lineouts of the shadowgrams perpendicular to the target foil (along the 
laser axis). The dashed line is the preshot. The absence of measurable 
plasma or target expansion indicates that the laser prepulse is too small to 
Mgnirieaniiy affect our target experiments. 
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(a) 


12% and 25% emission contours 



FIG. 9. (a) Streak camera image of the uniform shock breakout obtained 
from the rear surface of a 108 ^m thick Nike illuminated target. The peak 
intensity is 0.8X10 14 W/cnr. <b) 12% and 25% of peak emission contour 
plots on an expanded time scale. The streak camera system has 25 fim 
spatial and 30 ps temporal resolution, (c) Diode measurement of the pulse 
shape of a Nike target beam alter the 60 cm amplifier during this target shot. 
The diode measurement has a 0.5 ns temporal resolution. 


FWHM deviating from a flat fit by \% rms. The center rms 
nonuniformity is close to the ideal result calculated from 
(A///) = (r r /r fl ) 1/2 = 1.3# using r c =laser-coherence times 
0.6 ps (bandwidth is 1 THz FWHM) and ~,= averaging time 
=4 ns. The curvature near the edges of the focal distribution 
is the result of the cumulative phase errors in the optica! 
train. (This phase aberration, which corresponds to an ap¬ 
proximately 15 X diffraction limit point spread distribution at 
248 nm. could be reduced by using deformable mirror tech¬ 
niques similar to those in the Beamlet laser at Lawrence 
Livermore National Laboratory.We observe no apprecia¬ 


bly enhanced distortion in the laser focai profile when firing 
the 60 cm amplifier, provided one waits a sufficient time 
between shots for the amplifier gas to cool: approximately 30 
min. 

After the final amplifier, the time delay between the 
beams is removed by the demultiplexing optical system, and 
the beams are then directed to the target chamber. Figure 4 is 
a photograph of the optical system near the target chamber, 
showing several mirror arrays and the structure that supports 
tiie target chamber lens array. The mirrors are remote!) 
aligned by a computerized control and alignment system. 
The optics between the front end and the target chamber are 
contained in a precisely temperature-controlled propagation 
bay (45 mX 10 m floor area). Once aligned onto the target, 
the beams tend to stay aligned because of the temperature 
control (1 T< - 1 F). 

Diagnostics have been installed in the Nike system to 
evaluate and maintain the amplifier system reliability, and to 
monitor the pulse shape, energy, and focai quality of the laser 
beams. These diagnostics are all digitized and fed into a 
UNIX based workstation system via fiber optic links. The 
energy and pulse shape are monitored for the four beams 
from the discharge-pumped amplifiers. The focal distribution 
of one of these beams is monitored via a cooled CCD cam¬ 
era. The laser bandwidth is monitored via a spectrograph. 
The demultiplexing mirrors that remove the optical delays 
after the 60 cm amplifier all have fused silica substrates that 
allow transmission of 248 nm light. This provides measure¬ 
ments of pulse shape and energy using partially transmitted 
beams. Six of the demultiplexing mirrors have optical grade 
substrates that allow measurement of the focal distributions 
of high-energy beams during target shots. 

III. NIKE TARGET FACILITY 

Forty-four of the 56 laser beams are directed to an array 
of 6 m focal length lenses for target acceleration experi¬ 
ments. The remaining 12 beams illuminate targets for x-ra> 
backlighting, via an array of 3 m focal length lenses. Figure 
5 is a photograph of the Nike target chamber. 

For the experiments reported here. 7 of the 44 target 
acceleration beams were blocked by calorimeters located ai 
the target chamber focusing lens. Here 1.1-1.6 kJ was inci¬ 
dent on the laser-accelerated targets. Higher laser energy. 
(—3 kJ in 44 beams), has become available for such experi¬ 
ments in the recent operation of Nike. 

Figures 6(a) and 6(b) show perpendicular cross sections 
of the focal distribution obtained when overlapping 37 
beams onto a target with only the front end firing. (Earlier 
measurements have shown that the profile of single beams is 
essentially unchanged when firing the e-beam pumped am¬ 
plifiers.) The measurement was obtained by placing a uv 
fluorescent crystal at the target plane and imaging the result¬ 
ing fluorescent light onto a cooled CCD camera using a mul¬ 
tielement lens. The spatial resolution of the measurement is 
12 /xm. The flatness, overall curvature, and FWHM of the 
focal profiles are similar to those of a single beam, indicating 
that good overlap is achieved by the Nike optical and align¬ 
ment systems. The effective F#(2.6) of the lens array and 
the focal diameters were chosen large enough that the over- 
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lapped beams can maintain uniform illumination of targets 
accelerated several hundred p .m along the laser axis. Figure 
6(c) shows that composite focal protiles maintain good illu¬ 
mination uniformity at distances ±300 pm along the laser 
axis from the position shown in Fig. 6(a). 

Overlapping many beams improves the illumination uni¬ 
formity for the spatial-wavelength regime that is most dan- 
aerous for laser imprinting on the target, and the subsequent 
Rayleiah-Tavlor growth. Overlapping the multiple 
smoothed beams shifts most of the fine-scale interference 
structure to shorter wavelengths (1—7 /cm). We do not expect 
the laser accelerated targets used in our experiments to re¬ 
spond to this very tine structure, because those wavelengths 
are shorter than the in-flight (compressed) thickness of the 
targets. The illumination nonuniformity at the intermediate 
wavelengths (—10—~ 100 /cm), most important to Rayleigh 
Taylor growth, should be reduced by a factor of N h '\ where 
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.V is the number of beams overlapped onto the target. The 
effective illumination nonuniformity at wavelengths impor¬ 
tant for imprinting may therefore be as small as 0.4% rms tor 
Nike with averaging time of 1 ns and the current i THz 
FWHM bandwidth. This uniformity could be improved fur¬ 
ther by increasing the laser bandwidth. The Nike optical sys¬ 
tem was designed to accommodate bandwidths up to the ~5 
THz theoretical limit available with KrF'. 

IV. NIKE TARGET EXPERIMENTS 

Nike was designed to study laser imprinting and hydro- 
dynamic instability." 0 Figure 7 illustrates the Nike experi¬ 
mental conditions, along with a diagram of the presently 
fielded diagnostics. We try to obtain planarity in the target 
acceleration experiments by limiting the target acceleration 
distance to iess than half ot the tocal diameter. The goals of 
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FIG. II. Similar double-foil measurement to Fig. 10. but with a thicker first 
foil (69 Atm), increased laser intensity (0.8x 10 u W/cm : ). and increased foil 
spacing <184 Atm), (c) Diode measurement of a Nike beam for this target 
shot. A 10% amplitude prepuUe was introduced for this shot to precompress 
the laser-accelerated first foil. 


the initial target experiments include (i) determining if uni- 
form laser illumination actually produces uniform ablation 
pressures; and (ii) determining whether planar targets can be 
accelerated for several hundred microns, with good lateral 
uniformity, and without excessive edge effects. A> shown 
below the results were quite positive. 

Figures 8(a) and 8(b) are a shadowgram of a 35 /Am 
thick by 2 mm wide plastic (CH ) foil taken as a preshot, and 
also 22 ns before arrival of the main laser pulse. The shad- 
owgraphv system employs a 337 nm laser. F-\2 collection 
optics and has a 6 /Am spatial resolution. At the time shown 
the target has been exposed to most of the prepulse that can 


occur because oi amplifleu spontaneous emission and bean 
cross-talk from tnc two iarge cicctron-boani Dumped ampli¬ 
fiers. To the 6 /Ain resolution of me >hadovvgrapny diagnos¬ 
tic. the tarcet foil shows no measurable preheat-induced ex¬ 
pansion or acceleration oi the target sunaces. We estimate 
that the diasnostic could detect lo /xni axial scale lengtn 
plasmas with densities as small as 10 n electrons/cnv corre¬ 
sponding to less than ().5 r f of critical density for 248 nn = 
light. In earlier measurements siiadowgraphy did detec- 
plasma on the laser illuminated side of the target i but not th • 
rear surface) due to prepulse. [Cold CH targets have an ab¬ 
sorption length at 248 nm that is short (2 /im) compared u 
the target thickness.] Measurements in the target chamber 
with the electron-beam amplifiers off. revealed a 5X10’ 
prepulse (fraction of peak intensity) at 25 ns before the main 
pulse. The prepulse fell to less than 5 X 10 s at 150 ns before 
the main puise. The duration of the prepuise indicated that 
beam-to-beam scattering from optics in the 20 cm amplifier, 
rather than the 60 cm amplifier, were the major source of 
cross-talk-induced prepuise. Two well-used (> 1 yri. partialiy 
fogged windows in the 2(J cm amplifier were replaced and 
the prepuise-induced plasma detected by shadowgraphs di>- 
appeared. Shadowgraph) is now routinely used to monitor 
that a particular target is not distributed by prepuise. Photo* 
multipliers also monitor the front and rear surface emission 
of our targets with the capability of detecting preplasmas 
with brightness temperatures as low as 0.3 eV. The above 
will soon be supplemented by beam diagnostics that measure 
the prepuise during target power shots down to the <10 
level. 

Figure 9(a) shows a streak camera image of 500 nm light 
emission from the rear surface of a laser-irradiated 108 //m 
thick plastic (CH) target. The breakout time of the shock i> 
very uniform over the center region of the image. Figure 9(b) 
shows a contour plot with an expanded time scale. Over the 
center 300 yion. the shock breakout time is uniform to the 
resolution of the camera (30 ps>. The time of flight of the 
most intense shock through the foil is approximately 2 n> 
(predicted by our hvdrocode simulations). The 30 ps tempo¬ 
ral uniformity in shock emission indicates the shock velocity 
is uniform to within 1.5*7. Assuming shock velocity is pro¬ 
portional to the square root of the ablation pressure, the long- 
wavelength pressure nonuniformity in the central 300 /am 
must be less than 3 c 7c (peak to valley). The rather large (108 
yum) initial thickness of the target probably contributes to the 
rounding near the edges that can be observed in Fig. 9. 

Figure 10(a) shows a measurement of the uniformity oi 
target acceleration via the double-foil diagnostic. ' 1 ' - The lat¬ 
eral uniformity of the target acceleration can be deduces 
from the variation in impact time with a closely spaced sec¬ 
ond foil, as seen by streak camera measurements of the 
shock breakout. Figure 10(b) shows a contour plot on an 
expanded time scale. The two foils are separated by 138 yum. 
the accelerated target is 49 /Am thick plastic (CH) while the 
impact foil is 20 /xm thick CH. The shock breakout time 
from the second foil is uniform to within 90 ps across the 
center 400 /xm. The time of flight to impact is approximately 
5 ns. The ratio between shock breakout-time nonuniformity 
and time of flight indicates that the target velocity across the 
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FIG. 12. One-dimensionai simulation of the acceleration and impact or a double foil under the conditions similar to the experiment shown in Fig. 1! 


center 400 yam is uniform to within 2% (peak to valley). 

Figures 11(a) and 11(b) show a double-foil measurement 
with larger foil separation (184 yam), thicker first foil <69 
,um). and higher laser energy than Fig. 10. The shock break¬ 
out time is still highly uniform in the center 300 /xm < 120 ps 
total variation), but with noticeably more curvature than Fig. 
10. near the edges of the accelerated target. The distance 
from target front surface to impact foil is quite long here 
(253 /xml and finite focal-spot-diameter effects should be¬ 


come more important. The Ravleigh-Tavlor experiments 
will concentrate on perturbation wavelengths below 100 yam: 
these experiments should not be affected by the small levels 
of long-scale-length curvature observ ed here. For the experi¬ 
ment shown in Fig. 11 a prepulse was used to precompress 
the laser-accelerated foil target. In future experiments vve 
will be able to improve on the planarity of the target accel¬ 
eration by employing a larger focal diameter during the low- 
intensitv, prepulse portion of such laser pulses. This is 



FIG. 13. Two-dimensional simulation of the acceleration of a single CH foil target under conditions similar to Fig. 11. The toil target is assumed to be 
nerfectlv smooth. The perturbations arise from the residual nonuniformity in the overlapped Nike beams. The simulation predicts significant growth ol 
Rayleigh-Taylor instability seeded by the laser imprint. 
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straightforward to implement with the beam smoothing 
scheme used by Nike, where the focal diameter on target is 
determined by apertures in the front end. 

Figure 12 shows a one-dimensional hydrocode simula¬ 
tion of the acceleration and impact of a double toil target 
under the laser and target conditions of Fig. 11. The code 
includes super transition array (STA) opacities. The pre¬ 
dicted x-ray preheat of both foils in this particular calculation 
used local thermodynamic equilibrium (LTE) atomic physics 
and a variable Eddington transport, with the a laser pulse 
shape similar to that used in the experiment. The shock pre¬ 
heat of the laser-accelerated foil is low and the target com¬ 
presses to about 4X solid density before impact. Control of 
shock-induced preheat will be important in future experi¬ 
ments that study hydrodynamic instability. Figure 12 in¬ 
cludes a prediction of the difference in impact times (45 ps) 
that one would observe when the laser changes 1% in inten¬ 
sity (equivalent to 0.8% Sp/p). The 120 ps nonuniformity in 
the impact time observed experimentally in Fig. 11 across 
the center 300 /tm thus corresponds to a 2.1% (peak-to- 
valley) nonuniformity in ablation pressure. 

The curvature in the central region of the double-foil 
impacts shown in Figs. 10 and 11 is consistent with the 
">%-3% peak-to-valley curvature in the illumination ob¬ 
served across the center 375 pm (50% FWHM) of our focal 
profiles (see Fig. 6). 

Two calibrated photomultipliers supplemented the streak 
camera measurements of optical emission from the rear sur¬ 
face of foil targets. 33 The photomultipliers have 1 ns time 
resolution and employ interference filters centered at 480 and 
700 nm. These measurements indicate that the preheat level 
is low for our target acceleration experiments. Typically, the 
rear surface brightness temperature remained below 2 eV for 
accelerated single foil targets under conditions similar to 
those employed for the double-foil experiments. 

V. CONCLUSIONS AND PLANS FOR FUTURE 
EXPERIMENTS 

A series of experiments using single and double foils 
have demonstrated that targets can be accelerated at least 200 
pm with good lateral uniformity and low preheat. Simula¬ 
tions indicate that this acceleration distance is sufficient for 
studies of imprinting and Rayleigh-Taylor instability. Figure 
13 shows a multimode two-dimensional (2-D) imprinting 
calculation for conditions similar to those of Fig. 11. but with 
a single-foil target The code models the small imprinting 
level by the overlapped Nike beams and the subsequent 
growth of RT. Even with the very smooth ISI beams, the 
simulation predicts that imprint grows to appreciable ampli¬ 
tudes after accelerating 200 yam. Note, however, that the rear 
surface of the target remains relatively flat and uniform, and 
the double-foil technique probably cannot properly resolve 
this structure. In the near future we will begin x-ray back¬ 
lighting and sidelighting diagnostics to measure the net effect 
of imprinting and Rayleigh—Tavlor growth. 

Our initial experiments indicate that Nike will be a good 
test bed for studying the physics and the means for control¬ 
ling imprinting and Rayleigh-Taylor instability under condi¬ 
tions relevant to high-gain laser fusion tlong pulse durations 


compared to the laser’s coherence time, and thick targets). 

The laser intensity available for the hydrodynamic experi¬ 
ments is limited to ~2X 10 14 W/cm : by the need for large 
focal diameters. This intensity is comparable with those of 
earlier RT experiments with glass lasers, but is somewhat 
less than the peak intensity (3-7X10 14 W/cnr) envisioned 
for high-gain targets. However, it is generally agreed that 
laser intensity is not a very sensitive parameter for such ex¬ 
periments. We plan a close synergism between Nike experi¬ 
ments and pellet simulation codes to ensure that the regimes 
explored are relevant to high-gain fusion. Our experience 
with Nike has also shown that a KrF laser can be a reliable j 
and valuable tool for fusion research. 
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APPENDIX: ENERGY APPLICATIONS 

KrF lasers may be practical for the energy application. 
Hieh repetition rates are possible because the gaseous lasing 
media can be cooled by a continuous flow. We have observed 
intrinsic efficiencies (ratio of laser energy out to electron 
enersv deposited in the laser gas) of 8% with the final Nike 
amplifier. Experimental and theoretical studies of KrF indi¬ 
cate that intrinsic efficiencies of 12% -14% can be attained 
when one uses stage gains of ~20X (rather than the ~80x 
with Nike) and thereby extract a larger fraction of the ampli¬ 
fier energy. 34 ’ 35 The wallplug efficiency of existing singie- 
shot high-energy KrF amplifiers is more modest, typically 
1.5% (Nike laser) to 2% (ASHURA laser) 18 due to high-gain 
staging and various losses in the pulse-power systems. Much 
higher wallplug efficiencies seem attainable for KrF systems 
designed for the energy application. In a recent conceptual 
design study (SOMBRERO), 20 a 7% KrF laser efficiency and 
pellet gain of 118 was found sufficient for a commercial 
energy reactor. 
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CFJ3 Fig. 1. Simplified block diagram of the Nike laser system. 
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Initial results from the Nike KrF laser 
facility 
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Nike is a 5-kJ KrF laser facility at the US. 
Naval Research Laboratory. The primary goal 
for the system is the production of ultrauni¬ 
form. high-intensitv (>2x 10‘ 4 -W/cm") focal 
distributions that will be used to accelerate 
planar targets under conditions similar to 
those expected for direct-drive inertial-con¬ 
finement fusion (ICF). Nike achieves inten¬ 
sity uniformity through the use of 
echelon-free induced spatial incoherence. 1 
This technique is essentially an image-ampli¬ 
fication scheme which the desired focal dis¬ 
tribution is produced by diffusely 
illuminating an object aperture with the out¬ 
put from a broadband, spatially incoherent 
oscillator. This distribution is then image re¬ 
layed through multiple amplification stages, 
resulting in a high-intensitv image of the ini¬ 
tial object aperture on target Because the am¬ 
plifiers are located at the Fourier-transform 
plane of the object aperture, the focal profile 
is relatively insensitive to gain nonuniformit¬ 
ies in the amplifiers. 

A simplified block diagram of Nike is 
shown in Fig. 1. The system consists of a 
commercial oscillator/amplifier, an array of 
discharge amplifiers, and two electron-beam 
<e-beam)-pumped amplifier stages (with ap¬ 
ertures 20 x 20 cm' and 60x 50 cm'). Angular 
multiplexing is used to produce a train of 4-ns 
pulses through the e-beam amplifiers. The 




CFJ3 Fig. 2. Single beam focal profile after 
the Nike 20 cm amplifier and predicted focal 
spot uniformity for a single beam and 44 
overlapped beams on target 

entire amplifier chain is complete, along with 
optics to deliver 30 of the 56 beams to target. 
(Delivery of 26 final turning minors is pend¬ 
ing.) 

Previously, we reported the production of 
uniform focal profiles with the 20-cm ampli¬ 
fier with 40-times-d if fraction-limited (XDL) 
beams." We have extended this result to a 
60*XDLbeam, the desired spatial incoherence 
for initial target experiments. An example of 
the focal profile of a single beam obtained 
with the 20-cm amplifier is shown in Fig. 2, 
along with the additional beam smoothing 
expected on Nike when 44 beams are over¬ 
lapped on target. This shows that we expect 
to achieve an rms nonuniformity of less than 
I % for averagmg times of more than 400 ps. 



CFJ3 Fig. 3. Kinetics code prediction (solid 
line) and measured value of energy out of the 
Nike 60 cm amplifier. 

For the profile shown, the measured unifor¬ 
mity was 1% peak-to-valley tilt, 1,0% peak- 
to-valley second-order curvature, and 1.4% 
rms deviation for the linear fit This perfor¬ 
mance is better than the design goals of 2% 
nonuniformity. 

The output from the 20-cm amplifier is 
used to drive the 60-cm amplifier. With ap¬ 
proximately 60 J of laser input energy and 70 
kj of e-beam energy in the laser gas we have 
met the design goal of 5 kj out of the 60-cm 
amplifier/ This result is in good agreement 
with kinetics-code predictions, as shown in 
Fig. 3. 

We are currently aligning the output 
beams from the final amplifier onto target. 
Diagnostics to measure pulse shape and en¬ 
ergy of all 56 beams and the focal-profile 
uniformity of several beams are being in¬ 
stalled. We discuss the results of these mea¬ 
surements along with beam-pointing 
stability and image quality on target. Results 
from initial target acceleration experiments 
are also presented. 
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Abstract 

The x-ray emission from plasmas created by the NRL Nike KrF laser was characterized 
using imaging and spectroscopic instruments. The laser wavelength was 1/4 pm, and the 
beams were smoothed by induced spatial incoherence (ISI). The targets were thin foils of 
CH, aluminum, titanium, and cobalt and were irradiated by laser energies in the range 100 
J - 1500 J. A multilayer mirror microscope operating at an energy of 95 eV recorded 
images of the plasma with a spatial resolution of 2 pm. The variation of the 95 eV 
emission across the 800 pm focal spot was 1.3% rms. Using a curved crystal imager 
operating in the 1-2 keV x-ray region, the density, temperature, and opacity of aluminum 
plasmas were determined with a spatial resolution of 10 pm perpendicular to the target 
surface. The spectral line ratios indicated that the aluminum plasmas were relatively dense, 
cool, and optically thick near the target surface. The absolute radiation flux was 
determined at 95 eV and in x-ray bandpasses covering the 1-8 keV region. The electron 
temperature inferred from the slope of the x-ray flux versus energy data in the 5-8 keV 
region was 900 eV for an incident laser energy of200 J and an intensity of «10 13 W/cm 2 . 

26 April 1996. Physics of Plasmas. PACS 52.50. Jm, 52.70.La 




I. INTRODUCTION 


The Nike KrF laser was designed to produce uniform irradiation and acceleration of 
planar foils for direct-drive fusion studies. The Nike laser produces an energy up to 3 kJ of 
energy on target in a 4 nsec pulse at a wavelength of 0.248 pm. The excellent beam 
uniformity is achieved by the induced spatial incoherence (ISI) optical smoothing 
technique and by overlapping up to 44 beams in the focal spot. 1,2,3 

Some of the initial experiments carried out using the Nike laser have focused on 
characterizing the x-ray emission from the plasmas. These studies are necessary to 
determine the uniformity and brightness of the x-ray emission from plastic and metal foil 
targets. The acceleration of plastic targets will be studied in detail using the smooth Nike 
laser irradiation, and metal targets will be used for backlighter diagnostics. 

The initial experiments that are described here determined the uniformity of the x-ray 
emission, the absolute x-ray flux, and the spatially-resolved plasma properties such as 
density, temperature, and opacity. In addition to being useful for the design of future foil 
acceleration and backlighter experiments, the characterization of the x-ray emission is also 
necessary to test the validity of computer codes that model the hydrodynamics and 
radiation physics of the plasmas. 

The layout of the Nike target chamber and the x-ray diagnostics are shown 
schematically in Fig. 1. The inner diameter of the target chamber is 1.85 m. The target 
foils were mounted at the center of the target chamber and perpendicular to the laser axis. 
The incident laser energy was adjusted to control the plasma temperature with the lowest 
energy shots below 100 J and a maximum of 1500 J. The laser pulse duration was 4 nsec 



full width at half maximum. The focal distribution was 750 pm FWHM with a flat top over 
400 pm wide for all shots, and this resulted in the intensity ranging from 5x10 12 to 8x10 13 
W/cm 2 These laser conditions are relevant to a number of direct-drive and backlighter 
applications. 

A multilayer mirror microscope, operating at an energy of 95 eV, viewed the front 
side of the target foil at an angle of 40° to the laser axis. An imaging x-ray spectrometer 
and pinhole x-ray cameras viewed at an angle of 45° to the laser axis and from the side of 
the target foil at an angle of 90° to the laser axis. A survey x-ray spectrometer, with wide 
energy coverage, viewed the target foil at an angle of 45° to the laser axis. X-ray filter 
arrays were positioned to measure the x-ray flux at various locations in the target 
chamber. Diagnostic instruments could not be positioned near the laser axis owing to the 
cone angles of the incoming laser beams. 

II. HIGH-RESOLUTION IMAGING AT 95 eV 

Images with high spatial resolution were recorded at an energy of 95 eV 
(wavelength of 130 A) by a multilayer mirror microscope. The microscope consisted of a 
concave primary mirror (P in Fig. 1) and a convex secondary mirror (S) in a Cassegrain 
type optical configuration. The primary and secondary mirrors had multilayer coatings 
consisting of alternating layers of molybdenum and silicon. The peak reflectance was 50% 
at an energy of 95 eV, and the width of the reflectance bandpass was 3 eV. 4 The mirrors 
were positioned in an evacuated tube that was external to the target chamber. The primary 
mirror was 1.65 m from the target, and this large distance prevented significant damage to 
the primary mirror by target debris. The primary-secondary mirror separation was 0.51 m. 



and the film holder (D in Fig. 1) was 0.96 m behind the primary mirror. This resulted in a 
magnification factor of 2.33. 

The magnified images were recorded on Kodak 101 or 104 film. The effective grain 
size of 101 film is approximately 10 pm, and the resolution in the target plane was 4 pm. 
The 104 film has an effective grain size less than 4 pm, and the resolution in the target 
plane was 2 pm. 4 

It is necessary to cover the entrance aperture of the film holder with a filter (FI in 
Fig. 1) that is opaque to visible light. Since this filter is near the focal plane of the 
microscope, this filter must be protected from damage by laser light that is backscattered 
from the target plasma and focused by the optical system. This was accomplished by 
placing a second filter (F2) behind the primary mirror which covered the central hole in the 
primary mirror. The two filters were also designed to attenuate the extreme ultraviolet 
radiation with energy lower than 60 eV that was reflected by the top layers of the 
multilayer coating and focused by the mirrors. 

The film holder was covered by a filter consisting of2000 A of titanium and 2000 A 
of Lexan. This filter was opaque to visible light and had a transmittance of 1.5% at 95 eV. 
A 1 pm beryllium filter covered the hole in the primary mirror and protected the Ti/Lexan 
filter from damage by focused light. This filter was opaque to the laser light and had a 
transmittance of 20% at 95 eV. 

The 95 eV images of CH, aluminum, titanium, and cobalt targets were recorded. The 
95 eV emissions from the titanium and cobalt targets were quite intense, and the film 
exposure was farther reduced by adding a second 1 pm beryllium filter between the 



primary mirror and the film holder. The image, recorded on 104 film, of a 10 pm thick 
cobalt foil is shown in Fig. 2. The laser energy incident on the target foil was 1500 J. 

The microscope viewed the target from a location that was 22.8° from the laser axis 
in the horizontal plane and 33.8° below the equator of the target chamber. The resulting 
angle with respect to the laser axis was 40.0°. The shape of a circle on the target foil of 1 
mm diameter is shown in Fig. 2 as it would appear from the microscope location. The 
laser beams were incident from the top left direction in Fig. 2. 

The 104 film exposure was converted to flux density in units of photons/pm 2 using a 
film calibration function. 5 Shown in Fig. 2 is a lineout through the center of the focal spot 
at the location indicated by the fiducials at the edge of the image. The most intense 
emission originated from a region on the target foil with 800 pm diameter, and this was 
consistent with the expected focal spot diameter of the overlapping laser beams. A 
quadratic curve was fitted to the data points in the central 800 pm region using the least 
squares technique, and the rms deviation of the data points from the fitted curve was 
0.128 photons/pm 2 . A second quadratic curve was fitted to the data points at the 
beginning of the lineout (outside the exposed region of the image), and the rms deviation 
of the data points from the fitted curve was 0.038 photons/pm 2 . This latter value 
represents the noise level of the 104 film, and the inferred rms smoothness of the data 
points in the focal spot region is 1.3%. 

The flux incident on the primary mirror was calculated from the flux incident on the 
film by accounting for the reflectance of the two multilayer mirrors, the transmittance of 
the filters, and the illuminated area (37.7 cm 2 ) of the primary mirror. For the image shown 



in Fig. 2, the flux incident on the primary mirror, within the 3 eV wide bandpass centered 
at 95 eV that was defined by the multilayer coating, was 6.9x10 10 photons/cm 2 . Assuming 
that the emission was approximately isotropic into the hemisphere facing the microscope, 
the total energy radiated in the 95 eV bandpass was 0.18 J. For comparison, the flux in the 
95 eV bandpass from a 100 pm thick CH foil that was irradiated by 1400 J was 0.15 J. 

III. PINHOLE IMAGING IN THE 1-5 keV ENERGY REGION 

Images of CH and aluminum foils were recorded by two pinhole cameras with 
bandpasses in the 1-5 keV range. The images were recorded on Kodak DEF film. As 
shown in Fig. 1, the pinhole cameras viewed the target foils at an angle of 45° to the laser 
axis and from the side of the foils at an angle of 90° to the laser axis. The pinholes were 
fabricated by laser drilling tantalum foils that were 15 pm thick. The 15 pm tantalum foil 
stopped x-rays with energies below 15 keV. The pinholes had diameters of 5 pm or 10 
pm, and most of the images were recorded through 10 pm pinholes. The pinholes were 
positioned 4.6 cm from the focal spot. 

Thin K-edge filters covered the pinhole and established the energy bandpass. Well- 
exposed images of 40 pm CH foil targets were obtained using a filter consisting of 11 pm 
of aluminum with a average transmittance of 15% in a 1.2-1.5 keV bandpass. Well- 
exposed images of 25 pm aluminum foil targets were obtained using each of the following 
two filter sets (the energy bandpass and average transmittance are in parenthesis): 12 pm 
saran and 11 pm aluminum (2% transmittance in the bandpass 1.3-1.5 keV), and 25 pm 
titanium and 13 pm beryllium (20% transmittance in the bandpass 4.0-5.0 keV) 

Additional exposures from aluminum targets through each of the following two filters sets 


6 



were quite weak: 25 jam nickel and 13 (am beryllium (30% transmittance in the bandpass 
7.3-8.3 keV), and 25 (am molybdenum and 13 (am beryllium (60% transmittance in the 
bandpass 12-20 keV). 

Shown in Fig. 3(a) is the side view of a 25 pm aluminum foil in the 1.3-1.5 keV 
bandpass. The laser beams were incident from the left in Fig. 3(a), and the energy incident 
on the target was 200 J. The emission of the aluminum plasma backlit a nickel mesh with 
35 pm wire diameter and 320 pm wire period. The image of the aluminum plasma was 
magnified by a factor of 7.9. The nickel mesh was closer to the pinhole and was magnified 
by a factor of 15. The effective wire period projected to the center of the focal spot was 
610 pm. The brightest emission from the aluminum plasma originated in a region 
approximately 800 pm in size. The emission region near the foil surface has a concave 
shape that may result from the translation of the 25 pm aluminum foil during the 4 nsec 
laser pulse. Preliminary calculations using a hydrodynamics code predict that a 25 pm 
aluminum foil moves during the laser pulse, while aluminum foils with substantially higher 
thickness are stationary during the laser pulse. 

An image in the 1.2-1.5 keV bandpass of a 40 pm CH foil is shown in Fig. 3(b). The 
pinhole camera was positioned in the equatorial plane of the target chamber and was 45° 
from the laser axis. The laser beams were incident from the left in Fig. 3(b), and the energy 
incident on the target was 200 J. The magnification factor was 7.9. A circle on the target 
foil 1 mm in diameter as viewed at an angle of 45° is superimposed in Fig. 3(b). The 
brightest emission originates in a region of diameter 800pm. 



We conclude from the x-ray images recorded in the 1-5 keV energy range that the 
brightest emission originated in a plasma region of diameter 800 pm. The x-ray emission 
was quite smooth and featureless. These results are consistent with the 95 eV images that 
were recorded by the multilayer mirror microscope and discussed in Section II. 

IV. SURVEY ALUMINUM X-RAY SPECTRA 

The x-ray spectra from aluminum foils were recorded by a RAP crystal that was bent 
to a convex, cylindrical shape. The purpose of this instrument was to provide survey 
spectra with wide wavelength coverage of the hydrogen-like and helium-like aluminum 
spectral lines and the recombination continuum radiation. As shown in Fig. 1, the 
spectrometer viewed the targets at an angle of 45° to the laser axis. The spectra were 
recorded on DEF film and were time and spatially integrated. The Bragg angle at the 
middle of the crystal was set to 14.5° to record the first-order spectra in the 5.0-8.5 A 
wavelength region which included the lines of hydrogen-like (Al 12+ ) and helium-like (Al 1,+ ) 
ions. A typical spectrum is shown in Fig. 4(a), and some of the line identifications and 
wavelengths 6 are listed in Table 1. The laser energy incident on the 25 jim aluminum foil 
was 200 J. 

The film exposure was converted to flux incident on the film using a DEF film 
calibration 7 and accounting for the transmittance of the filters (35 pm saran and 25 jim 
beryllium). The electron temperature was determined from the slope of the recombination 
continuum in the 5.1-5.6 A region, and the inferred value was 360 eV. The electron 
density was determined from the Inglis-Teller expression for the merging of the Al 1,+ 
Rydberg lines with the continuum, and the inferred value was lxlO 21 cm' 3 . The 



temperatures and densities derived from the survey spectra were space and time integrated 
values. 

Shown in Fig. 4(b) is the aluminum spectrum calculated using the FLY computer 
program 8 for an electron temperature of360 eV and an electron density of lxlO 21 cm' 3 . 
The overall peak line intensities of the experimental and calculated spectra are in good 
agreement. The calculated lines are narrower than observed because the instrumental 
broadening was not included in the calculation. 

V. SPATIALLY-RESOLVED ALUMINUM X-RAY SPECTRA 

X-ray emissions from aluminum targets were recorded by an imaging spectrometer. 
The purpose of this instrument was to provide spectra with excellent spatial resolution. 

The spectrometer had a mica crystal that was bent to a concave spherical shape with a 
radius of curvature of 10 cm. A flat piece of DEF film was positioned tangent to the 
Rowland circle, and the plasma x-ray source was outside the Rowland circle. As discussed 
in Ref. 9, images were recorded with spatial resolution in the direction perpendicular to 
the dispersion direction. The Bragg angle at the center of the crystal was set to 49° to 
record images of the emission in the 6.9-8.3 A (1.5-1.8 keV) region using the second 
diffraction order of the mica crystal. The magnification factor was determined by the 
Bragg angle and was 0.2 in this case. The mica crystal also reflected in other diffraction 
orders, and these orders were partially attenuated by a 12 pm saran filter. In addition, a 
6.4 pm beryllium filter covered the film. For future experiments, this instrument will be 
modified to record two dimensional monochromatic images using the techniques discussed 




Shown in Fig. 5(b) is a portion of the image in the 7.6-7.9 A region that includes the 
Al 11+ resonance line w, the intercombination line y, and the dielectronic satellite line j (see 
Table 1 and Fig. 4). The instrument viewed the aluminum foil from the side as shown by 
the target configuration (not to scale) in Fig. 5(a). The thickness of the aluminum foil was 
50 pm, and hydrodynamic modeling indicated that foils of this thickness moved less than 
30 pm during the 4 nsec laser pulse. The spectral image in Fig. 5(b) is spatially resolved in 
the horizontal direction which corresponds to the direction perpendicular to the foil. The 
spatial scale shown in Fig. 5(b) applies to the spectral image and not to the target 
configuration shown in Fig. 5(a), which is greatly enlarged. 

As shown in Fig. 5(a), a nylon fiber with diameter 150 pm was positioned on the 
side of the foil nearest the spectrometer and perpendicular to the line of sight of the 
spectrometer. The purpose of the fiber was to provide a fiducial for the surface of the 
target foil. The fiber was backlit by the aluminum plasma. X-ray radiation passed through 
the thinnest section of the fiber nearest the foil surface and provided on the film a fiducial 
for the surface. Shown in Fig. 6 are the continuum intensities measured in the direction 
perpendicular to the surface on shots (a) with the fiber and (b) without the fiber. For curve 

(a) , the data points are 10 pm apart in the target plane, and the shadow of the 150 pm 
fiber is clearly visible. After accounting for the change in the thickness of the fiber with 
distance from the foil surface and for the 2 pm DEF film grain size, the change in the 
intensity of the x-ray flux through the fiber as a function of distance from the surface 
indicates a spatial resolution of 10 pm in the target plane. The surface position for curve 

(b) , recorded without the fiber, was established by aligning curve (b) with curve (a) in the 



spatial region above the fiber (at distances from the surface greater than 200 pm). Then 
lineouts of the spectrum recorded without the fiber were taken at the spatial positions 
indicated by the data points on curve (b) in Fig. 6. Spectral scans made at distances of 50 
pm, 200 pm, 600 pm, and 1000 pm above the surface are shown in Fig. 7. 

Description of the Spectra 

In the spectra of Fig. 7, the changes in the relative line intensities with distance 
above the target surface indicate that the plasma properties, such as temperature, density, 
and opacity, are rapidly changing with distance. The Al 11+ intercombination line y is quite 
intense and actually exceeds the intensity of the Al n+ resonance line w in the region near 
the surface. The dielectronic line J is more intense than the Al 12+ resonance lines Lyl and 
Ly2 near the surface. As a function of distance from the surface, the Al 12+ lines Lyl and 
Ly2 increase in intensity relative to the Al 11+ lines w and y near the surface and decrease 
relative to the Al 11+ lines far from the surface. Near the surface and far from the surface, 
the intensity of Lyl is lower than Ly2 which is the opposite of what is usually observed. 

In Fig. 7, the only spectral line that is intense over the entire range of distances 
above the target surface is the Al n+ intercombination line y. This line is isolated from other 
strong lines and has lower opacity than the resonance lines owing to its small oscillator 
strength. The spectral width of line y was measured as a function of distance above the 
surface. The electron density was inferred from the line widths that were calculated using 
the FLY computer program. After removing the instrumental width that was determined 
from the line widths observed far from the surface, the electron density was found to have 
a peak value of lxl0 22 cm' 3 at 100 pm above the surface. This electron density may be 




compared to the critical electron density of the 0.248 pm KrF laser radiation (1.6xl0 22 cm" 

3 ). 

The absence of the Al 12+ Lyl and Ly2 lines near the target surface implies a relatively 
low temperature near the surface. The line ratios Lyl/w and Ly2/w have peak values in 
the 700-800 pm region and may indicate a maximal temperature, although this needs to be 
confirmed by atomic and hydrodynamic code calculations. 

Some of the spectral features in the 13-1.1 A region that appear within 200 pm of 
the target surface (see Figs. 7(a) and (b)) may be inner-shell transitions in Al 10+ and lower 
charge states. This is under investigation using atomic code calculations. 

Interpretation of the Spectra 

The low w/y line ratio within 100 pm of the target surface resulted from the opacity 
of the resonance line w in the dense, relatively cool plasma near the surface. The optical 
depth was estimated using the escape factor approximation 10 and the electron density 
lxlO 22 cm' 3 . Assuming that half of the ions were in the Al 11+ ground state, the optical 
depth across the 400 pm half-width of the focal spot was estimated to be of order 100 for 
the resonance line w. Additional cool plasma surrounding the focal spot, resulting from 
secondary heating by radiation from the focal spot, would increase the opacity. In any 
case, for the viewing direction parallel to the foil surface, the optical depth of the 
resonance line w was much greater than for the intercombination line y. 

Based on the statistical weights of the 2ym and 2p3/2 levels, the Ly2/Lyl intensity 
ratio is expected to be 0.5. In the spectra of Fig. 7, the Ly2/Lyl intensity ratio exceeds 
unity when first observed at 200 pm from the surface and falls to unity in the 300-500 pm 



region. Above 600 jim, the Ly2/Ll ratio increases to 2.2 at a distance of 1600 (im from 
the surface. The unexpectedly large Ly2/Lyl ratio near the target may result from the 
contribution of dielectronic satellites with n>2 which would add to the Ly2 intensity to a 
greater degree than to the Lyl intensity. 11 The large Ly2/Lyl ratio far from the surface 
results from recombination in the expanding plasma. An Ly2/Lyl ratio up to 1.2 may be 
explained by radiative recombination, with the 2s\a population being transferred to the 
2pi/2 level by collisions with other ions in the plasma. The estimated rate coefficient is 10' 
9 -10' 8 cm 3 s' 1 . The 2 si/ 2 population may also be transferred to the 2p 3/2 level, but the rate 
coefficient for this process is much lower. Ratios up to about 0.8 may also be produced by 
electron collisional excitation, with the same population redistribution by ion impacts as 
above. 

The Ly2/Lyl ratios greater than 1.3 may result from polarized excitation of the 
atomic levels. If directed electrons were present in the plasma, the Lyl line could be 
polarized (Ly2 is unpolarized in the absence of spin polarized electrons). At a Bragg angle 
of 49°, cos 2 (20)=O.O2 of the radiation that is incident on the crystal with its electric field 
vector in the plane of dispersion will be reflected. Hence the anomalous Ly2/Ly 1 intensity 
ratio could be due to some of the Lyl radiation being blocked by the crystal. For this to 
occur, the Lyl radiation must be polarized with its electric field vector in the plane of the 
target foil, that is, at 90° to the laser axis. Such polarization has previously been observed 
by Kieffer et al. 12 in the Al 11+ w line excited by a 1 psec pulse of 1.053 pm laser radiation. 
Scaling the polarization they observed to our case of an H-like ion, we would expect a 
15% reduction in the intensity of Lyl due to polarization. Our experimental conditions are 




considerably different from those of Ref. 12, and a more detailed investigation of such 
polarization effects is warranted. 

Rydberg Spectra 

The Al 11+ Rydberg lines from the levels n=5 through n=l 1 were recorded while 
viewing the edge of the aluminum foil in the third diffraction order of the mica crystal at a 
Bragg angle of 66° For this Bragg angle, the magnification factor was 0.65. A spatially- 
resolved image of the emission in the 5.95-6.20 A region is shown in Fig. 8. The 
continuum between the lines was quite intense near the target. The maximum intensity of 
the lines above the continuum occurred at a distance of400 pm from the target surface. 
The lines were broader near the surface than far above the surface. The electron density 
was derived from the width of the line from the n=8 level as described above for the line y. 
The electron density was lxlO 20 cm' 3 at the surface, increased to a peak value of 2x10 20 
cm' 3 at a distance of 200 pm from the surface, and decreased to less than 5xl0 18 cm' 3 at 
800 pm. Electron densities in this range are consistent with the observed merging of the 
Rydberg lines into a continuum at the n=9 level near the target surface and at the n=l 1 
level 600 pm from the surface. Similar techniques were used by Dyakin et al. 13 

These electron densities are lower than those derived from the Al n+ line y, and this 
may indicate that the emission in the Rydberg lines is characteristic of the lower-density 
recombining plasma at a later time. By comparing Figs. 8 and 5(b), the Rydberg lines 
extend farther from the target surface and are therefore more intense in the blowoff 
plasmas. These conclusions are preliminary, and the time dependence of the emission 



recorded by the imaging spectrometer will be studied in the future using a time-resolving 
framing camera. 

Spectra Recorded at 45 Degrees to the Laser Axis 

Spectral images were recorded while viewing the aluminum foil at an angle of 45° to 
the laser axis. These images were spatially resolved in the direction perpendicular to the 
line of sight of the instrument. As shown in Figs. 5-7, the most intense continuum emission 
comes from the plasma within 200 pm of the foil surface, while the images discussed in 
Sections II and in indicate that the width of the emission in the plane of the foil is 800 
pm. Thus for the 45° view, the transverse width of the strip of continuum on the film 
essentially corresponds to the 800 pm width of the focal spot viewed at an angle or 45°. 
The emission recorded on the target side of the continuum, analogous to the left side of 
the continuum in Fig. 5, is from the plasma near the surface of the foil at the edge of the 
focal spot closest to the instrument. The emission recorded on the laser side of the 
continuum, analogous to the right side of the continuum in Fig. 5, is from the blowoff 
plasma. 

Shown in Fig. 9 are the spectra from (a) the edge of the focal spot closest to the 
instrument, (b) the center of the focal spot, and (c) the blowoff plasma. The laser energy 
incident on the aluminum foil was 100 J. These spectra may be compared to the spatially- 
integrated spectrum of Fig. 4(a) recorded at 45° to the foil surface and with the spatially- 
resolved spectra of Fig. 7 recorded parallel to the foil surface. In contrast to the side-view 
spectra near the target (Fig. 7(a)), the resonance lines w and y in Fig. 9 are more intense 
than the nearby satellite and intercombination lines and are in qualitative agreement with 



the spatially-integrated spectrum of Fig. 4(a). This is additional evidence that the 
resonance lines w and Ly are optically thick in the side-view spectra near the target (Fig. 

7). 

The preliminary analysis of the experimental data presented here leads to the 
following conclusions. The aluminum plasma is relatively dense, cool, and optically thick 
(for side viewing) within 200 pm of the target surface. In the region 100-300 pm above 
the surface, the density is decreasing and the temperature is increasing. The relative 
emission from the highest charge state (Al +12 ) peaks in the 700-800 pm region, perhaps 
implying a maximal temperature, and decreases at greater distances. Beyond 1000 pm 
from the surface, the plasma is strongly recombining. 

A complete interpretation of the aluminum spectra will require detailed modeling of 
the hydrodynamics, atomic kinetics, and opacity of the plasmas. A simple 1-D code has 
been used to provide an initial estimation of the electron density and temperature for 
comparison with the experimental results. This code used cold opacities for the radiation 
transport and local thermodynamic equilibrium (LTE). These approximations are probably 
the least valid in the low density blow-off region of the plasma and give more accurate 
results within 500 pm of the target surface. Figure 10 shows the calculated results at 3 ns 
after the rise of the laser pulse, just before the pulse begins to fall. At this time, the 
temperature and density scale lengths are at their maximum. These results are in good 
agreement with the observations previously discussed. The initial front surface of the foil 
is at 0 on the plot. The first 100 pm of plasma is cold and dense with an electron 
temperature of about 50 eV and an electron density of order 10 22 cm' 3 . For greater 



distance from the target, the temperature rapidly rises and has a plateau near 400 pm. 
Beyond this distance from the target, the 1-D approximation is probably no longer valid 
owing to the more spherical plasma expansion, and in addition the LTE approximation is 
not expected to give a reliable temperature. However, it is expected that the temperature 
is maximal in the plasma region approximately 400 pm from the target surface. Beyond 
400 pm, the temperature that is inferred from line ratios can be in error owing to 
“freezing-in” effects in the rapidly expanding plasma. 

VI. SPATIALLY-RESOLVED TITANIUM X-RAY SPECTRA 

Spatially-resolved spectra from a titanium foil, irradiated by 1500 J of laser energy, 
were recorded using the imaging spectrometer with the spherically bent mica crystal. The 
Bragg angle was set to 66° to record the 2.40-2.65 A (4.7-5.2 keV) emission in the 
seventh diffraction order. This wavelength region included the helium-like Ti 20+ resonance 
line w, the intercombination line y, and the nearby dielectronic satellites. The wavelengths 
of these titanium lines are listed in Table 1. 

The filter set consisted of the following materials: 47 pm saran, 16 pm 
polypropylene, and 13 pm beryllium. The filter set had an average transmittance of 10% in 
the 2.40-2.65 A wavelength region but also had comparable transmittance in the 4.5-6.0 A 
region above the Cl L absorption edge of the saran filter. The DEF film had emulsion on 
both sides of its polyester base, and the emulsion on the side facing the crystal was 
saturated by the intense 4.5-6.0 A (2.1-2.8 keV) continuum. The emulsion facing away 
from the crystal showed intense lines and a weak continuum. Thus the polyester base, with 
a thickness of 185 pm, served as an additional filter that stopped the 4.5-6.0 A continuum 




which saturated the front emulsion. The average transmittance of the filter set and the 
polyester base was 3% in the 2.40-2.65 A wavelength region. The front emulsion was 
removed from the polyester base leaving only the rear-side image. 

The imaging spectrometer viewed from the side of the titanium foil at an angle of 90° 
to the laser axis. The spectra observed at distances of 10 pm, 100 pm, 150 and 250 pm 
from the surface of the foil are shown in Fig. 11. The lines are identified in Fig. 11(c) and 
in Table 1. 

As a function of distance from the target surface, the intensity of the lines increased 
to peak values at a distance of 150 pm and then decreased for greater distances from the 
surface. The titanium spectra were quite weak beyond 300 pm from the surface. By 
comparison, the aluminum spectra extended to 1600 pm from the surface. The smaller 
extent of the titanium spectra may have resulted from the higher radiative cooling rate in 
the high-Z titanium plasma. In addition, the titanium resonance line w is more intense than 
the intercombination line y throughout the titanium plasma. This indicates that the titanium 
plasma was not as optically thick as the aluminum plasmas, and radiation could more 
readily escape from the titanium plasma. Using the escape factor approximation, the 
estimated optical depth of the Ti 20+ line w was of order unity. 

VII. HARD X-RAY EMISSION 

The x-ray fluxes from aluminum targets were determined using an array of filters 
with bandpasses in the 5.0-8.3 keV energy range. As shown in Fig. 1, the filter array was 
positioned at an angle of 45° to the laser axis and 4.6 cm from the target. The K 



absorption edges of the filter materials defined the bandpasses. Listed in Table 2 are the 
filter materials, the K edge energies, and the transmittances at the K edge energies. 

For each energy bandpass, the flux incident on the filter was determined from the 
DEF film calibration curve and the filter transmittance. Listed in Table 2 is the flux 
incident on the filters from a 25 pm aluminum foil irradiated by 200 J of laser energy 
(I«10 13 W/cm 2 ). X-rays with energies as high as 8.3 keV were detected. The slope of the 
flux versus energy curve indicates a temperature of 900 eV. The electron temperature 
derived from the hard x-ray flux is expected to peak during the laser pulse and is higher 
than the temperature (360 eV) that was derived from the recombination continuum in 
Section IV. Listed in the last column in Table 2 is the energy emitted from the target 
within the filter bandpass based on the assumption that the emission was approximately 
isotropic into the hemisphere facing the filter array. The emitted energy within the x-ray 
filter bandpasses decreased with increasing photon energy and was much smaller than the 
energy within the 95 eV bandpass discussed in Section II. 

VIII. CONCLUSIONS 

The primary purpose of the work reported here was to characterize the smoothness 
and extent of the x-ray emission, determine the time-integrated x-ray flux, and infer the 
plasma properties such as density, temperature, and opacity from the spectral line ratios 
and widths. Much of the work was directed toward developing suitable backlighter 
conditions using a portion of the available Nike laser energy. Future work will implement 
time-resolving framing and streak cameras and multi-channel fast photodiode detectors. 



The images from the multilayer mirror microscope operating at an energy of 95 eV 
and from the pinhole cameras operating in the 1-5 keV range indicated focal spot 
diameters of 800pm, comparable to the 750 pm FWHM of the laser focal profile. The 95 
eV images indicated that the rms value of the smoothness in the focal spot region was 
1.3%. The absolute radiation flux in the 95 eV bandpass was 0.18 mJ from a cobalt target 
irradiated by 1500 J of laser energy and 0.15 J from a CH target irradiated by 1400 J. 

The electron density in aluminum plasmas was determined from x-ray spectra with 
spatial resolution of 10 pm perpendicular to the target surface. The peak electron density 
measured from Stark broadening was lxlO 22 cm' 3 at a distance of 100 pm from the target 
surface. The spectral line ratios indicated that the aluminum plasma near the surface was 
relatively dense, cool, and optically thick (for side viewing). Compared to the aluminum 
plasmas, the titanium plasma had a smaller extent perpendicular to the surface, lower 
opacity, and higher radiative cooling rate 

The absolute fluxes in bandpasses in the x-ray energy range 5-8 keV were 
determined. For aluminum targets irradiated by 200 J of laser energy, the electron 
temperature inferred from the slope of the x-ray flux versus energy data was 900 eV. 

In the spatially-resolved spectra recorded by viewing parallel to the target surface, 
the spectral line ratios indicated that the optical depths of the aluminum resonance lines 
were quite large. This resulted from the relatively high density and low temperature near 
the surface, the rather large diameter (800 pm) of the focal spot, and the excellent 
uniformity of the laser irradiation. The large, uniform plasmas produced by the Nike laser 
have unique properties that will be quite useful for future opacity studies. 
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Table 1. Transitions and wavelengths. 


Designation 

Transition 

Wavelength (A) 

A1 

Ti 


Lyi 

IS 2 Si/ 2 - 2p 2 P3/2 

7.1703 



Ly2 

lS 2 Si /2 - 2p 2 P 1/2 

7.1759 



J 

ls2p *Pi - 2p 2 l D 2 

7.2745 



w 

Is 2 ‘So - ls2p ‘P, 

7.7565 

2.6101 


d 

ls 2 3p 2 P 3 /2 - Is2p3p 2 D 5 /2 

7.7735 

2.6141 


y 

Is 2 ‘So - ls2p 3 P! 

7.805 

2.6229 


k 

ls 2 2p 2 P 1/2 - ls2p 2 2 D 3/2 

7.8709 

2.6319 


j 

lS 2 2p 2 P 3 /2 - ls2p 2 2 Dj/2 

7.8752 
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Table 2. Bandpass filters, K edge energy, transmittance, and x-ray flux. 


Number Filter Energy (keV) T (%) Flux (ph/pm 2 ) Energy (mJ) 


50 pm Ti + 13 pm A1 

5.0 

6.2 

27.8 

4.8 

50 pm V + 13 pm A1 

5.5 

5.6 

5.8 

1.2 

25 pm Co + 13 jim A1 

7.7 

27.0 

1.0 

0.06 

25 pm Ni + 13 pm A1 

8.3 

29.0 

0.52 

0.03 
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FIGURE CAPTIONS 


Fig. 1. Schematic of the Nike target chamber and the x-ray imaging and spectroscopic 
diagnostic instruments. 

Fig. 2. (Top) The image of a cobalt foil recorded by the multilayer mirror microscope at 
an energy of 95 eV. Superimposed on the image is a circle on the target foil of 1 mm 
diameter as it would appear from the microscope viewing position. (Bottom) The lineout 
through the image at the location of the fiducials shown at the edge of the image. 

Fig. 3. (a) The x-ray image of an aluminum foil viewed from the side by a pinhole camera. 
The plasma backlit a nickel mesh with a wire spacing of 610 pm when projected to the 
plane of the plasma, (b) The x-ray image of a CH foil recorded by a pinhole camera. 
Superimposed on the image is a circle on the target foil of 1 mm diameter as it would 
appear from the camera viewing position at an angle of 45° to the laser axis. In both 
images, the laser beams were incident from the left. 

Fig. 4 (a) The spatially-integrated spectrum from an aluminum foil recorded by the 
cylindrically bent RAP crystal that viewed at an angle of 45° to the laser axis, (b) The 
calculated spectrum for an electron temperature of 360 eV and an electron density of 




Fig. 5. (a) The target configuration showing the aluminum foil and the nylon fiber that was 
backlit by the aluminum plasma, (b) The spatially-resolved spectral image from the 
aluminum foil that was recorded by the spherically bent mica crystal viewing parallel to the 
surface of the foil. The spatial scale refers to the image, and the target configuration is 
greatly enlarged. 

Fig. 6. The continuum intensity as a function of the distance from the foil surface for the 
two cases of (a) with the nylon fiber and (b) without the nylon fiber. 

Fig. 7. The spectra from an aluminum foil at distances from the foil surface of (a) 50 pm, 
(b) 200 pm, (c) 600 pm, and (d) 1000 pm. 

Fig. 8. The Rydberg lines emitted from an aluminum foil observed from the side of the foil 
by the spherical mica crystal. 

Fig. 9. The aluminum spectra recorded by the spherical mica crystal viewing at an angle 
of 45° to the laser axis. The spectra are from (a) the plasma near the edge of the focal spot 
nearest the spectrometer, (b) the middle of the focal spot, and (c) the blowoff plasma. 

Fig. 10. The 1-D code results at one time step near the end of the flat-top portion of the 
laser pulse. The electron temperature scale is to the right, and the electron density scale is 
to the left. Zero on the horizontal axis is the original position of the foil surface. 



Fig. 11. The spatially-resolved spectra from a titanium plasma recorded by the spherical 
mica crystal viewing parallel to the foil surface. The spectra are from distances above the 
target surface of (a) 10 pm, (b) 100 pm, (c) 150 pm, and (d) 250 pm. 



TARGET 




Photons/mic 



Figure 2 







Figure 3 












5.0 5.5 










SPECTROMETER 



Figure 5 




PHOTONS/SQUARE MICRON 



Figure 6 





Figure 7 














PHOTONS/SQUARE MICRON 


80 



7.1 7.3 7.5 7.7 7.9 

WAVELENGTH (A) 


Figure 9 














Figure 10 





Figure 11 





Appendix I 

Conceptual Design of a 2 MJ KrF Laser Fusion Facility 




CONCEPTUAL DESIGN of a 2 MJ KrF LASER FUSION FACILITY 


M. W. McGeoch 
PLEX Corporation 

P. A. Corcoran, R. G. Altes and I. D. Smith, 

Pulse Sciences, Inc. 

S. E. Bodner, R. H. Lehmberg, S. P. Obenschain and J. D. Sethian 

Plasma Physics Division, Naval Research Laboratory 


ABSTRACT 

A detailed KrF amplifier model is first benchmarked against Nike laser data, 
then used to design higher energy modules with segmented pumping. It is found 
that segmentation with unpumped regions does not carry with it any penalty in 
efficiency because the distributed geometry has reduced losses from amplified 
spontaneous emission (ASE) which counteract the fluorine absorption of 
unpumped regions. A 68 kJ module is designed, incorporating a new water line 
geometry and a combined switch/bushing. The electrical parameters of the module 
have been calculated in detail. The effect of multiplexed beamline energy on 
facility size is discussed and an energy of 100 - 200 kJ is found to be optimal. Two 
68 kJ modules are combined in a 136 kJ multiplexed beamline incorporating 
incoherent spatial imaging that fits within a compact beam tunnel. A total of 16 
such beamlines are arranged on four floors to deliver 64 beams to a target, the net 
energy being 2.0 MJ. Detailed calculations of prepulse ASE energy are given, and 
the levels are designed to be low enough not to initiate a prepulse plasma. The 
basic geometrical uniformity of target illumination is shown to be better than 0.3% 
for a 64 beam illumination geometry which has a high degree of symmetry. A test 
of the 68 kJ module would be necessary to facilitate more detailed design of this 
fusion laser. 



INTRODUCTION 


Laser fusion is an attractive option for a fusion reactor: a small, round pellet 
located far from the walls of a large reactor chamber, with the high-technology 
laser located outside the radioactive enclosure. By directly illuminating the pellet, 
one can obtain a relatively high coupling efficiency. Typically, the pellet can 
absorb 70-90% of the laser energy (compared to 10-15% for a hohlraum). The 
energy gains can therefore be in the range of 100-200 using a few-megajoule laser. 
More reliable predictions of energy gains will have to await further near-term 
laser-target experiments, but the estimated energy gains are clearly consistent with 
a reactor. 

KrF is the most attractive of the currently available high energy lasers. The 
short wavelength, 1/4 micron, provides a high overall coupling efficiency to the 
pellet, and good collisional damping of the deleterious laser-plasma instabilities. 
KrF as a gas laser is consistent with optical smoothing using echelon-free induced 
spatial incoherence (ISI) [1], [2]. This optical smoothing technique is simple to 
implement, flexible, and produces random fluctuations with no residual long-time- 
average nonuniformities. The broad bandwidth of KrF, 2-3 THz, produces very 
rapid optical smoothing; this appears to be necessary to minimize the imprinting of 
laser nonuniformities on the pellet. Experiments with the Nike laser at NRL [3], [4] 
using 1.3 THz FWHM bandwidth have demonstrated single beam focal 
nonuniformities of only 1% rms, averaged over the 4 ns pulse. This measured 
nonuniformity is identical to that expected from the theoretical modeling. 

KrF also may meet the various requirements for a power reactor: high 
efficiency, moderate cost, good rep-rate, reliable. The intrinsic efficiency of KrF 
can be up to 12%, with overall efficiencies up to 7.5%. Reactor design studies [5] 
indicate that KrF would be competitive with heavy ion drivers in the overall cost of 
electricity, assuming that the projections on pellet performance and reactor design 
prove accurate. 

Two directions in the laser fusion program will be necessary to validate this 
fusion concept: (a) demonstration of a reliable, cost effective and efficient laser 
system; (b) demonstration of high energy gains from a pellet. The second of these 
objectives is probably best addressed with a laser facility that operates single pulse. 
That is the subject of this paper, which describes a 2MJ KrF laser facility design 
with a new amplifier concept that has an overall cost of approximately $950M, 
including $500M for the laser itself. Although the size of the laser is much greater 



than the 3kJ Nike system, the extrapolation in optics and amplifier technology is 
modest, and easily evaluated by building one amplifier module. 

Our 2MJ laser has an overall efficiency of 4.5% (energy delivered to target 
divided by energy stored in a capacitor bank). With ISI optical imaging, the 
nonuniformity is <0.3% rms, excluding high-mode beam-to-beam interference, and 
the laser has excellent temporal beam shaping capabilities. The laser architecture is 
that of angular multiplexing, in which time- and angle- coded beams pass through 
the electron beam pumped KrF laser medium [6], [7]. 

Each of the largest amplifier modules has a crude energy of 34kJ in a lm 2 
aperture. These modules are stacked in pairs to form 68kJ, and then ganged again 
to produce a unit of 136 kJ that feeds one angularly-multiplexed beamline cluster 
(Figures 1 and 2). There are 16 separate beamlines, producing the total of 2 MJ (16 
x 136, reduced to 2MJ by losses in the final optical leg). The amplifiers have been 
segmented to reduce the inductance of the electron beam generator and thereby 
limit the pump pulse to 250 ns. 36-fold multiplexing reduces the laser pulse 
duration to 7 ns at the target. 

These amplifier parameters can be compared with the 1991 KrF design 
proposed by Los Alamos scientists for a laser microfusion facility (LMF) [8]. The 
los Alamos design used an amplifier module with an energy output of 400 kJ and a 
pump pulse duration of 1080 ns, as compared to our 68 kJ and 250 ns. Our shorter 
multiplexing lines have a profound impact on facility size and cost. (The shorter 
pump pulse duration also reduces the pre-pulse to safe levels). The overall cost of 
our design compares favorably with the earlier Los Alamos design using a KrF 
laser, and also with the recent LLNL NIF using a frequency-converted glass laser 
[9], [10] The costing rules used here were copied and scaled from the costing rules 
used in those studies. 

This report thus outlines a path from the current technology of the NRL Nike 
laser to a 2MJ laser fusion facility. The next experimental step would appear to be 
construction and testing of the 68 kJ module. 

FACILITY SIZE 

The goal is to minimize the cost of the 2.0 MJ facility. One of the major cost 
elements is the facility building, including its foundations and site preparation. By 
a trial process we can -show that the building size decreases with increasing 
beamline energy. Also, the number of system components decreases, leading to an 




"economy of size". However, as the beamline energy is increased above 200 kJ the 
building size does not continue to become smaller. This is because: 

1. A longer amplifier pump pulse is needed, leading to longer optical paths in the 
de-multiplex process. This is because the higher voltage of larger diodes leads to 
more inductance, while at the same time their greater current (larger area) leads to 
lower impedance. The voltage rise time is lengthened (inductance / impedance) and 
hence the whole pulse has to be lengthened, to maintain the same usable "flat top" 
fraction. 

2. Sixty or more separate beams must converge synchronously on target. As the 
number of beamlines drops below 60, due to an increasing module size, a 
distribution problem sets in, in which increasing mirror area is needed to subdivide 
each beamline and bring beams separately to target. This effect is measured by the 
average number of reflections experienced after the demultiplex mirror. In the 
point design, with a beamline energy of 136 kJ, this number is 2.5. For 
comparison, when a (hypothetical) beamline energy of 550 kJ is used, we require 
an average of 4.25 reflections. Not only does this increase the cost and complexity 
of the optical system, but that system now takes up more space, although space is 
saved elsewhere by the existence of fewer beamlines and amplifier modules. 

In Figure 3 we show the facility floor area (as opposed to ground plan area) as 
a function of beamline energy. Appropriately smaller modules have been 
considered for the smaller energy cases. At the low end we considered a novel 7.5 
kJ module, grouped in fours to give a 30 kJ beamline. Even although this module 
was extremely compact, and had a pump duration of only 60 nsec, it could not be 
packed efficiently in the quantity of nearly 300 that would have been required. The 
higher energy cases all involved segmented diodes with aperture sharing, 
generically like the point design. In each case a layout was made to find the least 
area that would be required. 

Apart from its effect on facility size, other factors enter into a decision on 
module size. These are: 

1. What is technically feasible with only a modest extension of present day 

technology. 

2. What is safe from the point of view of energy release during fault modes. 

3. More difficult service dis-assembly and re-assembly in large devices. 

When the foregoing is all taken into account a beamline energy of 
approximately 100 kJ seems to be indicated. From the distribution point of view, 
the net system energy of 2.0 MJ requires 31 kJ per target beam in 64 beams. To 



achieve this we could consider 125 kJ in each of 16 beamlines, with additional 
distribution reflections required to generate the 64 target lines. The latter (136 kJ 
crude) choice was made for the point design. Each beamline is fed by two 68 kJ, 
2m 2 aperture modules. Each module is comprised of a stacked pair of lxlm 2 sub¬ 
apertures. 

AMPLIFIER MODEL 

The size, complexity and cost of the facility can all be greatly reduced if 
improvements can be made in the design of the final KrF amplifier module. For 
this reason it is important to have as a design tool the best possible quantitative 
model of the amplifier. Over several years the Nike program at NRL has developed 
and validated a comprehensive amplifier model that can now be used in the design 
of the 2MJ facility. Using this new model we are able to perform detailed 
calculations on a segmented amplifier which has the electron beam broken into 
four sections along its optical axis. The smaller individual electron beams have less 
inductance, translating into faster rise and fall times and consequently an energy 
delivery pulse as short as 250 nsec. Such relatively fast energy delivery reduces the 
size of the whole facility because shorter optical delays can be used in the 
multiplexed beamline. Prior to discussion of the segmented amplifier the basis of 
the model will be reviewed. 

Optical propagation in two directions through the amplifier is coupled locally 
to the KrF gain medium kinetics. In order to reduce the size of the computation we 
use a simplified picture of the KrF gas kinetics which nevertheless captures 
sufficient detail to accurately predict available gain, loss and fluorescence 
efficiency measurements [11 to 15]. The species considered and their reactions are 
listed in Table I. A detailed discussion of the selection process has been given in 
[16]. For many reactions we were able to consider a generalized rare gas atom "G", 
representing either Kr or Ar. For example, Ar+ and Kr+ both yield KrF*, because 
ArF* rapidly reacts with Kr to form KrF*. Fast reactions that go to completion in < 
0.5 nsec at typical densities were not separately considered and the model is 
therefore limited to pulses longer than about lnsec. It is valid for mixture densities 
in the range 0.5 to 2 Amag and pump rates from 0.1 to 1.5 MW cm' 3 , at krypton 
fractions up to at least 50%. 

Because amplified spontaneous emission (ASE) can be a 10% to 50% energy 
loss, it was modeled in detail by considering, in addition to the principal beam to 



be amplified, the propagation of spontaneous emission in a full range of angles and 
in 20 spectral bands. ASE in directions close to the amplifier axis is particularly 
important because of its contribution to pre-pulse on the target. However it 
represents a minority of all ASE loss. To accurately know the axial ASE at the 
same time as considering a full range of ASE angles, a geometrically decreasing 
solid angle set was chosen with a smallest "core mode" at the solid angle subtended 
by the amplifier aperture at twice the amplifier length. Altogether five or six solid 
angle "ASE modes" were considered in a typical calculation. 

Integration of the coupled kinetic and photon equations was performed with 
reference to Figure 4, using an algorithm which related the distance h between 
planes in the amplifier to the kinetics time step At by h = cAt where c is the 
velocity of light. Typically a stable and accurate integration was achieved with 
time steps less than 0.13 - 0.26 nsec, representing a spatial resolution of 4 cm to 8 
cm. A detailed discussion of the amplifier model has been given in [17]. 

Comparison of model with Nike amplifier data Amplifier performance on both 
the 20 cm and 60 cm Nike apertures has been modeled to an accuracy of ±10%. 
The comparison with 20 cm data has been presented previously [17,18]. It 
represents a good test of the ASE calculation because agreement was obtained on 
the lowest input shots which had ASE losses as high as 45%. The amplified pulse 
shape was accurately described on the nsec time scale. The pump rate was up to 
580 kW cm-3. 

A full description of the 60 cm data comparison is given here, because it 
represents the strongest validation at high amplifier saturation levels and high gain 
length. 

The time-dependent amplifier model was used to calculate 60cm amplifier 
output for the measured depositions of shots taken between 2nd Nov 1994 and 19th 
May 1995. The specific shots analyzed are listed in the Table n. They include all 
shots with double-sided pumping and fresh fluorine fills. 

The 60cm amplifier was operated with 56 x 4nsec beamlets (=224nsec) 
containing a total energy of 50J injected into the 60cm x 60cm aperture. The input 
intensity was therefore 62kW cm- 2 . The following optical losses were applied to 
the cmde laser energy calculation, giving a correction factor of 0.862: 
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a) Obscuration due to 3.6 mrad multiplex angles 8.3% 

b) Coherent light removed by 8% reflection off tilted window 

at mirror end 5.0% 

c) Loss at output window due to imperfect anti-reflection coating 1.0% 

combined factor 0.862 


The deposited energy as measured by the pressure jump was corrected to 
remove energy deposited before and after the 224 nsec extraction span. This 
correction was made by analysis of the voltage and current traces in the electron 
guns. The energy extracted in the laser output beam and by amplified spontaneous 
emission was added to the measured deposition. For these conditions the amplified 
spontaneous emission is calculated to represent approximately 20% of the laser 
output. Lastly, the deposition was increased by 5% above the pressure jump 
measurement to account for radiation loss. The following components are expected 
to contribute to radiation loss: 


a) 

Kr2* radiation 

<2% 

b) 

KrF* + Kr2F* radiation 

1.7% 

c) 

X-ray loss 

<1% 


combined factor 

0.953 


No correction was made for atmospheric absorption between the 60cm output 


window and the 16 calorimeters which sampled beamlets spaced throughout the 56 
pulse train. This absorption is thought to have been less than 5%. The calorimeter 
reading is believed to have ±5% accuracy. 

The measured and calculated laser output energies are graphed in Figure 5. 
One of the measured points (labeled in graph) consists of the average of 5 shots. 

Comparing theory and experiment we see that at the lowest depositions there is 
substantially less output than predicted. This is due to the use of reduced voltage 
for these shots, leading to non-uniform deposition, with very little in the center of 
the aperture and much more adjacent to foil windows. At higher depositions the 
most efficient laser shots lie on or within 5% of prediction, but there is a scattering 
of shots which lie between 70% and 95% of prediction. Because of the observation 
of declining output on the second and third shots of a given fluorine fill, we know 
that there was the potential for fluorine depletion which could reduce the output. It 
seems likely that the less efficient first fill shots were also caused by fluorine loss. 
A materials change has since eliminated most of the fluorine losses. 

In summary, the strongest data point, which is an average of five shots, is 
predicted almost exactly by the calculation. If we believe that the most efficient 





shots more truly represent the performance of the system when well passivated to 
fluorine, then it appears that the amplifier code comes very close to accurately 
predicting the laser output. The deposition measurement on which the code 
prediction is based could carry a systematic error of as much as 10% whereas the 
laser energy is probably measured to within 5% accuracy. At present we can say 
that the code agrees with experiment to within the experimental accuracy of ±10%. 
This result implies that larger amplifiers can be designed with confidence using the 
amplifier code. 

SEGMENTED AMPLIFIER 

In this section we show that it is possible to have an efficient KrF amplifier 
with a segmented electron gun. The segmentation consists of alternate pumped and 
unpumped regions as we travel along the optical axis. Previously this scheme has 
been rejected because without detailed calculation it has appeared that the fluorine 
absorption in the unpumped regions would seriously reduce the amplifier 
efficiency. This would be true of an oscillator, particularly one with low output 
coupling, but application of the time- and space- dependent amplifier model shows 
that there is only a slight penalty in an amplifier. Firstly, the absorption is only 
effective on the exit pass (of a double pass amplifier) and even then is only fully 
effective just before the exit window. Secondly, an unexpected benefit of 
segmentation is that the amplified spontaneous emission (ASE) loss is 
geometrically reduced. This happens because more of the spontaneous emission 
reaches the (absorbing) chamber walls without passing through a high gain region. 

Using the amplifier code a square cross section amplifier was considered with a 
number of pumped segments each 56 cm in the optical direction (Figure 6). (The 
design shown in more detail below has 48 cm pumped segments). There are two 
principal ways to apply segmentation constraints. To begin with we considered a 
fixed pump rate of 700 kW cm-3 and a fixed mixture of 0.8 Amag (Ar , 30% Kr, 
0.6% F 2 ), and increased the unpumped segment gaps from zero to 40cm. The 
decrease in energy output with segmentation was less than expected (Figure 7), 
amounting to only 4%. A larger decrease in output (9%) with segmentation was 
seen when ASE was artificially turned off. This lead to the conclusion that 
segmentation was actually cancelling some of the losses from ASE. In a second 
calculation we considered a constant amplifier length and constant electron gun 
power, but varying degrees of electron beam spreading by means of magnetic field 






coils or electrostatics (implying an increased pump intensity as the segments are 
formed). Figure 8 shows that the output actually increased from 36.8 kJ to 37.3 kJ 
as segments were formed in this example. The improvement was mainly due to 
reduced ASE loss, as the efficiency was not strongly dependent on the pump rate 
and the fluorine concentration was near optimal in all cases. 

Lastly, assuming 48 cm segments separated by 48 cm gaps, the output was 
studied as a function of the number of (equally) pumped segments. The results are 
listed in Table HI in which the four-segment result applies to the present point 
design. Here the aperture was 100 cm x 100 cm and the mixture was 0.8 Amag: 
{Ar, 30% Kr, 0.6% F 2 }, pumped for 250 nsec at 800 kW cm ~3 and extracted by 
350J of input radiation. Each additional segment added 48 + 48 = 96 cm to the 
amplifier length. The decline in efficiency between 3 and 5 segments is mainly due 
to excited state absorptions, and occurs both with and without segments. 

For the design number of segments the amplifier intrinsic efficiency is 9.5%, 
which is apparently better than would be expected on the basis of the calculated 
small signal gain and loss coefficients. The improvement is due to a) having 
exceeded the saturation intensity for the saturable loss of KnF* and b) recycling of 
energy following (non-saturable) absorption out of G*, where G represents the 
general rare gas atom. These effects only contribute to output when the kinetic 
behaviour is computed in real time along with the amplified flux, as in the present 
code. A separate calculation has been performed to verify the effects. 

The above results make segmentation look very feasible and eliminate the need 
to use magnetic material or electrostatics to spread the electron beams. The beams 
can be guided as usual by a parallel magnetic field. Because there are now two 
return current planes in each diode segment the self-field is greatly reduced. This 
allows guide fields of less than 2 kG to be used, which reduces the diode closure 
velocity. More important than this, the diode inductance is also reduced, allowing a 
pump duration as short as 250 nsec. 

68 kJ MODULE 

We have shown in the previous section that a segmented diode can drive an 
efficient amplifier without requiring the beam spreading that has always been a 
source of difficulty in the design. This opens up tremendous possibilities for 
amplifier improvement, particularly in the direction of reduced diode inductance 
and pulse duration. Compared to unsegmented designs of the same output energy 
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the pulse duration can be approximately halved. This translates into half the optical 
delay length for the multiplexed beamlines, and substantially fewer mirrors, 
making a high energy facility significantly less expensive. 

There are two good reasons for designing an amplifier with vertical, as opposed 
to horizontal segments. Firstly, the aperture is pumped much more uniformly when 
the segments are perpendicular to the optical axis, and secondly, the vertical 
segments match the preferred design for the water pulse line, in which the 
electrodes can be introduced and removed through the top surface of the water and 
the presence of breakdown-initiating bubbles and particles adjacent to the 
electrodes is minimized by making most of the sensitive electrode areas vertical. 

The scale of this module is determined principally by the largest size of good 
optical quality fused silica window that is currently available, a square aperture of 
100 cm x 100 cm. (an aperture of 60 cm x 60 cm is used on the Nike large 
amplifier). The water plate size scales in the vertical direction, the only limit really 
being the energy that we are willing to store per plate and feed to a single diode. At 
reasonable stored energy in the water plate (less than lOOkJ) we find that we can 
feed a height of 100 cm, matching the window height. For economy of structure 
and space-saving we place another 100 cm square aperture on top, making an 
optical aperture that is nominally 100 cm wide by 200 cm high. 

The window is not expanded into a 2 x 2 array because the diode voltage would 
have to increase in order to penetrate the deeper gas volume. Along with this would 
come decreased specific energy deposition because the stopping power and also the 
gas pressure would be reduced. The module energy would therefore have to be 
made up either by an increase in current density or by an increase in pump 
duration. Either way we would enter a diode regime which has not been explored 
and the risk would be too great. As it is, keeping the depth at 100 cm allows an 800 
kV diode together with 0.8 Amag mixtures that are within the scope of traceable 
kinetic modeling. Two separate 100 cm x 200 cm modules are combined by 
aperture sharing (see below) to generate a useful square aperture beamline with a 
nominal output energy of 4 x 34kJ = 136 kJ. 

The design of the 68 kJ module is shown in Figures 9, 10 and 11. A laser gas 
volume that totals 356 cm long by 100 cm wide by 267 cm high is pumped in four 
bands (shaded), each of length 48 cm in the optical direction. Between these bands 
are unpumped regions each of length 48 cm, and at each end there is an unpumped 
length of 10 cm. The pumping is from two opposing sets of eight vertically 
oriented diodes, each with nominal cathode dimensions of 48 cm x 100 cm. Each 
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diode is fed by a water PFL of depth 1.0 m and length 5.0 m (corresponding to a 
pulse duration of 300 nsec to supply a 250 nsec 'flat top' duration) [19]. Each center 
plate is charged to -1.64 MV in 1.8 psec by a Marx bank (not shown in this view) 
before being switched through two parallel laser-triggered switches to the diode 
load. The classical "Z-stack" bushing of the Nike 60 cm machine and its separate 
elaborate switch modules have been greatly simplified by their combination into an 
integrated switch/bushing, of design shown in Figure 12. Apart from reducing the 
cost, this simplification leads to a lower inductance which translates into a faster 
diode risetime. 

We have simulated the circuit using a 150 nsec long drive line (300 nsec 
nominal pulse) with 1.28 ohms impedance, getting best results after making the last 
20 nsec a 1 ohm peaking section. This circuit represents a single column of two 
water plates, four output switches and two diode segments. As exemplified in 
Figure 13, when the driver is switched out at 1.64 MV into a diode with initial 
spacing 5.5 cm and 2.3 cm psec- 1 closure velocity, the diode voltage and current 
ramp down and up by about 6% during the pulse, averaging 790 kV and 690 kA, 
with a peak power of 0.55 TW. Each column of two plates is charged by an 11- 
stage Marx with ± 90 kV on two 3.0 pF capacitors in series in each stage. Resistive 
damping is included similar to Nike's. 

Considering the voltage waveforms at both ends of the driver line, we estimated 
an operating field for the water based on a 32-module laser (2.2 MJ output). The 
formula most often used to predict water breakdown in uniform fields (F, MVcnr 1 ) 
at large areas (A, cm 2 ) in terms of stress time (t, ps) is 

Ft^A~° m = 0.23 

The form of this equation is due to AWE, Aldermaston workers, and the values of 
the constants were suggested by Eilbert and Lupton at NRL (unpublished, but 
listed in [20]). Several workers have reported that very large areas (e.g. the Sandia 
PBFA II) can operate safely at or very near 100% of the "breakdown" level 
predicted by this formula, because it overestimates the area term for large 
machines. The 2 MJ KrF laser has a larger area than any previous water dielectric 
system, and 100% by the formula corresponds to a 17.6 cm spacing. The ability to 
operate safely at this spacing is supported by another formula (Ft 1/2 = 0.09) that 
predicts that even if one electrode were replaced by a very sharp point breakdown 
will not occur with spacings greater than 16 cm. 

Table IV shows the risetime and 90% width of the diode voltage pulse as a 
function of the total inductance between water line and cathode in one column 
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consisting of two plates and diodes. The driver pulse is nominally 300 nsec long in 
all cases. The peaker has been used to increase the 90% pulse width. It is seen that 
even with >100 nH series inductance (for a vertical pair of plates and cathodes in 
parallel "column") the 250 nsec flat top is still obtained. The preliminary design of 
Figures 10 to 12 has an inductance of approx. 75 nH. 

Many of the module design parameters are listed in Table V. The energy stored 
at 1650 kV in a single water plate is 83 kJ, which is nominally the energy delivered 
to one of the diodes. The energy delivered in the 250 nsec flat top portion (> 90% 
voltage) is only 75 kJ. This is of the same order as the energy presently delivered to 
a single Nike diode on the 60 cm machine, an energy that has been shown to be 
tolerable if released anywhere within the machine in a fault mode, provided the 
water plates are constructed of 0.14" stainless steel. The self magnetic field is 1.7 
kG, again comparable to that in the Nike machine. 

One difference from the Nike machine is that an energy transfer efficiency of 
0.7 is assumed from stored energy to laser gas, in contrast to the 0.4 - 0.5 
performance on Nike. There is reason to believe that 0.7 will be achieved in the 
new design. The span of the foil support structure across one segment is 48 cm, 
less than the 60 cm free span on Nike. The support members can therefore be 
lighter. In fact, it is proposed to use a "suspension bridge" design very similar to 
that demonstrated by Los Alamos on the Mercury amplifier [21]. That 
demonstration involved a suspension bridge span of 41 cm, not much less than that 
proposed for the present module. A "geometrical" transmission exceeding 87% was 
measured by comparison with another less transmissive support design. To this 
loss must be added the reflection that takes place due to back-scattering from the 
laser gas itself, which amounts to an 85% effective transmission for the mixes of 
interest here. The overall figure of 70% assumes other edge losses, switch losses 
and unspecified electrode surround losses totalling 5% in addition to transmission 
and reflection losses. Although the suspension bridge is very promising, the full 
transmission was not measured; the effect of a concave un-extracted region was not 
investigated; and the system lifetime was not determined. 

The choice of electron beam voltage (800 kV, average) is determined by several 
factors of approximately equal importance. Firstly, the electron beam deposition 
profile in the 100 cm aperture is approximately uniform for gas mixtures at 
approximately 0.8 Atmosphere, according to Monte Carlo simulations of 
deposition at the nearby voltage of 700kV.This relatively low gas pressure eases 
the window and foil design. A mixture of approximately the correct stopping 


power is 0.8 Amag: Ar, 30% Kr. This mixture is used in calculations of the 
amplifier extraction efficiency. Secondly, the decision to keep a 96 cm diode 
module width (including unpumped spaces) leads to a space restriction on the rear 
side of the cathode shell which limits the radius of the bushing, with a 
corresponding limit on its voltage. Thirdly, there is experimental data on laser 
triggered switches at up to 1300kV on the Nike 60 cm device and to 1200kV on the 
RAL laser [22], also the DARHT [23] and AIRIX injectors operate very reliably 
with 1500 kV laser-triggered switches so the present line charge voltage of 1650 
kV is not too great an extrapolation from prior experience. 

The electric stress on the cathode surround is 150 kV cnr 1 , which is consistent 
with the trend for historical KrF experiments (stress criterion = 70r°- 5 kV cnr 1 
[24], where the pulse duration x is in ps, giving 140 kV cm -1 at 250 ns). At this 
surface field there will be field emission from the curved part of the cathode shell, 
but the guide magnetic field will prevent current from flowing to the nearby ground 
plane. The distance to the back plane is larger, so the main loss will be toward the 
anode surrounds. The current loss will be limited by space charge to about 5% 
percent of the total current. 

The device is designed for easy access to all internal parts. There is a break 
plane where the water tanks mate with the vacuum box. The water / oil tanks on a 
given side move together at all times. When they are moved back there is access to 
all eight foils on one side. Also by removing the cathode shells there is access to all 
the switch/bushings. The latter component is designed to be removed from the 
machine through the ground plane (once the water has been lowered). 

MULTIPLEXED ISI BEAMLINE 

With the ISI type of beam smoothing, pioneered on Nike [3], a highly uniform, 
low coherence source is imaged via various stages of amplification onto the target. 
Because a 7 nsec pulse is needed and delivery of pump energy to the main 
amplifier takes 250 nsec, the amplifier is traversed by 36 x 7nsec beamlets in an 
angle- and time-coded sequence. The beamlets are then de-multiplexed before 
superposition on target, using optical delays of varying length up to 37 m (Figure 
i4). 

The beamline can contain more than one main amplifier module. A beamline 
energy of more than 100 kJ is desirable in order to minimize the facility size but 
the largest available amplifier subunit consists of a lm 2 aperture producing 34 kJ 
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(crude). It is possible to combine four of these lm 2 apertures in a compact 
beamline of 136 kJ. This is best achieved by stacking the 34kJ apertures in pairs, to 
make a 68 kJ basic module, of which there are two per beamline (Figure 14). The 
crude energy of 136 kJ is quoted, although optical losses through the final focusing 
lens reduce the net energy to 90% of this. 

Rather than generate several beamlines within the common space of a large 
hall, as proposed in the Los Alamos LMF design, we prefer to contain each 
separate 136 kJ beamline in a separate rectangular duct of dimensions 4m wide x 
5m high x 55m long. The ducts are helium-filled to avoid atmospheric Raman 
scattering. This arrangement reduces the helium requirement, gives more 
convenient access, and gives local containment in the unlikely event of a fluorine 
leak from an amplifier module. Also it allows complete beamline testing at the 
level of 136 kJ, removing uncertainty in extrapolation to a larger system. Separate 
testing of subunits is also advantageous in the commissioning of a 2 MJ facility, 

where there would be 16 such beamlines. 

The amplifier sub-aperture is set at lm 2 by the size of available fused silica 
windows, as well as by the energy requirement. It is noted that 34 kJ in a lm 2 area 
is 3.4 J cnr 2 , which is below the damage threshold for coated KrF optics. (This is 
discussed in the LANL LMF document [8]: the LMF was designed to 5 J cm' 2 , and 
coatings have been tested to >20 J cm- 2 in 15 nsec pulses). 

There are three factors that influences the size of the beamlet optics. The first 
and most important is that the final lens choice of fused silica imposes an intensity 
limit due to two-photon absorption that corresponds to a fluence of 4.0 J cnr 2 * 
Because there are strong advantages to having collimated beam transport to the 
final lens, the lens fluence is equal to the fluence on the de-multiplex mirrors. The 
size of the individual demultiplex (and recollimation) mirrors is therefore of the 
order of a square of side 15cm. The second factor relates to the need to image 
through the amplifier system from a finite source at the front end onto a target of 
diameter up to 0.4 cm. Ray calculations show that the size of the de-multiplex 
elements and the final lenses should be increased to 18cm x 18cm in order to avoid 
edge losses. Thirdly, ISI beam smoothing with incoherent light does not require 
any additional safety factor to allow for hot spots due to coherent interference. 

Beyond the mirror size and optical delay length which have already been 
discussed, there are two other factors determining the layout of an ISI beamline. 
The first of these is the angle between multiplexed beamlets. A minimum angle has 
already been built into the design by the ratio of the demultiplex mirror size to the 



total beamline length. For the 15 cm and 55 m figures of the point design this angle 
is 2.7 mrad. This angle should be sufficiently large to ensure low scattering at 
optical surfaces from one beam into another [8]. The second factor comes from 
geometrical optics. The amplifier feed mirror for each beamlet is projected by the 
main amplifier's spherical reflector onto the recollimation mirror. In principle, 
because much less energy is handled, and diffraction is not an issue, the feed 
mirrors could be much smaller than the recollimation mirrors (which are 15 cm by 
15 cm). However, when designs are laid out, the most compact design appears to 
be achieved with the feed array in the same plane as the recollimation array, i.e. at 
a magnification of unity, so the feed array mirrors are also 15 cm x 15 cm. In the 
case of aperture-sharing (discussed below) this choice allows symmetrical feeding 
of the apertures, without the feed array getting in the path of the recollimated 
beamlets. 

Aperture sharing We need >100 kJ beamlines (e.g. 136 kJ), but our largest 
optical aperture is lm 2 , yielding only 34 kJ (crude output). The solution is to 
aperture share. Although it would reduce the number of optical elements to have 
true aperture sharing, in which four lm 2 apertures are treated as a giant 2m x 2m 
amplifier (by means of plane turning mirrors), in practice it would be difficult to 
ensure that the four lm 2 spherical reflectors would have both precisely the same 
radius of curvature and the positional flexibility to bring their centers of curvature 
into alignment. For this reason, although we use a common feed array for the four 
apertures, we split the re-collimation and de-multiplex optics into four separate 
sets, related respectively to each of the four lm 2 apertures. The size of each 
recollimation mirror is therefore approximately lm 2 /36, as noted above. There are 
4 x 36 = 144 de-multiplex elements in all. The disposition of feed and 
recollimation mirrors is shown detail in Figures 15 and 16. In fact two of the four 
recollimation arrays are set forward by 2.1m in order to avoid interference by some 
of the elements of the de-multiplex array. This leads to the offset seen in the two 68 
kJ amplifiers. 

There is a single feed array (3 elements wide by 12 high) projected separately 
by each of the main amplifier mirrors onto four identically shaped recollimation 
arrays (Figure 16). The arrays have a vertical aspect because it is possible to 
transmit greater vertical than horizontal angle excursions through the 34 kJ 
amplifier subunits without incurring vignetting losses. This is because the electron 
beam foil windows are an obscuration precisely at the edge of the 100 cm aperture, 
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whereas it is possible to have a 110 cm aperture in the vertical direction without 
obscuration. For the present design the vignetting loss is <3%. 

Front end. The function of the "front end" is to deliver to each of the 16 driver 
amplifiers an array of 36 time- and angle-coded shaped-pulse beamlets, carrying 
(in the whole array) an energy of >20J. The total energy from the front end is 16 x 
20 = 320J, increased to 500J to allow for optical losses, including overfilling of the 
driver amplifier. One possibility for coding is shown in Figure 17. Coding is done 
at the 10J level, prior to a preamplifier of gain approximately 50x. Because long 
paths begin at the encoder (the 245 nsec maximum time delay represents a path 
difference of 73.5 m) we have expanded the beam up to 15 cm prior to the encoder, 
ensuring large Fresnel numbers. Entering the encoder is a single pulse which has 
been shaped just prior to the encoder by one or several Pockel's cells at 15 cm 
aperture. This pulse has to have an energy of approximately 20J in order to 
compensate for losses in the encoder beamsplitters and produce the desired 10J 
encoded energy. Several stages of amplification will be necessary to raise the 
initial few pJ of incoherent light accepted by the first system lens up to the 20J 
needed by the encoder. The initial stages might be discharge amplifiers such as the 
3cm aperture, 15 nsec design used on Nike. Further amplification at 15cm aperture 
will probably require one or two short pulse electron-beam pumped stages. 

Figure 18 shows how the "front end" encoded pulse array is distributed in the 
sub-floor to 16 vertical passages leading to the upper floor beamlines. The 
preamplifier is followed by an array of 36 Pockels cells in order to remove 
amplified spontaneous emission. After reflection off concave mirrors the 36 
beamlet array is split by partial reflectors into four lines. These enter sub-floor 
beamsplitters to direct an appropriate fraction up to the driver amplifier of each 136 
kJ beamline. There is an intermediate focus in the sub-floor region, but it occurs at 
relatively low intensity (10 8 W cm- 2 ), so it will not be necessary to use a vacuum 
chamber. Further foci are avoided until after the final lenses. 

Diffraction We estimate the effect of diffraction following the final lens aperture 
by comparing the full width half maximum (FWHM) diameter of the target beam 
to the radius of the first sine function minimum, the latter being approximately 
equal to the FWHM of a diffraction-limited beam at the focal distance. This ratio is 
referred to as XDL. The target beam diameter is matched to the pellet diameter dj, 
thus 
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where d is the beam size at the final (square) lens aperture, f is the lens focal length 
and dx is the target diameter. For: d = 15 cm ; f = 750 cm and dx - 0.36 cm we 
have XDL = 290. Factors affecting the choice of system XDL are discussed in 
Appendix 1. 

Throughout the optical system the Fresnel number (d 2 A,L) is characteristically 
very large (L = distance between relaying optical elements). The smallest Fresnel 
number occurs between the preamplifier and the driver amplifier, and is 820. The 
system has been simulated using ray optics in the paraxial approximation. The 
design, which is based on the demonstrated beam-smoothing of Nike [3] and prior 
calculations [2], has the following features: 

1. Uniform illumination is achieved via imaging onto the target of a uniform 
source located in the amplifier front end. 

2. The optical system must accept a large angular spread of light from the 
incoherent source. A full cone angle of 25 mrad is used. 

3. The target size for distortion-free illumination should be up to 0.4cm diameter. 

4. Amplifiers are located at or near to the Fourier transform plane of the image 
or target so that spatial non-uniformity of pumping (particularly in the front end 
discharge amplifiers) does not create an appreciable fluence non-uniformity on 
target. 

5. The main amplifier is "overfilled" by the beams from the driver amplifier, in 
order to suppress parasitic oscillation. 

6. The driver amplifier is "overfilled" by the beams from the preamplifier for the 
same reason. 

7. The preamplifier is imaged (or very nearly so) onto the main amplifier in 
order to satisfy the Fourier transform requirement at the relatively large separation 
between these amplifiers. The driver amplifier is not exactly at a transform plane. 

8. An intermediate focus is allowed between the preamplifier and driver 
amplifier, but not at later stages because of the danger of plasma formation. 

9. The beams downstream of the main amplifier must not strike the metalwork at 
the edges of the recollimation, de-multiplexing and final lens optical elements. 
Overfilling of optical elements not lying at the image's Fourier transform plane 
would result in image distortion. It would also be a source of inefficiency as well 
as a potential problem due to plasma formation. In order to satisfy this it is found 
that the de-multiplexing mirrors and the final lens aperture must be 18cm x 18cm, 



which is larger than the 15cm x 15cm size of the recollimation elements. 

10. In order to control aberrations the angles of incidence onto spherical reflectors 
must be kept as low as possible. If necessary, the convex mirrors of the main feed 
array can be replaced by planar mirrors with tilted concave lenses in front, to 
cancel off-axis aberrations, as in the Nike laser [25]. 

11. Each of the 36 multiplexed beamlets should pass through an approximately 
equal number of beamsplitter elements in order to share the optical inhomogeneity 
budget. 

Ray calculations showed that the system in Figure 14 combined with the front 
end of Figure 17 satisfied the above criteria. With a 120 cm focal length lens 
immediately after the source the complete amplifier system magnifies by 1.5 times. 
The 0.36 cm diameter target can therefore be illuminated by a 0.24 cm diameter 
front end source. The distribution of rays on the final lens is illustrated in Figure 
19. This is a relative distribution giving the number of rays in 1cm x 1cm areas 
within only one quadrant of the lens (the lens center is at top left). This result refers 
to the average beamlet (number 18) and a source of 0.24 cm diameter. The 
distribution is used below to estimate the two-photon absorption loss in the silica 
lens material. 

Statistics for Optical Elements A large area of optics is inevitable in MJ lasers 
with relatively low fluence limits. In this system the strongest fluence limit (4 J 
cm* 2 ) was that caused by two-photon absorption in the final focusing lens (of fused 
silica). At 2.2 MJ incident on these lenses this implies a minimum lens area of 5.5 
x 10 5 cm 2 . The actual lens area needed to avoid edge losses is 7.5 x 10 5 cm 2 . In the 
multiplex process there are five reflections in the beamline (including the turning 
mirrors (Figure 14) and 2.5 further reflections (on average) on the way to the final 
lenses. Also, the power optical beam transits three windows, including the final 
lens and two in the main amplifier. The total mirror area is 6.4 x 10 6 cm 2 and the 
total lens and window area is 3.5 x 10 6 cm 2 (Table VI). 

The cumulative mirror area as a function of the characteristic dimension of the 
elements is plotted in Figure 20. Also shown in that figure is the same compilation 
for the 3 MJ Los Alamos LMF design. Our design is at lower fluence, 4J cm* 2 vs 
5J cm* 2 for the LMF, tending to increase the area, but at less total energy. 

The major step on these cumulative distributions represents the feed, 
recollimation and de-multiplex mirrors. Our characteristic dimension is 15 cm or 
18 cm for these mirrors vs 40 cm in the LMF design. Our largest mirrors are the 



turning mirrors necessary for the aperture share. This is the price paid for a much 
more compact facility design through use of 136 kJ beamlines rather than the 68 kJ 
beamlines that would result from not using turning mirrors. 

CONTROL OF AMPLIFIED SPONTANEOUS EMISSION 

In a time-multiplexed amplifier system there is a flux of amplified 
spontaneous emission (ASE) reaching the target ahead of the main energy pulse. 
The duration of this flux varies from approximately zero for the first beamlet of the 
sequence up to the amplifier pump duration for the last beamlet. The superposition 
of these fluxes is a "ramp" culminating in N times the ASE intensity of a single 
beamlet, where N is the number of multiplexed beamlets in a beamline. 

In 64-beam illumination of a spherical target the ASE from each target beam 
is effectively amplified up to 16-fold at any point on the target surface. Depending 
on its absorption coefficient the target surface will heat, evaporate and ionize 
during the ASE exposure, unless that exposure is controlled below certain intensity 
and fluence limits. Detailed estimates show that an aluminum surface will 
withstand up to 1.5 J cm- 2 at 249 nm (in a 250 nsec ramp) before plasma formation 
and that fluences up to 1 J cm- 2 can be absorbed by plastic surfaces provided that 
the absorption depth exceeds 4 microns. 

It is possible to design the 2 MJ system to have such low levels of ASE on 
target that plasma formation may be avoided. The recommended design has a 
fluence of <0.6 J cm* 2 and a peak ASE intensity of 5 MW cnr 2 reached at the end 
of the 250 nsec ramp. If necessary, further reduction is possible. 

ASE from the main amplifier contributes less than 10% of the total ASE on 
the target, as verified by detailed ray calculations. The ASE intensity is instead 
determined by the product of a) the ASE brightness at the exit of the driver 
amplifier, and b) the efficiency with which ASE propagates through the main 
amplifier and down the ISI optical train to the target. It is possible in principle that 
a geometrical change in the driver amplifier can change both factors at once. These 
two components of on-target ASE intensity are discussed in sequence below. 

ASE Brightness A detailed variation of parameters was performed to dissect out 
the influence of such factors as driver amplifier pump rate, gain, aperture, length 
and input intensity. Using the amplifier code, the axial ASE brightness at the exit 
of a two-pass amplifier was found to only depend on the amplifier gain via the 
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relation 


Base = 2 x 10 4 x Gain W cm* 2 Sterad* 1 * 


regardless of the amplifier length, aperture, output energy or pump rate. This result 
is true for both very large and very small electron beam pumped KrF amplifiers. 
One of the parameter variations is illustrated in Figure 21, in which the gain is 
varied in a trial 3kJ driver amplifier. An analytic derivation of the same result is 
given in Appendix 2. 


ASE transport to the target surface. It was found using ray calculations that 
variation of the driver amplifier aperture 'W' at constant distance 's' to the main 
feed array, or variation of its distance at constant aperture, had no effect on the 
ASE intensity at the target plane. This distance could therefore be set by other 
considerations, such as the angle between driver amplifier multiplexed beamlets, 
combined with the offset of neighbouring feed array mirrors. The driver amplifier 
aperture 'W' could also be set by other considerations, such as the need for a certain 
volume to obtain the design energy at a specific output of approximately 10 J H 
and the requirement of a relatively small aspect ratio for efficient multiplexing. The 
on-target ASE fluence varies in a simple manner in response to a few of the system 
parameters, as derived in the following section. 


Analytic formula for on-target ASE. For N (=36) beam paths between the driver 
amplifier of aperture W (=50cm) and the target, the maximum ASE power on 

target (immediately prior to the energy pulse) is 

P» = NG^W'B^t&r 

in which G Xol (=100) is the gain of the final amplifier^ (=0.63) is the optical 
transmission due to overfilling of the final amplifier, and AQ r is the scaled solid 
angle subtended by the target as seen from the driver exit plane, given by 
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Here b (=15 cm) is the beam width at the target lens, f (=750cm) is the target lens 

focal length and At (~rc(0.18) 2 ) is the target cross sectional area. The maximum 

ASE intensity on target is therefore 

I„=%- = NG i «TB asc ? t 
Aj f 

From the previous section, B^ = 2x 10 4 G D , where G D is the driver gain. Therefore, 
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and the fluence in the ASE intensity ramp of duration Xp (=250 ns) is 

£„=li=iov,c 0 c r „nvp- 

Evaluated for the present parameters (listed in Table VII) En = 145 mJ cm' 2 is the 
on-target ASE fluence for one of the 16 beamlines. In deriving the figure 580 mJ 
cm -2 onto a spherical surface we take into account that any point on the spherically 
illuminated target sees 16 times the intensity of one target beam and therefore 4 
times the intensity of the 4 target beams associated with one 136 kJ beamline. 

Another important factor is the x p N product, which depends on the square of 
the amplifier pump duration. The 136 kJ beamline (250 nsec) is a little worse in 
this respect than Nike (176 nsec). The earlier LMF design, at 1080 nsec, would 
have had a much lower (coherent/ASE) ratio. 

Most importantly, as shown above, the on-target ASE is decreased by keeping 
the driver amplifier gain (Gd) low. In Nike the driver (20 cm amplifier) gain is 
suitably low, and a factor T = 1/2 is introduced via the beamsplitters between it and 
the main amplifier. In the 136 kJ case the driver amplifier has the same duration as 
the main amplifier, but there is substantial overfilling of the main amplifier, and 
therefore T = 0.63 in this case. 

Coherent/ASE ratio vs energy input to driver amplifier It is interesting to look 
at the (coherent/ASE) fluence ratio as a function of the input energy Eo to the 
driver amplifier. The on-target coherent energy from one multiplexed beamline is 

E e = E 0 G d TG Toi 

For a target of cross sectional area At the ASE energy is 

Ease = E N A T 

The coherent/ASE ratio R is therefore 

R= E £ _ = E£JG 2sl ieJ 1 
Ease Mr ^ p Nb 2 K 

in which 'b' is the mirror dimension of a beamlet and K = 2X10 4 Wcm^sterad' 1 . 
This expression shows that the driver amplifier input energy is the best lever to 
obtain an increase in R, given the constraints that are associated with each of the 
other parameters (but see Appendix 1). If there are several stages of amplification, 
it is the first amplifier and the first feed array dimension that are important. In the 
present design ASE is removed from each beamlet after the preamplifier by 
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Pockels cell switches, making the driver amplifier the dominant ASE source. 
In the baseline 2 MJ design we have chosen the following parameters: 


f (focal length of final lens) 750 cm 

At (Target cross section, dia. = 0.36 cm) 0.10 cm 2 
x p (Amplifier pump duration) 250 ns 

N (Number of multiplexed beamlets) 36 

b (aperture of feed array mirrors) 15 cm 


This set of parameters in the above expression leads to R = 2.9x10 5 Eo Consider 
for example the requirement for an ASE fluence of < 1J cm -2 on a target of surface 
area 0.407 cm 2 in a 2MJ facility. The coherent-to-ASE energy ratio has to equal 
2.0x106/(1 x 0.407) = 4.91x106. Equating this to R from above, we determine that 
the driver amplifier input energy Eo must be at least 18J to keep the ASE fluence 
below 1.0 J cm' 2 . The design assumes Eo = 30J, implying an ASE fluence of 0.6J 

cm* 2 . 

As Eo is increased to achieve a specified ratio R, the capabilities of discharge- 
pumped preamplifiers (to generate Eo) are exceeded. An electron beam pumped 
preamplifier is needed for the 2 MJ system, in which Eo is 30 J for each driver 
amplifier, and there are 16 required, making a total requirement of 480J, not 
including losses. Following this preamplifier each of the 36 beamlets has to be 
’cleaned up’ by Pockel’s cell switching in order to remove the ASE, before 
beamsplitting to the 16 driver amplifiers. This involves 36 cells each of 15 cm 
aperture, a requirement that seems very feasible in view of the development of 
plasma-switched Pockels cells [26] and the availability of large electro-optic 
crystals. 

AMPLIFICATION FIDELITY 

We investigate amplification fidelity through a 34 kJ (lm 2 ) sub-aperture amplifier 
representing 1/2 of the 68 kJ building block module. One pulse shape treated in 
detail is that for a "baseline" low-isentrope, high gain target using a 3.3 MJ laser, 
provided by A. Schmitt. It is scaled in time according to E 1/3 , where E is the 
energy on target. Figure 22 shows the unmodified pulse and three examples of a 
derived pulse labeled ’mod2', scaled to three different energies. The 'mod2' shape is 
identical to the baseline shape on the rise, but departs from it on the trailing edge. 



The full width at half maximum of the mod2 pulse can be the same as the baseline 
pulse (e.g. 8.0 nsec, for 3.3 MJ), or it can be set to different values. The reasoning 
behind the 'mod2' shape is discussed below. 

The first set of calculations using the amplifier code involved the unmodified 
baseline profile, scaled to 1.8 MJ (i.e. reduced in length from 8ns to 6.5 ns by a 
scaling factor of (3.3/1.8)^3 = 1.224). For a train of pulses the amplification 
fidelity was satisfactory in the region of 6.5 nsec separation (Figure 23), growing 
worse for lesser or greater separations. This was because the input pulse train had 
substantial fluctuations and the amplifier was therefore not uniformly "loaded". As 
a general rule of thumb, a local variation in the pulse shape of less than a factor of 
two is probably not important for the target performance, as long as the variation 
does not change the integrated energy delivered to the pellet. However, as we shall 
show, it is not difficult to tune the rising part of the pulse shape with extreme 
accuracy, well beyond the requirements of the target designs. 

The 'mod2' shape was derived from the baseline shape by the process 
illustrated in Figure 24. The idea is to modify only the trailing edge of the pulse to 
make it complementary to the rising edge, so that the sum of the rise of one pulse 
plus the fall of the previous pulse is a constant. In Figure 24, the portion of the rise 
below half maximum (labelled (a)) is reflected in a horizontal line HH at half 
maximum to give segment (a'). This segment is then translated by a time A equal to 
the pulse separation desired, to become the upper half of the trailing edge of the 
'mod2' pulse. The same process is applied to the upper half of the rise (segment 
(b)), which reflects to become (b') and is translated by A to become the lower half 
of the ’mod2' trailing edge. (A small amount of adjustment is required to smooth 
the resulting profile in cases where the "foot" extends for several pulse durations). 
This idea is tested in the calculations presented in Figure 25. This time the 6.5 nsec 
separation together with a mod2 pulse width of 6.5 nsec, gave excellent fidelity. 

The 'mod2' profile can be amplified without distortion provided its FWHM is 
set equal to the pulse separation. However, distortion is apparent when this 
condition is not satisfied. The most viable route to a flexible facility appears to be 
to compose pulses with the correct rise for the chosen implosion, but always extend 
them to have a FWHM equal to that of the pulse separation built in to the facility 
optics, and then give the pulses a trailing edge according to the formulation of 
Figure 24. The penalty associated with this approach is a certain amount of 
inefficiency, related to the unused part of the profile near the trailing edge. As an 
example, a 1.0 MJ profile (time factor 1/1.489 and FWHM = 5.3 nsec) is extended 
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to 6.5 nsec FWHM and given a complementary trailing edge. The amplification 
shows excellent fidelity (Figure 26). The unused energy amounts to about 15% of 
the total. 

The multiplexed facility, once set to a given pulse separation, is therefore 
limited to a certain peak power that cannot be exceeded. Experimental programs 
involving die use of accurately tailored pulses must therefore be designed under a 
peak power constraint. 

In the 2 MJ facility there are at least two electron beam-pumped amplifier 
stages. Each stage has to have the same interpulse separation for propagation 
through the whole system without distortion. The present calculation was for a 
single stage, but multiple stage propagation follows subject to the same constraints 
on pulse shape, as has been verified in calculations for the Nike system. 

In conclusion, arbitrary smooth pulses, including the low-isentrope profile, 
can be amplified with excellent fidelity provided they are built up to the correct 
FWHM and have a complementary trailing edge. The facility can study lower 
energy, smaller (or less massive) target implosions at a relatively small cost in 
overall efficiency. 

FACILITY DESIGN: GENERAL 

Given the 136 kJ multiplexed beamline as a building block, the following 
requirements and constraints were taken into account in the design of the 2 MJ 
facility: 

1. Illumination must be spherically uniform from 60 or more directions. As 
discussed below, symmetrical illumination (0.3% rms deviation) can be 
achieved with 64 lens arrays, fed by a laser on four floors, at sixteen lens 
arrays per floor. 

2. The pulse shape should be variable but > 90% of energy should be delivered 
in 7 nsec. Amplification fidelity is discussed above. 

3. The target chamber should have an inner radius of 6 m, to diminish the 
intensity of blast loading on the inside wall. 

4. The line from an entry lens through the target should not project to a lens on 
the opposite side of the chamber. 

5. First wall neutron moderation has to be provided. 

6. X-ray, gamma ray and neutron shielding is required in the form of a heavy 
concrete enclosure with indirect beamline penetrations that are as small as 
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possible. 

7. The chamber should be able to be assembled (by welding) in situ from simple 
components which are easy to fabricate. This is achieved with a cylindrical 
body capped by truncated cones. The cylinder and cones may be 
approximated by 32 plane elements. 

8. The 4x36 =144 beamlets of a given beamline (total 136 kJ crude) emerge, 
after de-multiplexing, in an array 6 wide x 24 high, of 18 cm square mirrors. 

Its total extent, allowing for spaces, is 1.2m wide by 4.8m high. This array is 
propagated in a helium atmosphere to one of the beam penetrations in the 
target chamber enclosure. 

9. Although kept to a minimum, each beam experiences on average 2.5 more 
reflections before entering a target chamber lens. These are necessitated by the 
need to introduce the correct relative delay and to distribute to four different 
principal lens arrays from each beamline. 

Target chamber and illumination geometry Illumination from 60 or more 
directions immediately brings to mind the "buckyball" structure with its 60 vertices 
at almost perfectly uniform angular spacing from one another. However, the 
symmetry of this structure does not mate well with the symmetry of conceivable 
compact arrangements of multiplexed beamlines. By increasing the number of 
target beams to 64 it is possible to avoid a complex "optical switchyard" and feed 
the beamlines to target very directly and symmetrically from a building with 
twofold symmetry and four floors. 

The 64 beam geometry is shown in Figure 2. There are 16 beams per floor and 
four floors. In terms of polar angle (a) and azimuthal angle ((3) the 64 beam 
directions are: 


Polar angle a 

Azimuthal anglep 

(degrees) 

(degrees) 

24.25 

11.25 + 90n 

34.25 

56.25 + 90n 

44.25 

11.25 + 90n 

54.25 

56.25 + 90n 

64.75 

78.75 + 90n 
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73.75 

33.75 +90n 

80.75 

56.25 + 90n 

86.75 

11.25 + 90n 

93.25 

78.75 + 90n 

99.25 

33.75 + 90n 

106.25 

56.25 + 90n 

115.25 

11.25 + 90n 

125.75 

33.75 + 90n 

135.75 

78.75 +90n 

145.75 

33.75 + 90n 

155.75 

78.75 + 90n 


where n = 0 —> 3. 

These divide into four sets of 16 which are arranged on four floors. The two middle 
floors have identical plans while the upper and lower floors have mirror image 
plans. All the beams strike the opposing inside wall of the chamber at locations 
away from lens arrays. 

The low-mode uniformity of illumination that can be achieved with this 
arrangement is 0.3% rms deviation from the mean, ignoring fluctuations within 
each laser beam. This can be derived by considering a test direction (0,<j>) which 
makes an angle \]/ with a beam direction (Figure 27). Then 

cos Y = sin 6 cos <p sin a cos/J + sin 6 sin <p sin a sin /3 + cos 9 cos a 
If cost]/ is positive then the beam contributes to the intensity pattern at an effective 
radius of sin|v^|, for a target surface at unit radius. 

We consider a hypergaussian (N) intensity distribution in a beam 

el 

l(p)~e r " 

and y is the 1/e intensity radius of a beam. 

For the summed intensity we evaluate for cost]/ >0 

|si°yf 

^e r " cosy 

a,p 

For example, with y = 1 and N = 4 we obtain an average intensity of 11.95 vs the 
theoretical 16 which would occur for y « 1 , and an rms deviation of 0.3% from 



this average, ignoring fluctuations within each beam profile and ignoring 
refraction. More detailed studies of uniformity will be presented in later papers. 

Final lens arrays and two-photon absorption Each of the 64 target illumination 
beams corresponds to a crude energy of 34 kJ at an amplifier module. By the time a 
beam has reached the entry surface of a final focusing lens array, mirror losses 
have reduced this to 97% of 34 kJ = 33 kJ. The beam energy at the inner surface of 
one array of focal lenses is 2.0 MJ / 64 =31.2 kJ. There is therefore provision for a 
final lens transmission of 31.2 / 33 = 94%. Allowing 0.5% loss due to imperfect 
anti-reflection coatings the balance of the loss (5.5 %) is assigned to two-photon 
absorption in the fused silica lens material. 

The two-photon absorption coefficient at 249 nm of fused silica is 0.06 cm 
GW* 1 [28] whereas that for the alternate lens material of calcium fluoride is much 
lower (0.008 cm GW* 1 [29]). The aperture of the lens for a single beamlet is 18cm 
x 18cm and the whole 36 lens array is 120 cm x 120 cm, when the centers of 
adjacent lenses are spaced by 20 cm (Figure 28). The square lenses are each cut 
from a disc which has to be 27.5 cm in diameter. Although CaF2 lenses can be 
made to this size, there is much more experience with fused silica. The baseline 
design therefore considers fused silica. 

Two-photon absorption, rather than optical damage, is the determinant of the 
fluence on the final lens. The lenses have to be at least 0.28 cm thick to give 
sufficient optical power, but the vacuum load demands considerably greater 
thickness than this. Without detailed mechanical calculation we choose 1.0 cm to 
be the maximum lens thickness, tapering to 0.7 cm at the edges. 

Ray trace calculations have given the intensity distribution on the final lenses 
(Figure 19). For 33 kJ/36 incident in a baseline pulse shape on a given lens, the 
central intensity is Imax = 0.5 GW cm* 2 . The two photon absorption is therefore 

Imax x 0.06 x 1.0x2= 0.06, or 6% 

The factor of two comes from the second moment of the distribution for polarized 
thermal light P(I) = (l/Io)exp(-I/Io), where Io is the average intensity. 

The above numbers correspond to a fluence at the lens center of 4 J cm* 2 . 

Structure of target chamber. We have not separately considered neutronics or 
radiation leakage in this study, but these subjects are discussed more fully in the 
Los Alamos LMF report {8]. Our target chamber design is modular, intended for 
in-situ assembly. It has hollow walls of thickness 1.5 m which can in principle be 
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filled with borated water to moderate fusion neutrons. The walls consist of flat 
sections with sufficient area to hold the lens arrays. Aluminum 5083 alloy with low 
iron content (<0.01 %) has been proposed [30] for the construction of a low- 
activation target chamber. 

The target chamber is contained within a concrete radiation shield through 
which there are only indirect penetrations for the optical beams (Figure 2). Higher 
radiation attenuation can be achieved if necessary by the introduction of an 
additional turning mirror on each beam, and a further right-angle jog in each of the 
beam paths. Whether this will be necessary will depend on the outcome of more 
detailed radiation calculations. 

The "first wall" within the target chamber has to be blast and radiation 
resistant. In front of the lenses it may be necessary to deploy light shrapnel shields 
(presumably of anti-reflection coated fused silica). The rest of the walls may have 
to be covered by replaceable tiles of refractory material. 

Access to the targets is mainly from above and below via the two polar 
regions that are free of lenses and mirrors. 

The major system parameters for the LANL and NRL designs are compared in 

Table VIH. 

EXPERIMENTAL TEST OF 68 kj MODULE 

Before a KrF microfusion facility can go into detailed design it will be 
necessary to build and test an amplifier module with a nominal output of 68 kJ. 

The assembly of two of these modules into a 136 kJ beamline is not 
considered to carry much risk, and therefore it can represent one of the 
programmatic stages in the construction of a 2.0 MJ facility. The information that 
construction of a beamline will generate relates principally to the accuracy and cost 
efficiency of the optical engineering design, including such elements as figuring, 
mounting, automated alignment and the provision of a helium atmosphere. 
Modifications can then be made before 16 beamlines are built. 

The 68 kJ module represents more than a factor of 10 increase in energy from 
previous experience with the Nike 60cm amplifier, which has generated more than 
5 kJ. It has the same stage gain (100) as the 60 cm amplifier. The new elements in 
the design (relative to Nike) are: 

1. Higher pump rate (800 kW cm* 3 vs 400 kW cnr 3 ). This is a safe extrapolation 
of the amplifier theory as the model gives a very accurate fit to the Nike 20 cm data 



at 580 kW cm-3 , and it fits gain and absorption coefficients measured in several 
other laboratories at pump intensities between 0.2 MW cm - 3 and 1.5 MW cm - 3. 

2. Larger aperture, coupled with higher pump rate, implies a moderate transverse 
gain that could in principle contribute to parasitic oscillations in the transverse 
direction. The worst case gain along one transverse diagonal (100 V2 cm) occurs in 
the segment adjacent to the amplifier end mirror. It is calculated to be 28x, a level 
that can be controlled by absorbing surfaces. Larger diagonal gain (lOOx) is present 
in directions close to the optical axis, but this gain is comparable to that handled in 
the Nike 60 cm amplifier without parasitic oscillations. 

3. Unpumped regions (3 x 48 cm). The use of segmentation is new, but does not 
involve much risk. The absorption from unpumped regions is predictable, being 
due to ground state fluorine molecules. The advantage of segmentation that it 
partially suppresses ASE losses has yet to be demonstrated experimentally. This is 
an effect at the 5% level. 

4. The energy from a single cathode (83kJ vs 70kJ). The energy that can go into 
a fault mode is comparable to that in Nike. 

5. The electron beam voltage (800kV vs 600kV). This is a small increase, not 
involving new technology. 

6. The pump pulse duration (250 nsec vs 176 nsec). This might concern us via its 
additional effect on diode closure, but the closure velocity is the same as in Nike, 
because the magnetic guide field is the same, and the initial gap is also the same, so 
the additional 0.17 cm of closure will not be a significant change. 

7. A new design of combined switch/bushing. This is proposed because a total of 
1,024 switches and bushings are required in the facility. The new design, if 
successful, will substantially reduce the cost and complexity of the electron gun. If 
not successful the proven technologies of separate switch and bushing will have to 
be used. 

8. A higher transmission electron beam window (70% vs 50%). This is made 
possible through the use of small spans (48 cm) and the "suspension bridge" design 
of foil support structure. The suspension bridge design has been prototyped in tests 
at Los Alamos in a span of 40 cm, with an estimated 87% geometrical 
transmission. The energy transmission would be less than this because of electron 
reflection from the laser gas. 

9. Larger window aperture (100 cm square vs 60 cm square). The largest size of 
fuzed silica window made to date (with adequate optical homogeneity) is 100 cm 
square. The manufacturing availability of large quantities at 100 cm has yet to be 
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proved. 

10. The specific lasing energy (17 J H vs 8 J H). Much higher specific energies 
have been achieved in prior work. The estimate for the limiting parameter of 
fluorine consumption comes from the kinetic code which has been accurately 
benchmarked to data up to 10 J 1 _1 . 

In review, none of the technology extensions is particularly risky in its own 
right, and there is not apparently any synergy of risk between the different 
technology extensions listed above. The risk of the 68kJ module is only moderate 
because so many small technology extensions are incorporated simultaneously. 
Tests of the 68 kJ module stand out as the only major demonstration of feasibility 
needed for the 2.0 MJ laser fusion facility. 

COST ESTIMATE 

In order to allow comparison with the cost estimates for prior LMF designs 
(based on both KrF and glass lasers) we are using the framework previously 
generated by Bechtel in their report [10]. The Work Breakdown Structure (WBS) 
in Table IX follows the numbering system and principal categories used by 
Bechtel. In their report they separated the driver and driver-associated facilities 
from the overall site costing. We label with asterisks on the WBS all those (1992) 
costs or cost categories that were taken directly from their report. All costs quoted 
for years from 1992 up to 1995 are escalated by a 3.5% annual compound increase 
up to 1996. The contingency reserve of 25% that was applied to the present KrF 
facility cost is the same as that applied to all the 1992 designs, although it could be 
argued that KrF laser design has improved since 1992 and a lesser contingency 
reserve might be appropriate. 

The present laser system is much more compact than the (3MJ) LANL KrF 
design of 1991 [8] and therefore fits into a smaller building. The need for a 
transition building is eliminated because the beamlines are generated close to the 
target chamber and brought directly to the chamber in a symmetrical geometry. 
The target building itself is much smaller, partly because the yield will be closer to 
100 MJ than 1000MJ and the final optics can therefore be closer. 

Support systems in the WBS have been scaled back from earlier LANL or 
LLNL estimates roughly in proportion to the laser energy. 

Vendor facilitization in our case relates mostly to improving the 
manufacturing capacity for large dimension fused silica windows. Other categories 


include minor efforts on pulsed power components such as the switch/bushing and 
laser beam control components. 

Laser amplifier cost A "bottom-up" estimate was made based on the drawings of 
Figures 9 through 12. The assembled and tested hardware for the prototype 68kJ 
module was estimated to cost $9.8m (net of design, procurement and management 
overheads) while the quantity of 32 was priced at $7.1m per unit. These overhead 
costs are included separately in WBS 1.0, as indicated in [10]. 

Optics cost. Two costing approaches were followed. In the first we used 
algorithms developed for the production of 900-quantity KrF elements [31]. In the 
second we started from the quoted actual "Beamlet" (LLNL) optics cost [9], and 
scaled the cost per unit area for larger or smaller elements in linear proportion to 
the transverse dimension of the element. We applied a quantity cost reduction 
factor of 2 to the Beamlet actual costs. In [9] a total cost reduction factor of 2.67 
was proposed, resulting from both increased quantity and vendor facilitization. 

There was reasonable agreement between the two optics costing approaches. 
The larger estimate ($132.92m, from the BDM algorithm) is used in order to obtain 
the most conservative cost estimate. The scaled Beamlet approach led to an 
estimate of $91.45m for the optics of the 2MJ KrF laser. The difference between 
these estimates is mostly due to a different estimate for cost of the large amplifier 
fused silica windows. Very small numbers of 100 cm fused silica windows have 
been made, so the cost of quantity production is not well known, and neither 
algorithm can be said to have been verified at this optical dimension. Most of the 
vendor facilitization (WBS item 4.3) relates to the development of techniques for 
the quantity production of these windows. 

APPENDIX 1 

Design choices. In some cases arbitrary design choices were made that could be 
modified by more detailed considerations. For example, the focal length of the 
final lenses was chosen as 7.5m, principally to reduce the size and cost of the target 
chamber building. If, for example, one chose a final lens focal length of 15m, 
rather than 7.5, the XDL would be reduced by a factor of 2, to a value closer to that 
used with Nike. The fewer XDL beams would be less sensitive to amplifier gain 
non-uniformity (although this is already largely eliminated by amplifying at the 
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Fourier transform plane), and the ASE and beam cross-talk due to scattering would 
be reduced by a factor of 4, but one would have to specify a higher optical quality 
for the optical train. 


APPENDIX 2 

Analytic estimate of ASE brightness. Consider KrF* to have a Gaussian 
spontaneous emission spectrum exp(-Q2ln2) where Q = (v - Vo)/vh represents the 
frequency difference from the central frequency normalised by the half width half 
maximum of the distribution. The associated stimulated emission cross section is 

<r(v) = <v- G ’ to2 

and the spontaneous emission power per atom, per steradian, per unit frequency 

interval can be written as P{ v) = pcr( v) 

where 

Q _ ftWiiiT 
P~ . % 

4n /2 o 0 v H T R 

and Tr is the radiative lifetime. 

At the exit of an amplifier of width W and length 2L (which may be folded) the 
ASE power per steradian per unit frequency interval can be written as 

JW v) = J 0 G( V.zWz)H v)W 2 dz 

where N(z) is the KrF* density at position z and G(v,z) is the gain at frequency v 
from position z to the exit of the amplifier, given by 

G(v,z) = exp[y(v,z)] 

where 

y( v,z) = JjMzX V) - a]*' 
in which a is the loss coefficient. 

The ASE brightness per unit frequency interval at the amplifier exit is 

= fb(v.z)N(z)P(v)dz 

= V) - a\dz^N(z)o( v)dz 

= F/*j; , ' !1, exp(r>ir 

where F is a factor slightly greater than unity. At the line center F = N<y 0 / ( Na 0 - a) 



where N is the spatially averaged KrF* population density. Thus 

B^b(v)= FP{exp[r(v.2i)]-1} = FfSG(v,2L) 

The ASE brightness integrated over frequency is 

= \~B uc (v)iv=F^G(v,2L)iv 

= FPl exp{j“[W(z')<r(v)-a]*'J<iv 

To approximately evaluate the integral we note that the maximum of the integrand 
is G 0 =G(v 0 ,2L), the line center gain. The frequency half width of the ASE 

distribution, QaVh, is found to good accuracy by solving 

exp[lnG 0 e" c ^ 2 ln2 j = — 

Approximating the integral by 2 Q a vhGq, we arrive at 



In this expression the square root term is a very weak function of Go, so the ASE 
brightness depends linearly on the amplifier gain, as found in the detailed 
numerical simulation discussed above. Using Go = 2.6 x 10" cm2; Xr = 6.5 ns 
and a typical ratio Mx 0 / a = 7, the following values of Base are calculated in units 

of (Wcm*2sterad‘l): 

G 0 = 25 =s> B ase = 2.45 x 10 4 G 0 

G 0 — 50 => Base ~ 2.20 x 10 4 G 0 
G 0 = 100 => B ase = 2.00 x 10 4 G 0 

These compare very closely with the code predictions given in Figure 21 for a 
typical amplifier on the scale of the facility driver amplifier. In summary, it is a 
good approximation for all electron beam pumped KrF amplifiers to calculate the 
exit axial ASE brightness from Base = 2xlO^Go (Wcm* 2 sterad- 1 ). 
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Table I KrF kinetic processes and rates in simplified model (cgs units) 


k2 = 2x10-6 
k3 = 2.5x10-31 
k4 = 5x10-8 
k 5 = 7.2x10-10 
k6 = 2x10-0 
k 7 = 1x10-0 


G+ + F- --> KrF* 
G+ + 2G -> G2+ + G 
G2 + + e* --> G* + G 
G* + F 2 --> KrF* + F 
F 2 + e" --> F“ + F 
G2 + + F- --> KrF* 


k 7a = 1x10-0 
k$ = 8xlO- 10 

k 9 = 3xl0 -7 
kio = 2x10-31 
kn = 8x10-32 
ki2 = 2.6x10*10 

ki 3 = 1.54x10 s 
ki 4 = 1.6x10-18 
kis = 6.1x100 
ki6 = 1x10-10 

ki8= 5.6x10*18 

ki9 = 3xl0" 18 


G 2 + + F" --> Kr2F* 

KrF* + F 2 -> Kr + 3F 
KrF* + e" --> Kr + F + e - 
KrF* + Kr + G -> Kr 2 F* + G 
KrF* + Ar + G ~> Kr 2 F* + G 
KrF* + hV249 --> Kr + F + 2hV249 
KrF* —> Kr + F + hV249 
Kr 2 F* + hV249 --> 2Kr + F 
Kr 2 F* -> 2Kr + F + hv f 
Kr 2 F* + F 2 -> 2Kr + 3F 
F‘ + hV249 --> F + e" 


G2 + + hV249 G + + G 
k20 = 1.5x10*18 x(Ar + 5*Kr) / (Ar + Kr) 

G* + hV249 ~> G + + e" 

k2l = 1.4x10-20 F2 + hv249 -> 2F 

(significant absorbers: G*, F - , F 2 , G2 + , Kr 2 F*) 



Table II: Nike 60 cm amplifier data comparison 



Corrected 

Specific 

Mix 

Measured 

Calc. 

Shot# 

Deposition 

Power 

(Total/Kr/F2) 

Output 

Output 


(kj) 

(kWcm-3) 

(Amag/fract7%) 

(kj) 

(kj) 

471 

55.93 

346 

1.08/0.31/0.47% 

3.637 

4.24 

473 

68.74 

426 

tt 

5.352 

5.32 

516 

52.70 

326 

1.16/0.35/0.32% 

2.732 

3.70 

527 

48.69 

302 

1.16/0.35/0.35% 

2.976 

3.40 

528 

58.81 

365 

tt 

4.244 

4.17 

533 

62.82 

389 

it 

3.812 

4.48 

534 

44.16 

274 

tt 

2.784 

3.04 

536 

53.29 

330 

it 

3.229 

3.74 

568 

39.22 

243 

1.16/0.35/0.32% 

2.24 

2.38 

571 

30.09 

187 

1.02/0.27/0.37% 

1.80 

2.12 

573 

22.51 

139 

0.95/0.21/0.39% 

0.85 

1.54 

577 

24.84 

154 

1.02/0.27/0.37% 

1.0 

1.67 

583 

51.71 

321 

1.16/0.35/0.32% 

3.7 

3.5 

584 

t! 

tt 

tt 

3.9 

3.7 

587 

tt 

tt 

tt 

3.5 

3.3 

588 

I? 

tt 

tt 

3.6 

3.4 

589 

II 

tt 

tt 

12 

15 

5 shot 

average 



3.68 

3.48 



Table III: Amplifier output and efficiency vs number of segments 


Number of 

Deposited 

Output 

Intrinsic 

Segments 

Energy (kj) 

Energy (kj) 

Efficiency (%) 

3 

288 

29.0 

10.1 

4 

384 

36.6 

9.5 

5 

480 

42.9 

8.9 
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Table IV: Risetime and flat top as a function of inductance for 150 nsec 
pulseiine with 20 nsec peaker 


Inductance 

Risetime to 90% 

Width at 90% 

Peak diode voltage 

(nH) 

(ns) 

(ns) 

(kV) 

55 

38 

271 

810 

75 

55 

265 

794 

95 

62 

260 

782 
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Table V: Summary of 68 kj module parameters 


Optical window panel 

Optical aperture (2 window panels) 

Pumped segments (dead space) 

Total amplifier length 
Aspect ratio 
Typical laser fill 

Cathode of a segment 
Pump duration (total) 

Extraction duration 

Input energy into 100 cm x 200 cm 

Output energy from 100 cm x 200 cm 

Fluence on window 

Diode voltage 

Current density at cathode 

Energy stored in one plate 

Transfer efficiency into gas 

Specific pump rate 

Rise time 

Line impedance (to one cathode) 

Self magnetic field 

Initial / final anode-cathode gap 


100 cm x 100 cm 

100 cm wide by 267 cm high 

4 x 48 cm (48 cm) 

356 cm 

3.6 

0.8Amag. Ar, 30% Kr, 0.6% F 2 
48 cm wide by 100 cm high 
300 nsec 
250 nsec 
700J 

68 kJ (73kJ calculated, 7% contingency) 

3.4 Jcm-2 
800 kV 
68 A cm* 2 
83 kJ 

0.7 

800 kW cm-3 
55 nsec 
2.56 Q. 

1.7 kG 

5.5 cm / 4.9 cm 
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Total mirror area = 6.4 x 10 6 cm 2 Total lens and window area = 3.5 x 10 6 cm 



Table VII: Parameters in ASE calculations 



Nike 

136 kJ Beamline 

Beamline Energy 

5 kJ 

136 kJ 



(four beams on target) 

Pulse duration 

176 nsec 

250 nsec 

Driver amp gain 

56 

67 

Driver amp Output 

80J 

2,000J 

Beamsplit/Overfill factor T 0.5 

0.63 


(time doubling) 

(overfilling and attenuation) 

Beamlet count 

44 

36 

Dimension of main 



amp feed array mirror 

12 cm 

15 cm 

Main amp gain 

60 

100 

Focal length 

6 m 

7.5 m 

ASE brightness at driver amp exit 


(W cm* 2 sterad -1 ) 

1.13x106 

1.34x106 

Ray trace ASE fluence 

44 mJ cmr 2 

- 

Analytic ASE fluence 

53 mJ cm- 2 

145 mJ cm* 2 



(580 mJ cm -2 for 64 beams 



on spherical target) 



• 

Table VIII: Comparison of Facilities 

Parameter 

LANL LMF 

NRL 


Primary illumination geometry 

Dec 1991 

Two-ended Conical 

June 1996 

Spherical 

• 

Energy on target 

3.0 MJ 

2.0 MJ 


Pulse (FWHM) 

6.75 nsec 

7.00 nsec 


Amplifier duration 

1080 nsec 

250 nsec 

• 

Number of multiplexed beamlets 

160 

36 


Pump rate 

190 kW cm-3 

800 kW cm-3 


Module energy 

380-412 kJ 

68 kJ 

• 

Fluence on final lens 

5 J cm* 2 

4 J cnr 2 


Total area of mirrors 

8.2 x 10 6 cm 2 

6.4 x 10 6 cm 2 


Typical optical path length 

900 m 

260 m 

• 

Helium volume 

150,000 m3 

28,000 m3 


Area of building 

20,000 m 2 

6,500 m 2 


Volume of building 

482,000 m3 

230,000 m3 

• 

Facility Total Cost Estimate (same basis) 

$1,059m (1996) 

$950m (1996) 


# 
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Table IX. Summary of Cost Elements for 2 MJ KrF Laser Facility. 


WBS 

Item 

(1992) 

(1996) 



($m) 

($m) 

2.0 

Site Improvements and Utilities 

* 


2.1 

Site improvements 

1.95* 

2.24 

2.2 

Utilities 

4.21* 

4.84 

3.0 

Support Facilities 



3.1 

Driver dependent facilities 




3.1.1 Driver buildings 


52.30 


3.1.2 Target building 


22.08 


3.1.3 Support buildings 


5.00 

3.2 

Driver Independent facilities 




3.2.1 Target fabrication building 

2.76* 

3.17 


3.2.2 Office 

10.33* 

11.88 


3.2.3 Laboratory 

4.80* 

5.52 


3.2.4 Shops 

3.25* 

3.74 


3.2.5 Warehouse 

3.89* 

4.47 


3.2.6 Security building 

0.30* 

0.35 

3.3 

Support Equipment (oil, DI, gas, shop, etc) 


15.00 

3.4 

Radioactive waste storage and disposal 

5.20* 

5.98 

4.0 

Driver 



4.1 

Laser systems 




4.1.1 Main Amplifiers 


226.24 


4.1.2 Driver Amplifiers 


25.44 


4.1.3 Front End 


4.88 


4.1.4 Optics 


132.92 


4.1.5 Helium Equipment 


5.00 

4.2 

Driver Diagnostics 


14.90 


4.3 


Vendor Facilitization 


10.0 



Table IX, continued 




WBS 

Item 


(1992) 

(1996) 

5.0 

Experiment area equipment 





5.1 Target chamber 



8.98 


5.2 Diagnostics 



17.25 


5.3 Target assist equipment 



5.00 


5.4 Other 



15.00 

6.0 

Support systems (computers/DaQ) 



15.00 


Subtotal 



617.18 

1.6 

Construction management* 

3.00% 


18.51 


Total field cost 



635.69 

1.0 

Project office 




1.1 

Management and administration* 

3.50% 


22.25 

1.2 

Systems engineering* 

6.00% 


38.14 

1.3 

Design engineering* 

6.00% 


38.14 

1.4 

Title HI engineering* 

1.50% 


9.54 

1.5 

Procurement* 

1.00% 


6.36 

1.7 

ES&H Management* 

0.50% 


3.18 

1.8 

Quality Assurance* 

1.00% 


6.36 


Total project office 



123.97 


Contingency* 

25% 


189.91 


Total 


$825M 

$950M 




(1992) 

(1996) 
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Figure 1 
Figure 2 

Figure 3 

Figure 4 
Figure 5 
Figure 6 
Figure 7 
Figure 8 

Figure 9 
Figure 10 

Figure 11 
Figure 12 

Figure 13 
Figure 14 
Figure 15 


Floor plan of 2.0 MJ KrF laser facility 

Plan and elevation of one side of 2 MJ KrF laser facility showing 
major structural elements 

Floor area of 2MJ KrF laser facility under various assumptions for the 
multiplexed beamline energy 

Algorithm coupling kinetics and optical propagation 

Comparison of experiment and theory for Nike 60cm amplifier 

Side views of segmented square cross section amplifier 

Output energy as a function of segment gap 

Effect of segmentation of constant power electron beams. Double pass 
amplifier of 100cm x 100cm cross section, mix 0.8 Amag (Ar, 30% 
Kr, 0.6% F2), duration 250 nsec and input 140 kW cm* 2 (350 J). The 
specific pump rate depends on the dimension of the pumped segments. 

Plan and elevation of 68 kJ module, showing overall dimensions 

Detailed plan of diode region. (Note pumped segments = 48 cm = 
spaces) 

Detailed elevation of diode region 

Bushing/switch, (a) mechanical, (b) electrostatics before switching, 

(c) electrostatics after switching and (d) after switching detail showing 
grad increments. 

Current, voltage and power for 75 nH case. Note, two diodes per 
column. 

Schematic of time and angle multiplex system. Distances and optics 
for 136 kJ beamline 

Layout of 136 kJ beamline 













Figure 16 
Figure 17 
Figure 18 
Figure 19 

Figure 20 
Figure 21 

Figure 22 

Figure 23 

Figure 24 

Figure 25 

Figure 26 

Figure 27 
Figure 28 


View down 136 kJ beamline from 4 x lm 2 amplifier apertures toward 
feed and recollimation arrays. 

Schematic of amplifier front end. Not consistently to scale. Vertical 
scale enlarged for clarity. 

Layout of "front end" in sub-floor and relationship to driver and main 
amplifiers 

Relative distribution of rays from 0.24cm diameter incoherent front 
end source on one quadrant of 18cm x 18cm final lens. Resolution is 
lcm x 1cm. Center of lens is at top left 

Cumulative mirror area vs characteristic dimension for present 2 MJ 
design and prior 3 MJ design from LANL 

Example of ASE calculations. In this run the output energy was 
maintained constant as the input was varied, with pump rate adjusted 
appropriately 

Illustration of the 3.3 MJ low-isentrope profile and three mod2 
variants with FWHM equal to that of the energy-scaled pulse 

Propagation of laser pulse scaled to 1.8 MJ through segmented 
amplifier, at interpulse separation 6.5 ns 

Illustration of construction of mod2 pulse for a given interpulse 
separation A 

Propagation through segmented amplifier of mod2 pulse based on 6.5 
ns width and baseline shape at 1.8 MJ, separation 6.5 nsec 

Propagation through segmented amplifier of mod2 pulse based on 6.5 
ns width and baseline shape at 1.0 MJ, separation 6.5 ns 

Illustration of illumination symmetry calculation 

Unit array of 36 final focusing lenses. One of 64 similar arrays on 
target chamber. Target energy handled by one array = 31 kJ 




2 x 68 kj amplifier modules per 136 kj beamline 
4 beamlines per floor. 

4 floors each 6,500 sq. m (70,000 sq. ft). 



Floor Plan of 2.0 MJ KrF Laser Facility 
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Figure 2 Plan and Elevation of one side of 2 MJ KrF Laser Facility showing major structural elements. 
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Figure 3 Floor area of 2 MJ KrF laser facility under 
various assumptions for the multiplexed beamline energy. 


Floor Area of 2.0 MJ Facility 
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Figure 4 Algorithm coupling kinetics and optical propagation 
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Figure 5 Comparison of experiment and theory for Nike 60cm amplifier 
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Figure 6 Side views of segmented square cross section amplifier 
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50 —| Two pass amplifier energy vs gap between segments 
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4 x 76 cm segments, 20 cm gaps, 0.51 MW cm-3, output 37.5 kJ 



4 x 56 cm segments, 40 cm gaps, 0.70 MW cm-3, output 37.8 kJ 




4 x 48 cm segments, 48 cm gaps, 0.82 MW cm-3, output 37.3 kJ 



Figure 8 Effect of segmentation of constant power electron beams. 

Double pass amplifier of 100 cm x 100 cm cross section, mix 0.8 Amag 
(Ar, 30% Kr, 0.6% F2), Duration 250 nsec. Input 140 kW cm-2 (350 J). 
The specific pump rate depends on the dimension of the pumped segments. 

















































































































































































































elevation of 68 kJ module showing overall dimensions 




















































(Note: pumped segments-= 48 cm = spaces). 


Figure 10. Detailed plan of diode region. 
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of diode 




























Figure 12. Bushing switch (a) mechanical and (b) electrostatic before switching. 
























100N10: SW°75nH@l.65us, PEAKER=20ns. lohm. RDI0D=5.5cm@ 100N1D: SW=75nH@l.65us. PEAKER=20ns. lohm. RDI0D=5,5cm8 



Figure 13. Current, voltage, power for 75 nH case. Note two diodes per column. 





Spherical reflectors (concave) 
R = 45.0 m 15cm x 15cm 


Pockels Cells (36) 
aperture 15cm x 15cm 


to Beamsplitters Feeding 
15 other Driver amplifiers 
(30 J to each) 



15cm x 15cm 


Time- and Angle- coded 
pulses. 10J total energy in 
36 beamlets, 7nsec spacing 
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Preamplifier (500J) 
D3 


Driver Amplifier (2kJ) 
Spherical concave R = 64.0m 
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(intermediate focus! 


Main Spherical 
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(4 mirrors) 
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Encoder elements 
15cm x 15cm 
3x12 array 

Driver-Amp Feed Array 
plane 15cm x 15cm 


Main Feed Array. 

Spherical convex R = 6.0m 
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Figure 14 Schematic of time and angle multiplex system. Distances and optics for 136kJ beam line 








Re-collimation arrays 



Figure 15 Layout of 136 kJ beamline 
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yout of "Front End" in sub-floor and relationship to driver and main amplifiers 
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Figure 19 Relative distribution of rays from 0.24 cm diameter incoherent front 

end source on one quadrant of 18 cm x 18 cm final lens. Resolution is # 

1 cm x 1 cm. Center of lens is at top left. 





Cumulative Mirror Area (cm ) 



Figure 20 Cumulative mirror area vs characteristic dimension for present 2MJ 
design and prior 3MJ design from LANL. 




Axial ASE at exit (W cm ^sterad* 1 ) 
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Figure 21 Example of ASE calculations. In this run the output energy was maintained 
constant as the input was varied, with pump rate adjusted appropriately. 
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Figure 23 Propagation of laser pulse scaled to 1.8 MJ through segmented 
amplifier, at interpulse separation 6.5 nsec. 
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Figure 27 Illustration of illumination symmetry calculation. 








Deep rib structure to carry pressure load 



Figure 28 Unit array of 36 final focusing lenses. One of 64 similar arrays 
on target chamber. Target energy handled by one array = 31 kJ 
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We have used x rays in the 9-15-A band emitted from a solid target of BaF 2 irradiated by -120 ml of 
248-nm radiation in a 650-fs full width at half maximum Gaussian laser pulse to characterize spectros¬ 
copically the resulting ultrashort-pulse laser-produced plasma. The emission was spectrally resolved but 
space and time integrated. By comparing the spectrum with unresolved-transition-array calculations 
and measurements of plasma emission from longer-pulse experiments, it is clear that ions as highly 
stripped as titaniumlike barium are present. We have successfully modeled the observed spectrum by as¬ 
suming an optically thin source in local thermodynamic equilibrium (LTE) and using the super- 
transition-array theory [A. Bar-Shalom et al Phys. Rev. A 40, 3183 (1989)] for emission from a hot, 
dense plasma. The model indicates that the emitting region is at comparatively low temperature 
(200-300 eV) and high electron density (10 23 —10 24 * cm” 3 ). The degree of agreement between the model 
and the measured spectrum also suggests that the emitting plasma is near LTE. We conclude that the 
emission in this band arises from a solid-density plasma formed early in time, and is thus localized in 
both space and time. This interpretation is reinforced by LASNEX [G. B. Zimmerman and W. L. Kruer, 
Comments Plasma Phys. Controlled Fusion 11, 51 (1975)] simulations that indicate that emission in this 
band closely tracks the laser pulse. 

PACS number(s): 52.50.Jm, 32.30.Rj, 52.70.La 


Ultrashort-pulse laser technology, providing subpi- analyses have encountered ambiguities owing to the long 

cosecond pulse lengths and power densities of up to 10 19 time scales involved in the atomic kinetics [4,7] and have 

W/cm 2 from table-top systems, has significantly expand- involved short-pulse energy deposition in plasmas pre- 

ed the field of laser-produced plasma research. Applica- formed by an amplified-spontaneous-emission (ASE) 

tions presently under investigation include x-ray lasers prepulse and consequently emitting at much lower than 

[1], ultrashort-pulse x-ray flashlamps [2], and the study of solid density [4,7,8]. 

the laser-matter interaction at high density and tempera- In the absence of sufficient instrumental time and space 
ture [3]. Progress in these and other directions depends resolution, it is important to explore spectral signatures 

on understanding x-ray production in ultrashort-pulse that can be correlated with localized plasma conditions, 

laser-produced plasmas. Unfortunately, experimental in- Recently, Zigler et al. [5] measured intense x-ray emis- 

vestigations have generally been compromised by the lack sion from ultrashort-pulse laser-produced barium plas- 

of time- and space-resolved information. Broadband mas, formed without an ASE prepulse [9], at or near the 

measurements have put the duration of the x-ray burst at maximum possible intensity. We have analyzed this spec- 

less than 2 ps, for a 100-fs-long laser pulse [2], but, in trally resolved, but space- and time-integrated, emission 

general, time resolution has been sufficient only to put in the 9-15-A band created by 650-fs full width at half 

upper bounds on the duration of x-ray emission [4], maximum (FWHM), 248-nm, KrF-laser pulses on solid 

Pinhole cameras have yielded images of the emitting plas- targets of BaF 2 . Time scales for the atomic kinetics of 

mas with resolutions down to about 5 fim [4,5], but this is highly stripped barium should be short enough to remove 

insufficient to resolve a transient, solid-density plasma ex- atomic transients from the analysis. From the spectrum, 

pected to extend over less than 500 nm, based on the ab- we have been able to characterize the charge-state distri- 

sence of hydrodynamic motion and measurements of heat but ion, temperature, and density of the emitting plasma, 

front penetration [6], Prior attempts to characterize For the latter two quantities, we have used the super- 

these plasmas based on spectroscopically-resolved mea- transition-array (STA) theory for heavy-element emission 

surements have been limited to estimates of electron den- from plasma in local thermodynamic equilibrium (LTE) 

sity using line broadening [4,7] in light elements. These [10]. This method of spectral simulation is essential for 
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analyzing the quasicontinuum emission of many-electron 
systems at high density, in distinction to the simpler line 
spectra encountered in light-element plasmas even under 
ultrashort-pulse irradiation. Our conclusion is that this 
emission arises primarily from a cool, near-solid-density 
region, rather that from the hot, expanding corona, in 
contrast to the light-element emission seen in prepulse ex¬ 
periments [4,7,8]. This interpretation is supported by hy¬ 
drodynamic simulations that further confirm that the 
emission is local in time. 

The KrF laser for these experiments had a pulse width 
of 650 fs and an energy of 120 mJ, yielding a peak power 
of 200 GW and an average power density of ~10 
W/cm 2 . A 20-mJ prepulse was spread over -20 ns. A 
detailed description of the laser system has been present¬ 
ed elsewhere [11]. The laser beam was focused onto a 
planar rotating target with a plano-convex //10 CaF 2 
lens. Several positions of the focusing lens were selected 
in order to vary the incident peak laser intensity. The 
x-ray emission from the target was collected by a flat po¬ 
tassium acid phthalate crystal (2d — 26.6 A) spectrome¬ 
ters using Kodak DEF film. The calibration is described 
in Ref. [5]. Each spectrum was produced by 25 laser 
shots. Shot-to-shot variations in laser intensity were typi¬ 
cally smaller than 10%, but could be as large as 50%. 
Ten shot averages always varied by less than 10%. The 
BaF 2 target was chosen since it is sufficiently transparent 
to low intensities of the uv laser that no prepulse plasma 
is formed [9]. Figure 1 shows the spectrum obtained with 
a laser intensity of 5X10 15 W/cm 2 . Figure 2 shows the 
spectrum, previously reported in Ref. [5], obtained at 
—10 17 W/cm 2 . 

We turn now to analyzing the spectrum and plasma 
conditions. The lower trace in Fig. 1 shows an 
unresolved-transition-array (UTA) calculation [12] of the 
3d-4 / transitions in charge states of barium from scandi¬ 
umlike through nickel-like. Comparing with this calcula¬ 
tion, it is clear that the quasicontinuum emission in the 



Wavelength (A) 

FIG. 1. Space- and time-integrated x-ray spectrum emitted 
by a barium plasma formed by ultrashort-pulse irradiation with 
5 X10 15 W/cm 2 at A=248 nm. The vertical axis is intensity, in 
units of 5X10 15 eV/sr A. The narrow lines at long wavelength 
are fluorine He-0 and H-a. The lower trace is a UTA calcula¬ 
tion of the 3d-4 f transition arrays in charge states of barium 
from\ scandiumlike through nickel-like. The calculated posi¬ 
tions \of these transition arrays indicates these same charge 
states Contribute to the measured spectrum. 



Wavelength (A) 


FIG. 2. Same as Fig. 1, but for an irradiation intensity of 
- 10 17 W/cm 2 . (From Ref. [5].) 

measured spectrum arises from the same charge states. If 
near-coronal conditions are obtained in the emitting plas¬ 
ma, this implies a fairly high temperature, on the order of 
1 keV. On the other hand, if emission arises primarily 
from a near-solid-density plasma, conditions can be near¬ 
er LTE, and much lower temperatures are required. In 
fact, assuming Saha equilibrium, at solid density a tem¬ 
perature as low as 100 eV will strip barium beyond 
nickel-like. The almost complete absence of structure in 
the measured spectrum, as contrasted, for example, with 
the distinctive non-LTE, long pulse (4.5 ns) laser- 
produced plasma spectrum [13] in Fig. 3, supports the 
latter hypothesis, since, at high density, multistep col- 
lisional processes populate a huge array of states never 
sampled under non-LTE conditions, and these satel¬ 
lites” fill in the spectrum. In Fig. 3, emission from 
specific charge states of barium have been identified using 
Cowan’s atomic structure computer code [14]. 

We have modeled the barium spectrum shown in Fig. 
1, assuming that it is emitted by an optically thin plasma 
in LTE. In Fig. 4(a), STA spectra are displayed for bari¬ 
um at normal density (3.5 g/cm 3 ) and a range of tempera¬ 
tures. The solid trace represents a weighted sum of the 
emission at the several temperatures shown. The weights 
were chosen to give a reasonably good fit to the data 
shown in Fig. 1. Though this is not a precise procedure, 
it conveys the essential point that the emission can be 



Wavelength (A) 


FIG. 3. Barium spectrum from a plasma formed by a 4.5 ns 
pulse. Contributing charge states between nickel-like Baxxix 
and scandiumlike Baxxxvi are identified. Characteristically, 
the long-pulse laser-produced plasma is dominated by UTA’s. 
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FIG. 4. (a) STA model for the spectrum in 
Fig. 1. Solid trace is the sum of the spectra ob¬ 
tained for each temperature, weighted by the 
fractions in parentheses, (b) Density depen¬ 
dence of STAtj =3-4 peak position at 200 eV. 
(The intensities for 0.35 and 0.035 g/cm 3 have 
been scaled by factors of 10 and 100, respec¬ 
tively, relative to the normal density trace.) 


well represented assuming a distribution of temperatures 
between 200 and 350 eV, and that the peak emission cor¬ 
responds to a temperature around 225 eV. (Discrepan¬ 
cies between the measured and model spectra are attri¬ 
butable to emission from lower densities—between solid 

# and coronal—and higher and lower temperatures than 
those shown.) 

Note that the position of the peak emission, corre¬ 
sponding in this case to n— 3-4 transitions, is a strong 
function of temperature. In Fig. 4(b), the peak is shown 
to vary with density as well, shifting to shorter wave- 
£ length with decreasing density. Since the model assumes 
LTE, this trend is easy to understand: three-body recom¬ 
bination is suppressed at lower densities, leading to a 
more highly ionized charge-state distribution and, thus, 
more energetic bound-bound transitions. The model, 
then, strongly suggests that LTE emission from lower 
£ density regions does not contribute appreciably, since 
these regions are almost certainly at higher temperature' 
than the normal density plasma. 

Based on general features of the measured spectrum 
and the fit obtained in the STA model, we conclude that 
emission in the 9-15-A band is dominated by radiation 
from a normal density plasma at a temperature between 
® 200 and 300 eV. The data is consistent with this plasma 

being in LTE, and optically thin. Emission from lower- 
density, higher-temperature regions is not apparent, and 
is not required to explain the observations. 

A cool, dense emitting plasma is formed early in time 
by skin-depth absorption and a thermal wave propaga- 

• ting into the solid material. If the region does not ablate 
during the laser pulse, but remains at high density, it will 
rapidly recombine once the drive is off, effectively localiz¬ 
ing the emission in space and time. If, on the other hand, 
the plasma ablates before it recombines through the M 
shell, the drop in density will “freeze” a charge-state dis- 

^ tribution reflecting LTE at low temperature and high 
density, and emission will be nonlocal, persisting into the 
corona. Such coronal emission ought to contribute struc¬ 
ture on top of the high-density background. Since the 
spectral measurement integrates over all time, even weak 
emission, if persistent, could easily swamp the early-time 
component. Although there are hints of this structure in 


the data, it clearly does not suggest appreciable late-time 
or coronal emission. 

We must also consider the possibility that, though 
emission comes from a high-density plasma localized ear¬ 
ly in time, there is insufficient time for the charge-state 
distribution to equilibrate. Our LTE model is hardly ap¬ 
plicable in this case, and the temperature inferred thereby 
will be incorrect. It is difficult to dispose of this possibili¬ 
ty without supplementing the spectral evidence with a 
simulation of the experiment. But we can, at least, check 
the consistency of the LTE hypothesis by comparing col- 
lisional ionization times with the ~l-ps pump duration. 
Assuming T e ~250 eV and solid density, and using the 
Lotz formula [15], the total LTE ionization rate for an 
n ~3 electron of nickel-like barium is ~6X10 -11 
cm 3 sec *, indicating that electron densities of only 
~2X 10 22 cm 3 , well below that of the solid, are needed 
at this temperature. 

Our assumptions and conclusions are substantiated by 
simple hydrodynamic simulations. We simulated the ex¬ 
periment in one dimension, with an incident laser flux of 
5X10 W/cm 2 and 30% absorption, using the Lagrang- 
ian hydrodynamic code LASNEX [16], with hydrogenic, 
non-LTE average-atom atomic physics (XSN) [17]. Laser 
energy was deposited by both inverse bremsstrahlung and 
resonant absorption at the critical surface, N c = 1.6X 10 22 
cm 3 . We found that assuming 30% absorption at N c 
best reproduced the observed position of the Ba emission 
maximum at about 12.5 A. Resonant absorption is re¬ 
stricted to the ablated corona, where suprathermal elec¬ 
tron temperatures of several keV, and fractions as high as 
95% are generated [18]. The thermal electron tempera¬ 
tures, however, do not exceed 350 eV, as shown in Fig. 
5(a), and peak just after the peak of the laser pulse at 1 
ps. Note that peak temperatures are reached later for 
deeper zones, owing to thermal transport. Figure 5(b) 
shows that the electron density rises initially in each 
zone, as the plasma is heated and stripped, then drops as 
the material expands. 

In Fig. 6, we plot integrated radiant energy output as a 
function of time in the band from 900 to 1100 eV. Evi¬ 
dently, over 80% of the emission into this band takes 
place in the first 4 ps following onset of the pump; at the 
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Ttott(ps) 


FIG. 5. As predicted by lasnex, (a) the 
thermal electron temperature and (b) electron 
density, as functions of time, in a series of La- 
grangian zones: K is the front surface of the 2 
fx m target; F, E, and D are, respectively, 0.02, 
0.05, and 0.12 fim deep initially, and B is at 0.7 
fim. These zones are chosen to represent three 
regions: the blow-off plasma {10; the emitting 
plasma (F,E,D) at ~ 100-1000 A, heated by 
thermal transport; and a deeper region, > 1000 
A, that does not participate in the emission or 
ablation. 


emission peak, ~ 1000 eV, the figure is over 90%. Local¬ 
ization of the emission in this band in both space and 
time is further demonstrated in Fig. 7. Finally, at the 
time of peak emission (2 ps), in zones D, E, and F, 
LASNEX predicts mean occupancies of the M shell of 17.8, 
16.9, and 16.2 electrons, respectively. The corresponding 
LTE values, also calculated by LASNEX, are 17.6, 17.3, 
and 16.4. . 

In conclusion, we have observed x rays in the 9—15-A 
band emitted from a solid target of BaF 2 irradiated by 



TItmQm) 


FIG. 6. Radiated energy (arbitrary units) as a function of 
time at 1000, 1050, and 1100 eV. The global emission peak is 


between 1000 and 1050 eV. 


-100 mJ of 0.25 fim, KrF, light in a 650-fs FWHM 
Gaussian laser pulse. We have successfully modeled the 
observed spectrum using the STA theory and concluded 
that the emitting region is at comparatively low tempera¬ 
ture (200-300 eV) and high electron density (lO^-lO 24 
cm -3 ), and is localized in both space and time. This in- 



FIG. 7. Emission in arbitrary logarithmic units at 1080 eV 
and, inset, at 1020 eV, as a function of time in zones K, F, 2s, D, 
and B. The emission is highly localized in space and time. 
Emitting zones have temperatures of 200-300 eV, and electron 
densities of -3X10 23 cm -3 . The inset abscissa also covers the 
time range from 0 to 20 ps. 
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terpretation is reinforced by lasnex simulations that in¬ 
dicate that emission in this band closely tracks the laser 
pulse. We expect to be able to apply an understanding of 
this localization to develop spectroscopic diagnostics for 
ultrashort-pulse laser-produced plasmas. 
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We present the extension of the supertransition-array (STA) theory to include configuration widths in 
the spectra of local thermodynamic equilibrium (LTE) plasmas. Exact analytic expressions for the mo¬ 
ments of a STA are given, accounting for the detailed contributions of individual levels within the 
configurations that belong to a STA. The STA average energy is shifted and an additional term appears 
in its variance. Various cases are presented, demonstrating the effect of these corrections on the LTE 
spectrum. 

PACS number(s): 52.25.Nr, 32.90.+a 


L INTRODUCTION 

The supertransition-array (STA) model for calculation 
of atomic spectra under local thermodynamic equilibrium 
plasma conditions was presented in Ref. [1] (hereafter 
denoted as I). The model accounts for all possible 
bound-bound and bound-free radiative transitions. It 
divides the set of all accessible configurations into sub¬ 
sets, or superconfigurations. Each superconfiguration 
comprises configurations that are similar in energy. The 
transition array between two superconfigurations is 
represented by a Gaussian distribution of spectral 
strength called a supertransition array. Thus a STA can 
be considered a collection of unresolved transition arrays 
(UTAs) [2,3] where, as is usually defined, each UTA 
represents the set of level-to-level transitions between a 
pair of configurations. 

The first three moments of a STA—total intensity, 
average energy, and variance—can be calculated exactly 
using an analytic technique that bypasses the direct sum¬ 
mation over all the UTAs it comprises. A convergence 
procedure is used [4,5] to successively better approximate 
the detailed structure of the spectral distribution. Each 
STA is iteratively divided into a number of smaller STAs 
as described below. The end point of this process, of 
course, is reached when each STA contains a single UTA. 
In practice, it is never necessary to carry the procedure 
past a few iterations to obtain an excellent approximation 
to the UTA spectrum. 

In I, the STA moments were calculated neglecting the 
energy splitting within configurations, i.e., in the approxi¬ 
mation of vanishing UTA widths. In this case each UTA 
is represented by a single line. Recently, several publica¬ 
tions have appeared presenting STA results [4-6] and 
comparing with experiments [7,8], These works have in 
fact been based on an improved model that already in¬ 
cludes UTA widths, as well as additional improvements. 
However, these theoretical developments have not yet 
been presented. 

In this paper we present the STA theory accounting 


for UTA widths and shifts. This involves deriving the 
analytical expressions of the STA moments that explicitly 
take into account individual level-to-level contributions 
rather than the configuration averages used in I. 

In the next section we reintroduce the concepts and 
definitions required in the STA model. In Sec. Ill, we 
rederive the STA moments, taking into account the indi¬ 
vidual levels of each superconfiguration, and obtain addi¬ 
tional terms representing the energy splitting within 
configurations. Examples with and without UTA width 
effects and comparisons with recent experiments are 
presented in Sec. IV, showing that the UTA widths and 
shifts significantly affect the spectrum. A discussion and 
a summary are given in Sec. V. 

H. THE BOUND-BOUND SPECTRUM 

The spectral distribution S(E) of transition strength 
between bound atomic levels gives the probability per 
unit length for absorption (or emission) of a photon of en¬ 
ergy E per unit of energy. In the following we will treat 
absorption: emission is obtained simply by multiplication 
with the Planck function. 

The set of bound-bound transitions may be divided into 
subsets G such that 

S(E)=2S g (E) , ( 1 ) 

G 

where 

S g (E)= 2 NiWijPylE-Eij). (2) 

ijeG 

N ( is the density of atoms in the lower level i and w^ is 
the absorption transition probability to level j. 


where is the absorption oscillator strength and 
Pij(E — E (J ) is the normalized line shape of the transition, 
centered at the transition energy =Ej—E t . 
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The total intensity, the average energy, and the vari¬ 
ance of the group of transitions G are given by, respec¬ 
tively, 

I G = f S G (E)dE = 2 > (4) 

i T j £ G 


E G = 


/ S G (E)EdE 

t g 


2 NjWjjEjj 
i,j€G _ 


I G 


(5) 


(A£ g ) 2 = 


JS G (E)(E-E G ) 2 dE 


=Al + A 2 P 


( 6 ) 


In Eq. (6), 



2 N'WylEg-Eei 1 

i,jGG _ 


h 


(7) 


and 

Ap = J P(E —E)(E —E) 2 dE (8) 


is the variance of the single line shape profile assumed 
equal for all the transitions ij in G. 

With the moments of S G we could present the group of 
neighboring lines G as a Gaussian. This, however, has 
two drawbacks: (i) This approach hides the non- 
Gaussian profile of the individual line obtained by convo¬ 
lution of the Doppler and collisional profiles and (ii) the 
variance A j> may be infinite, as is the case when a 
Lorentzian contribution is important. Instead, we use 
the moments J G , E G> and A G to construct the distribu¬ 
tion of the line centers in G as the Gaussian: 


r (e-e g )* 


Ic 


E-E g 

2 

V2vL g “ P 

2 

A G 



(9) 


In order to describe correctly the contribution of the in¬ 
dividual lines to the spectrum we define S G by convolu¬ 
tion of this Gaussian with the individual line shape P (ap¬ 
proximated in our code as a convolution of doppler and 
Lorentzian collisional profiles, i.e., a Voigt function) 

S G (E)= f T(E'-E G )P(E-E')dE' . (10) 

This representation of the spectrum of G keeps the non- 
Gaussian contribution of the individual line shape and 
has the same moments as S G of Eq. (1). 

Equations (4)-(6) for the moments include detailed 
summation over all the level-to-level transitions in G. 
The detailed transition energies (which were averaged 
over configurations in I) will be retained in the analytic 
derivation presented in the next section. 

So far the theory relates to an unspecified group G of 
neighboring lines. In the STA model we are dealing with 
such well defined groups, i.e., the ST As, having the ad¬ 
vantage that their moments can be derived analytically. 
In the next section we derive exact analytical expressions 
for the STA moments including energy splitting within 
configurations. 


IH. EVALUATION OF THE SPECTRAL MOMENTS 
BY SUMMATION OVER LEVELS 

In the STA model one such group G is the collection of 
transitions originating from a specific superconfiguration 
by a specified one electron jump. A superconfiguration E 
is a collection of ordinary configurations defined symboli¬ 
cally by the product over supershells <r, 

H =n <jQa ■ ai) 

a 

A supershell, in turn, is the union of energetically adja¬ 
cent ordinary atomic subshells s = } s =n 5 l s j s . In Eq. (11) 
the superconfiguration is constructed by distributing the 
Q a electrons occupying supershell a among the subshells 
in all possible ways subject to ^Qo : 

2 Uh s ( 12 ) 

Clearly, each partition of Q a in Eq. (11) is an ordinary 
configuration and the particular one-electron jump from 
this configuration results in another configuration. The 
transitions between the two configurations constitute an 
UTA. 

The convergence procedure mentioned above splits 
supershells to smaller supershells according to their ener¬ 
gy spread. For each superconfiguration in its turn, at 
each step, supershells that give rise to relatively well- 
separated configurations are preferentially split. The de¬ 
tailed structure of the spectrum is thus gradually re¬ 
vealed, yielding a converging spectrum or any other cri¬ 
teria, such as the Rosseland or the Planck means. The 
process terminates when a dictated change in these quan¬ 
tities is reached. 

The STA model makes the essential approximation 
that the plasma is hot enough that the Boltzmann factor 
for the level population does not vary significantly over 
an ordinary configuration. This approximation is identi¬ 
cal to that adopted in the UTA model of Bauche- 
Amoult, Bauche, and Klapisch [2,3]. However, this 
would not be a good assumption for a superconfiguration 
and the variation of the Boltzmann factor from one 
configuration to another is accounted for in the STA 
model. 

Another essential point is related to the dependence of 
the oscillator strength / y on the transition energy E)j be¬ 
tween the corresponding two levels. This transition ener¬ 
gy can always be written as 

E u =E G +AE ij , (13) 

where A E V} is the deviation from the average STA ener¬ 
gy. We have found that the dependence of on A E^ 
can be dealt with by modifying the Voigt function of Eq. 
(10). (However, since the derivation of this modification 
is nontrivial and its effect is negligible, it is not presented 
in this paper.) Thus in the calculation of the STA mo¬ 
ments, f tJ depends only on E G> 

fi J (E ij )~f ij {E G ) . (14) 

The explicit dependence of the moments on Ey is of 
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course retained. 

It can be shown from Eqs. (4)-(7) and (11) that the mo¬ 
ments of a STA that contributes to the one-electron jump 
from orbital a to orbital /J(a=)3, a=j a =n a / a y a * ’ ‘ ) 
are given in terms of the moments of the UTAs it 
comprises with no approximation: 

I G = 2 N c w^ , (15) 

CGE 


2 NcW^E^ 

r CGE 

e g = - } - , (16) 

Iq 

A c = 2 2 N i w ij (E iJ -E' c '#'+EF } '-E G ) 2 /I G 
cee tec 
jtc 

= a'2 j.sta'2 


=A^+8[AJ] , 


(17) 


with 


A2- 


2 Ncw^He^) 2 

^—r --(^ 6 ) 2 




2 NcW^iA^) 2 


(18) 

(19) 


In Eqs. (15)—(19) the summations are over UTAs 
represented by the initial and the final configurations C 
and C' connected by the orbital jump a=>f}. The quan¬ 
tities 


“c^TT 2 2 wu> n c = 2 N t 


N. 


c i € c jec 


( 20 ) 


iec 


2 N i 2 w u E ij 

j? ( ap) ^ je c r 


and 


( A ( r^ ] ) 2 = 


N c w^ 

2 N t 2 w^Eij-E^) 2 


( 21 ) 


_ iec jec 


N c w£ 


(aP) 


( 22 ) 


are precisely the first three UTA moments. These were 
evaluated analytically by Bauche-Amoult, Bauche, and 

♦ Klapisch [2,3], assuming statistical distributions 
Ni/Nc^gj/gc where g, and g c are the statistical 
weights of level i and configuration C, respectively. The 
results were obtained in terms of the occupation numbers 
of C and radial integrals. A compact presentation of 
these results is presented, for the case of orthogonal or- 

# bitals, in Appendix A. Equation (19) gives the correction 
to the width of the STA owing to the widths of the UTAs 
it comprises. The term (A^) 2 was neglected in I. In ad¬ 
dition to this correction in the STA width, it is important 
to note (see I) that the effect of individual lines in Eq. (21) 
includes the UTA shift of Eq. (A4) and by substitution in 

^ Eq. (16) these UTA shifts cause a global shift in the STA 

average energy. 

Since the analytic expressions for the UTA moments 
do not depend on individual ij levels, substituting them 
into Eqs. (15)—(17) replaces the sum over levels in Eqs. 
(4)-(6) with sums over configurations (i.e., occupation 


numbers).. But the number of terms in these summations 
is, in general, still enormously high. To overcome this 
difficulty we use the same mathematical techniques 
developed in I. (i) Using binomial relations we first ex¬ 
press the moments as generalized partition functions, 
which still include the summation over occupation num¬ 
bers. (ii) Recursion formulas are then derived, without 
approximations, for the generalized partition functions 
that bypass the need for direct summation over occupa¬ 
tion numbers. Details of this procedure are given in Ap¬ 
pendix B; the results are summarized below. 


A. Total STA intensity 


The total intensity is not affected by the UTA widths 
and the result is as in I: 


I G =b(N/U X0X )X a g a ge 


nu Q i g«) 


2( e g> 


2k— 1 


Ja * Jp 


1 o 

2 u 


(r^) 2 


(23) 


where 


b 


Su^eciQ 

3AV 


k is the rank of the transition multipole (in most cases di¬ 
pole k— 1 is sufficient), and the statistical weight of shell s 
is g s =2j s +1. The Boltzmann factor X s is 


X=e 


-Uz s -n)/kT\ 


(24) 


where e s is the energy of orbital s and is the chemical 
potential. The quantity is the relativistic radial in¬ 
tegral for the electron jump a=/?, 


Q'a=Qc 


$a<7 = 


1, aGa 

0 , (25) 

g°^ is the set of modified orbital statistical weights with 

(26) 


gf=g s ~b sa -b se , 


for orbital s (here 8 is the Kronecker delta), and 

U Q ig)m 2 
ies 


(27) 


is the partition function of the superconfiguration E oc¬ 
cupied by Q electrons. N and U Xox are, respectively, the 
total number density and the partition function of the 
system. 


B. Average STA transition energy 
The average energy is given by 

(28) 

a 

where for the supershell a 
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2 r n w)u Q - n (g af} ) , 


n =1 


with 

tfuns- 2 gfD' s (-x s ) n 

sea 


and 


d;=d s + 




Va_ 

2jp 


8 E 


*& 


(29) 


(30) 


(31) 


The explicit expressions for the radial one-body and two- 
body parts D 0 = (f}) — (a), D s = (s,f3) — {s,a), and for 
HE,# are given in Appendix A. 



Energy |eV| 


C. STA variance 
The result for the variance is 

4= 2 4,(2)") , (32) 

< 7—1 

Q„ 

A "JD")= 2 ti(D")U Qa - n (g afi )/U Qg (g a f i ) 

n = 1 

-[z&D')] 2 , (33) 

V° n (D")= V <t> a JD')K- m W)+n<K(D' 2 +D" 2 ) , (34) 

m = 1 

where 

(D' 2 +D" 2 ) s =(D' 2 ) s +(D" 2 ) s , 

(D%=D‘ 2 , (35) 

(D" 2 ) s =(gf~l)A 2 , 

where A 2 =(A^) 2 was derived in Refs. [2,3]. A compact 
and convenient presentation for this quantity appears for 
completeness in Appendix A as well. A comparison with 
the results of I shows that the UTA widths are included 
in the STA moments with the replacements D S ^D* in 
the working formulas for the average energy and 
(Z))2 -*(D')j+(D")* in the second term of the variance. 

The equations above are derived in Appendix B on the 
basis of the technique developed in I that assumes 
zeroth-order energies in the Boltzmann factors. This ap¬ 
proximation can be removed by a common correction to 
the STA intensity that converges to the correct first-order 
results in the convergence procedure. This part is beyond 
the scope of the present subject and will be reported else¬ 
where. 

IV. EXAMPLES OF THE UTA WIDTH 
IN PLASMA SPECTRA 

The above analytical expressions were incorporated in 
the STA code and used to calculate the following typical 
spectra. The first example is the spectrum of the 
2p 3 /2-3d 5/ 2 transition array in iron at T = 59 eV and ion 
density 0.0113 g/cm 3 , shown in Fig. 1. This transition 


FIG. 1. Absorption spectrum of the 2p 3/2 -3d 5/2 transition ar¬ 
ray in iron at T~ 59 eV and an ion density of 0.0113 g/cm 3 . 
The heavy and the thin lines describe the spectrum with and 
without the UTA widths, respectively. 


array is the most intense under these conditions. In order 
to demonstrate the effect of the UTA widths we compare 
this spectrum with the one obtained without UTA widths 
as in I. The solid line includes the UTA widths and shifts 
while the thin line does not. We see in this example that 
the UTA width smears some of the structure. 

In a recent experiment [8] the spectrum of the mixture 
0.802 wt. % Fe+0.198 wt. % NaF was obtained at 
T — 59 eV and an ion density of 0.0113 g/cm 3 (the same 
plasma conditions were used in Fig. 1). In Fig. 2 we show 
the calculated and the experimental transmission spectra. 
In this calculation, in addition to the bound-bound transi¬ 
tions we have also included the bound-free and free-free 
transitions as well as scattering. The main features are 



FIG. 2. Total transmission spectrum of the mixture 0.802 
wt. % Fe+0.198 wt. % NaF at T = 59 eV and an ion density of 
0.0113 g/cm 3 (the same plasma conditions were used in Fig. 1). 
The dashed and the dotted lines describe the transmission with 
and without the UTA widths, respectively. The solid line is the 
experimental result. 






4886 


A. BAR-SHALOM, J. OREG, AND W. H. GOLDSTEIN 


51 



1200 1300 1400 1500 1600 

Energy (eV) 


FIG. 3. Total transmission spectrum of Ge at 7=68 eV and 
an ion density of 0.05 g/cm 3 . The dashed and the dotted lines 
describe the transmission with and without the UTA widths, re¬ 
spectively. The solid line is the experimental result. 

dominated by the bound-bound part. The dashed and the 
dotted lines present the calculations with and without 
UTA widths, respectively. The effect of UTA widths is 
obvious here. The third (solid) line in Fig. 2, which is the 
experimental result of Ref. [8], indicates the importance 
of UTA widths. In this case the total Rosseland opacity 
is also measured and within the experimental error agrees 
with the calculated result of the STA model including 
UTA widths, whereas the omission of these widths re¬ 
sults in a discrepancy of about a factor of 2. 

Another experiment reported recently [9] presents the 
transmission spectrum of Ge assumed at 7 = 76 eV and 
an ion density of 0.05 g/cm 3 . In Fig. 3 we compare the 
experimental results with calculations for these plasma 
conditions with and without the inclusion of the UTA 
widths. The calculated spectra here are for 7=68 eV, 
which fits better to the experiment. Again the effect of 
the UTA widths is apparent and the agreement between 
the calculations with UTA widths and the experiment is 
very satisfactory. 

V. DISCUSSION 

In this work we have derived the analytical expressions 
for the STA moments including the effect of the detailed 
level structure within the configurations. In this respect 
the model is therefore equivalent to the detailed term ac¬ 
counting (DTA) approach. However, since it avoids 
dealing directly with levels, it is much faster. In fact, for 
heavier atoms where DTA calculations are impossible, 
the STA model is easily applied. It was shown above that 
the UTA width does not affect the formal form of the 
STA moments and with only an alternative definition of 
the radial quantities this extension, though fairly compli¬ 
cated, is easily incorporated in the numerical code and 
does not increase the required computer time. 

The convergence procedure of the STA method leads 
in this case to the detailed UTA result where each UTA 
is a Gaussian with the UTA variance. This assumes that 
each UTA is completely unresolved. The results of I, on 
the other hand, ignore the UTA widths and are therefore 


equivalent to the detailed configuration accounting ap¬ 
proach. The only assumption, still hidden in our correct¬ 
ed model, is that an UTA is completely unresolved. This 
approximation may overestimate the absorption when the 
number of lines within an UTA is very small so that the 
accumulated width of these lines is smaller compared to 
the UTA width. However, in all the experiments per¬ 
formed so far, as in the examples of Figs. 2 and 3, the 
effect of the UTA widths on the spectra is very important 
in reproducing the accurate absorption. 
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APPENDIX A: COMPACT FORM 
FOR THE ANALYTICAL EXPRESSIONS 

OF THE UTA MOMENTS 

The results obtained by Bauche-Amoult, Bauche, and 
Klapisch [2,3] for the UTA moments can be rewritten in 
a concise form. We present here the results for the case 
where the same set of orbitals is used for the initial and 
the final configurations. Furthermore, we extend the for¬ 
mulas to transitions of the more general case with electric 
multipoles of rank k (not necessarily dipole). The work¬ 
ing formulas are obtained as follows. 

1. The UTA average energy 

The UTA average energy 

E^^E'^+bE'^ (Al) 

includes a shift bE^ from the difference between the 
corresponding configuration energy averages (first order), 

E'^mEc-Ec , (A2) 

E^=D 0 + 2 (q s -Zaa)Ds • (A3) 

J 

The shift is given by 

s E^= 2j a bE( • (A4) 

The radial quantities in (A3) and (A4) are 


D 0 ^D^ = {j e )-( j B >, 

(A5) 

<j s > = <j s l*z>lj s > , 

(A6) 

<jr,j,>°*°(j,,js)-; \ 7 

(A7) 


\jr * 

is l 2 

O 

X 

2 


(A8) 
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where h D is the Dirac single-particle zeroth-order Hamil¬ 
tonian, F k and G k are the Slater integrals, and 

2j a 8E(jl^i a jp)=F ia ' h +G ia ’ h , (A9) 


<j|l c< *’llj'>=(—i y +w 2 [j,j ’] i/2 i o -i n ukn, 

~ \J "T 




\ k Ja Ja U a k Ja 

2 8j a 8ja ]/(• j j I ± 0 —- 

/:#0 even P l J 2 2 

'h k h 1 . . . 
x i o —i ^ (j<J^ > 




WiAr^+D pa * Je 


I o -i G 


depending on the radial orbitals, but not on the shell oc¬ 
cupation numbers. 

We thus notice immediately from (A4) that the UTA 
shift has the same dependence on the occupation num¬ 
bers as in (A3), i.e., 

E^=D 0 + 2> (All) 

S 

with the following substitution: 


and n(/W')=l when 1, k, and /' obey the triangle condi¬ 
tion and l + l’ + k is even, and zero otherwise: 

A 2 ( jjj a » j s +-®j +<?s +^)j + 6 S 


+ 2 s (ap) + Z s (pa ), 


where 


^ J, k {^0) even (2k+l)(2j s + l)(2j v +l) 

x[F fc a.jv)] 2 . 

® v y y ^kk' _1_ 

5 v =aS 7 r 2.k + l (2j s + \)(2j v + 1) 


(2j s + l)(2j v +l) 

XG k (j s ,j v )G k \U v ) - 


e= 2 2 2 2 (~ 1 ^’ 


v=a,P k (=5*0) *' 


jv js k ’ 

is j v k 


D’=D s +\b sa -b sl3 -f- bE 


2. The UTA variance 


(2j s + l)(2j v +l) 

7 ja ja k 1 
5 f 2k + l [Ji1 Jp K\(2j s + \) 


The compact form of the results of Bauche-Amoult, 
Bauche, and Klapisch [2,3] for the UTA variance is 

(A ( c ^>) 2 = 2(<7,— *sa*8s-qs- VA? , (A13) 

5 

where A* depends only on radial integrals but not on oc¬ 
cupation numbers. This general form of the occupation 
numbers dependence as written in Eq. (A 13) is not ap¬ 
parent in Refs. [2,3]. The explicit expressions for A* of 
(A 13) is 

• <*»> 

2 Js °sa °sP 

where A 2 (jJ a ,jJ p ) for s =a,/3 and s¥=a,fi are given 
below for simplicity in terms of the factored radial Slater 
integrals 

F k (iah)=X k (UbsU b ) . 


G*(jjft)=**(j«j6>j<,j,,) > 


where 


X k ( j a h, ic h y = < L \\c ik) \\j c > < h\\c {k) \\j d > 
XA*(j 0 j fc ,j c j d ) , 


X (— 1 +jff+l F k (j s ,j a )F k (j s ,jp) 


k k’ k 

«.=22 2 - , j 

k k . Jp Ja Js 


(2j s + l)(2j a +1)( 2jp+ 1) j 

X_?_(-1 )ja + Jp +l 

X w, + 1)‘ 11 

XG k (Ua)G k '(Up )> 

_ _ f . ..Ah je k 


V s (a(j)=2 2 2 -("I) . 

k¥=0 even k' \Ja J i 


jp Jp k 

x [J, }, k’\ 

(A15 ' x_ 1 _ 

X (2j, + 1) ( ” 

XF*(j J ,j a K7*'(j J ,j <J ), 

and 7(0 a) is the same as 7(a/J) with the interchange 
(A 16) a++(3. For s —a. 
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(A 19) 


APPENDIX B: STA MOMENTS 
INCLUDING UTA WIDTHS 

Equation (13) for the STA average energy reads 

2 n c w^ e w 

E g = — - z - • (Bl) 

I G 

It is seen immediately that the shifted and the unshifted 
average energies (A3) and (All), respectively, have exact¬ 
ly the same occupation number dependence. Since the 
derivation procedure of I operates only on occupation 
numbers, the result for the STA average energy has the 
same form as that of I: 

£ G =.Do+2, (B2) 


e^2»= 2 KU»U Qa - n (g ali )/U Qa (g '*), (B3) 


with the substitution of (A12). The final results 

appear in Eqs. (28)-(31). 

The derivation for the STA variance due to 
configuration widths is more complex. As shown in Eq. 
(17), the correction of the STA variance due to UTA vari¬ 
ances is given by 

2 N c w^H A^ 1 ) 2 

&[*%]=— -:-. (B4) 

Using the relations [1] 
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C ~vjl c I?, \ X - • 


\Ja K 1/3 


w i c a0) =b(E i G ae) ) 2K ~ l q a (gp-qp)X h Q _ij(r$) 2 

I G = 1 

C,C'GG 

together with (A 13) gives, by substitution in (B2), 

r V a2/^ _£ l rr - \ T 


8[Aj]= — 


2 'l^Mr-KaUr-Kf}-<lMa i <gf}-<lfs'> II n X *' 

C r sec l* 1 J 


2?ate/5 00) II q X s* 

c sec l’ 1 


It should be mentioned that the 3 j symbol in Eq. (B6) contains the hidden triangular and the parity conditions 
Ml a ,K,I p ) and l a +K+l e even. Using the binomial relations 


f k-i 


«|qj = S[ g -l]’ (8~q)\ q \=g 

we can follow the steps below: 


g k~i 


\if ! „a 


a'J ] ~ ——— —■ 


2 2 ^ff^-ff,)n 4* itfo?ig?-\)x r 2 n 


K1 

a a 

[*.*] 

qf 

t s 2 n 

CEE 5 

qf . 


CEE V [g 

[tf*l ,« 

V H S 


ar \XV 


^L]gf( g f-\)x r n 2 n 

= _ geS 2 6^,-gq ,6g 1 

pO 

n 2 n q« & 

ff€E 2 se ,* s =fi, se " [q$ J 

where, in general, 

8 ta -8„-8 A -, 

(gated... j s t anc i s f or the set of values for all s, and 

fl, flEcr 

Q?=Qo-K'-h*> 5«a“k agff . < B11 > 




In Eq. (B10) all the terms with the shell r, r€o, cancel 
out from both the nominator and denominator and we 
obtain 

A&V-i^e -i(* a * r ) 

8[Arl= 2-- - ©12) 

7 u Sr (g^) 

where 

- (B13) 


2A^( g ,^-i)i r n u ttr (g° e ”) 

— — Vi (7 

r _ cr€= _ 

n v*"" 1 


now use the identity [1] 

*v? r)= 2 (-x r ) nu Q a -nig ). 

n =0 

leading to 

Cr” 1 

u Cr _,(g^)= 2 


e,-i e,-i-» 

= 2 (-^r) n 2 ( X r ) m 

n=0 m= 0 

XU Q - K - n - m (g af> ) , 
(B15) 

and defining ^=B+m+lwe obtain 
Q- 1 2r • 

u e _,(g^)= x <-^r) n 2 

r B=0 i=n+l 


and cr is the supershell containing the shell r. The ap¬ 
pearance of r twice in the set of statistical weights g^" 
means, according to (B9), that for the r shell the weight 

should be reduced by 2 (or 3 in the cases r =a,0). We with substitution in (B12) 


xu Qr . k (g^). 

(B16) 
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8[Ag] = 


2 

r 


Qr 

A 1 2 r gf(gf-\)X r 2 k(-X r ) k ~ l 4 U Q _*(*«*) 

_*J^1__ 

Uq^) 



2 U a_ k (g^)kmD'' 2 }) 

k = 1 g _ 

U Q a(g«) ~~ 

*<T 


(B17) 


where 


where 


^(Z>" 2 )=- 


and 


'Z g?[D" 2 \ s (-x s y 


(B18) 


(D" z ) s =(gf~ 1)A 2 , (B19) 

the results can be summarized as 

8[A'j]= 2 5 K 2 ] , (B20) 

a€G 


where 


8[A 2 ] 


Qa 

2 n<K(D" 2 )U Q '_ n (g a < 3 ) 

' 2 - 1 — n = 1 _ 


Uq ( g*) 


(B21) 


The working formula of I for the variance where the 
UTA widths were neglected is 

A j= 2 . (B22) 


A‘f=A 'f(D) 

Qc 

= 2 Vnd>)U Q<r _ n (g^)/U Qa (,g^)-(t^(D)) 2 , 

with (B23) 

V °(D)= 2 KU>)r„- m U>)+nfflD 2 ) . (B24) 

m — 1 

It is seen immediately that the same working formula 
holds for the corrected variance with the replacement 

(D 2 ) s ^(D 2 ) s +(D" 2 ) s (B25) 

in the second term of (B24), i.e., the factor in (B23) 
should be replaced by 

V C n(D")= "2 KU>)tf- m (D)+n<K(D 2 +D" 2 ) , 

m = 1 

(B26) 

as presented in the text. 
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Abstract 

We present a new, fast and accurate phase-amplitude algorithm for the calculation of atomic continuum orbitals needed 
for cross sections computations of various atomic processes in plasmas. A coarse, energy independent, mesh is sufficient to 
achieve high accuracy. A straightforward application of a predictor-corrector procedure to the non-linear differential 
equations would fail, in particular for high energy free electrons in any atomic potential. The present algorithm overcomes 
this problem. In addition, we describe a novel method for calculating the radial integrals by integration over the phases 
instead of r. With the use of Gaussian trigonometric formulas over half periods, the integrals are expressed as alternating 
series. Levin’s transform for convergence acceleration then provides the sum of the series with a few terms only. These 
methods are applicable in a relativistic framework as well as non-relativistic. 


1. Introduction 

The calculation of continuum orbitals is a bottle¬ 
neck in many areas of central interest to atomic and 
plasma spectroscopy. An important application is the 
collisional radiative model which requires cross sec¬ 
tions for the various atomic processes in plasmas 
such as the collisional ionization and excitation, 
autoionization and electron capture, photoionization 
and radiative recombination, etc. For LTE plasmas 
these continuum orbitals are essential for the calcula¬ 
tion of the bound-free and free-free spectra. For all 
these calculations, a large amount of continuum or¬ 
bitals of different energy in a general atomic poten- 


1 Mailing Address: Laser Plasma Branch, Code 6730, Naval 
Research Laboratory, Washington DC 20375-5320, USA. 


tial are required. An obvious approach [1,2] is to 
solve the Schrodinger (or Dirac) equation directly, 
on a mesh of points that is dense enough to accom¬ 
modate for the highest energy orbital considered in 
the problem, and also extends to values of r large 
enough to reach the asymptotic behavior of the 
functions necessary for the normalization and the 
convergence of the integrals. This means several 
thousands of points per wavefunction, and it results 
in computations that are expensive in time and mem¬ 
ory. This is a serious drawback when large numbers 
of continuum orbitals are needed [3,4], 

We give here an algorithm based on the phase- 
amplitude (PA) representation [5] that describes the 
highly oscillating orbitals by a product of two smooth 
functions, an amplitude and a phase. This representa¬ 
tion was investigated previously [6-10] in the con¬ 
text of improving the WKB approximation and as a 
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SSDl 0010-4655(95)00100-X 



22 


A. Bar-Shalom el al. / Computer Physics Communications 93 (1996) 21 -32 


tool for obtaining exact solutions for a variety of 
specific problems. For atomic systems in hot and 
dense plasmas however, one needs to solve the 
Schrodinger or Dirac equation for free electrons in a 
generally non-Coulomb atomic potential. This poten¬ 
tial is assumed to include an approximation of ex¬ 
change, so our differential equations are homoge¬ 
neous. Since efficiency is an issue here, we wish to 
use predictor-corrector methods [11], which are 
known to be the fastest methods for solving differen¬ 
tial equations [12]. It turns out, however, that in 
general direct application of the usual predictor-cor¬ 
rector solver, as well as other commonly used nu¬ 
merical methods, on the PA equations encounters 
severe numerical problems especially at large r val¬ 
ues and in particular for high-energy free electrons. 
This may be one of the reasons why the PA ap¬ 
proach has not been applied earlier to such problems, 
the other main reason being that these orbitals are 
needed for the calculations of integrals, and there 
was no method up to now that could take advantage 
directly of the PA representation. Therefore, it made 
no sense to tiy and solve an apparently more difficult 
differential equation, and then to expand or interpo¬ 
late the outcome in order to compute the integrals. 

In this work we identify the origin of these prob¬ 
lems and present solutions within the PA approach. 
The result is an extremely fast, compact and accurate 
method which allows to calculate continuum orbitals 
on the same logarithmic mesh as bound wavefunc- 
tions. Furthermore, we present an new algorithm 
taking advantage of the PA for calculating the radial 
integrals by integration over the phases instead of r. 
This avoids the necessity of expanding the wave- 
functions, and generating a large grid altogether. The 
method is applicable to both Schrodinger and Dirac 
continuum orbitals and could be used for high Ryd¬ 
berg bound states as well. 

We have developed in the last decade two atomic 
codes for spectroscopic diagnostics of plasma sys¬ 
tems: The HULLAC code on the one hand [4,13], 
calculates cross sections for all atomic processes and 
solves the collisional radiative model rate equations 
for the level populations, and on the other hand, the 
STA code computes absorption and emission spectra 
in LTE plasmas [14]. In both codes the PA algo¬ 
rithms presented in this paper have been used exten¬ 
sively and this contributes to their high efficiency. 


In Section 2 we establish the PA equations for a 
logarithmic mesh. In Section 3 we explain the nu¬ 
merical failure of direct application of commonly 
used numerical schemes in the solution of the PA 
equations and present a new scheme overcoming 
these difficulties. In Section 4 we describe the method 
for calculating the radial integrals. Accuracy and 
efficiency are discussed in Section 5. 


2. The phase-amplitude equations 

2.1. The differential equations 

Let us write the radial Schrodinger equation (in 
atomic units) for continuum orbitals [15] with angu¬ 
lar momentum / and energy e = k 2 / 2, in a poten¬ 


tial U(r ), as 
d 2 

-^i P e/+“>(r) P e/ = 0, (1) 

where 

/(/+ 1 ) 

w(r) = k 2 + 2U(r) --, (2) 

with the boundary condition 

/U0)=0 (3) 

and the asymptotic behavior 

P cA r ) Ir-* ~ /^ Sill ( e+ T )’ ^ 

where 

0 = kr + 0(ln( kr)). (5) 

t is the phase shift, and the normalization of p *Ar) 
(in atomic units) is defined by: 

/ p *s P eS dr=S(e- e’). (6) 

•'o 


It is shown in Appendix A that in the relativistic 
(Dirac) case, or in the “semi-relativistic” approxi¬ 
mation, one can also obtain a second-order equation 
with an effective potential. Therefore, from now on, 
we consider a general equation of the form, 

d 2 P 

— T + o>(r)P = 0. (7) 
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The solution acquires an oscillatory character 
when a)(r) > 0. For electrons in the continuum (s > 
0) which are the main interest of this paper, this 
leads to the definition of the turning point r t : 

ft, ( r i) — 0- (8) 

Now, let us introduce the PA representation 

p (r) =y( r ) sin <p(r). (9) 

By substitution in Eq. (7) we obtain the following 
separate equations for the phase and the amplitude 

d 2 y a 2 

^j + o>(r) =0, (10) 

?( r ) = /4 dr - ( n ) 

r O ✓ 

The non-linear form of Eq. (10), together with the 
choice 


2 


a — 


IT 


( 12 ) 


ensures the correct normalization of P(r). The choice 
of r 0 appearing in Eq. (11) is discussed in Section 


3.4. 


2.2. Logarithmic mesh 

Since the functions y and (p are “smooth” (i.e. 
not oscillatory) we can use a very coarse mesh and 
in fact we opt for the same logarithmic mesh as used 
for the bound orbitals [16] i.e. 

p=lnr. (13) 

To keep the same form of equation without a first 
derivative, let us define a new function 

F(r ) = r~ l/1 P(r). (14) 


We obtain for F an equation of the same form 
d 2 

—rF + WF — 0, 

dp 

with 


( 15 ) 


W=r 2 (o-±. 

The PA equations take now the form: 

F ( P) = Y ( P ) sin <P( p), 

d 2 a 2 

— Y+w{l>) r---o, 

Po r 

with the asymptotic behavior 

( 2 \ l/2 

F(p)l '-"Wte7) Sin ^ +T )- 


(16) 

(17) 

(18) 

(19) 

( 20 ) 


3. The numerical technique 

The general strategy in the numerical solution is 
as follows: In order to use algorithms that are stable 
and efficient, we will distinguish three regions in r 
(see Table l): From the asymptotic values of the 
solution at large r we integrate Eq. (18) for the 
amplitude from a sufficiently large p = p max in¬ 
wards. However, when reaching small r, the irregu¬ 
lar solution will dominate. Therefore, the equation is 
integrated from both ends in opposite directions and 
the solutions are matched around the turning point p t 
defined by W( p t ) = 0 (see above, Eq. (8)). 

Specifically, in region I defined by -°o < p < p t , 
W( p) < 0, F does not oscillate and we solve Eq. 


Table 1 

Algorithms for solving the phase-amplitude equations in the different ranges of the radial variables r and p = In r. 


Region 

Boundaries 

Directions 

Method 

Origin 

r = 0 

Outwards 

Power development or Eq. (25) for /> 5 

I 

-®<p<p, 

Outwards 

Numerov 

11 

Pt<P<Ppc 

Inwards 

Pred.-Cor. 

III 

Ppc < P < Pmax 

Inwards 

Mod. Pred.-Cor. 

Asymptotic 

r r mi x 

Inwards 

Eq. (26) 
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(15) directly using the Numerov method [16,17] 
outwards: 

F n+I = (a n+i y'{2b n F„-a n _ t F n _ i }, 


where 



Since Eq. (15) is homogeneous, the solution in 
this region is determined up to a multiplicative con¬ 
stant. The amplitude equation (Eq. (18)) is solved in 
the oscillatory regions where IV(p) > 0, inwards. 
The turning point p, determines the border between 
the two methods and matching the solutions at that 
point determines the arbitrary constant of region I, 
and the phase through p 0 of Eq. (19). We will show 
below that a usual predictor-corrector scheme works 
well for the amplitude equations (18) in region II 
defined by p, < p < such that 

( 21 ) 

where h is the mesh size. 

In region III defined by p > p^ however, the 
usual predictor-corrector scheme fails and a modified 
scheme is necessary. Table 1 summarizes the differ¬ 
ent schemes. 

3.1. Initial values 

In addition, one needs starting values for the 
above algorithms at the boundaries. These are ob¬ 
tained from the a priori known behavior of the 
solutions: 

3.1.1. Starting values for Numerov 

In order to start the Numerov integrator near the 
origin we use a power series expansion [16]. How¬ 
ever, for high / values the orbitals near the origin 
are very small, behaving, in the non-relativistic case 
like 

F ss r /+1/2 (22) 

and one can save time by starting at a larger r. A 
series expansion around r=0 is then inappropriate. 
In this case we use for the initial points a modified 


phase-amplitude representation (where the phase 
would be imaginary): 

F( p) = Z( p) e a(p) (23) 

yielding 

1 1 

Z" + WZ+ ^T = 0, 0' = (24) 

Z( p) is represented by a polynomial of degree four, 
the coefficients of which are obtained by approxi¬ 
mating the above equation. We can now obtain the 
ratio between two initial points needed to start the 
Numerov procedure. 



3.1.2. Large r values 

At large r values we represent the solution by the 
asymptotic solution multiplied by a fourth-order 
polynomial: 



and using the differential equation (18) we determine 
the values of a n and values of Y on five points. 


3.2. The problem of the predictor-corrector method 
in region III 

The usual predictor-corrector [11] method is used 
in region II for the amplitude equation (18). In this 
scheme the prediction at point n 4- 1 (where n counts 
grid points from p max inwards) is obtained from the 
previous points by the commonly used differences 
approximation for a second-order differential equa¬ 
tion: 

” 2T n _ j — 

Ah 2 

+—(K; + y;_, + v;_ 2 ) (27) 

and the correction is given by 
V* ■ = 2V„ - Y n _ , 

+ -^(C P 1 + 10 C + C-,). (28) 

using the differential equation (18) for Y”+ x . 
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In region III, however, any method that uses Eq. 
(18) to obtain the derivative Y" p from a given 
prediction of Y p fails. In order to clarify this point 
we note the following characteristics of the solutions 
in that region: 

For large r we have the asymptotic behavior 



and 


2 ° 2 

W=(kr) 2 = —. 

For large kr, Y is small and both WY and a 2 /Y l 
are very large and behave similarly with r. Thus, 
using Eq. (18), Y" is obtained as a difference be¬ 
tween two large numbers and even a small error in Y 
results in a disproportionate error in Y ". Specifically, 
if we look at the approximate equation for the differ¬ 
ence AY = Y- Y p (assuming a good prediction, i.e. 
Y=Y P ): 


AY" = — j + W j AT = — 4( kr) 2 AT (29) 

and for typical values: r = 10 and k = 30 we have 
(kr) 2 ~ 10 5 . A very good prediction is therefore 
followed by a huge error in the correction. 

It should be emphasized that this failure is not a 
property of the predictor-corrector method but is an 
inherent property of the differential equation and will 
occur with any method that uses it to obtain the 
derivative when the function is given. Note that with 
a non-logarithmic mesh, w = k 2 , and the absolute 
error would be smaller, but the relative error will still 
be of the same order. 

Using relations (29) and (28) between Y" p and Y c 
we obtain the error in Y c due to AY: 


A Y c 


h 2 1 3 a 2 \ h 2 W 

^(7r + ^)AF=-—AK. (30) 


Equating the coefficient of AY in the r.h.s. to 1 
defines the boundary p^ of Eq. (21) for the applica¬ 
bility of the predictor-corrector method. 


3.3. The modified predictor-corrector method 


We have developed a modified predictor corrector 
scheme which reverses the role of Y and Y". Using 
Eq. (18) we now obtain Y from Y": 

( Y n \ “ */ 4 

W+yJ . (31) 

Since W » Y”/Y in region III, the previous flaw 
turns out to be an advantage where now even a large 
error in the predicted derivative Y” results in a small 
error in Y. Now, it is tempting to use Eq. (28) for 
obtaining Y n from Y. However, this reverse ap¬ 
proach is unstable and leads to large accumulated 
errors. Specifically, in order to obtain a prediction 
for the derivative we define 

Y n H = Y n - \h 2 Yf (32) 

and use the approximate relation 
Y n+ , = 2Y n - Y n _, + \h 2 ( Y n \, + r; + Y :_,) (33) 
to obtain 

K„ H +1 =3y n -(y„ H + y n H _ 1 ). ( 34 ) 

With this prediction of Y H we write Eq. (18) as 
i h 2 a 2 

(\+±h 2 W)Y-^jj--Y H = 0 (35) 

and solve for Y using one step of a Newton-Raph- 
son iteration with initial estimate for Y p obtained 
from the previous points by a polynomial expansion 
of order three. We obtain: 


($a 2 h 2 Y p + Y H (Y p ) 4 ) 

Y c = —ii_ v j L 

(l +\h 2 W)(Y p ) 4 + a 2 h 2 ' 1 ’ 

To improve the result, after calculating the values of 
Y n for all n in region III, we evaluate the second 
derivative numerically by 

„.c - Y Jz 2 + I6r„ c _, - 3py„ c + 16C+, - 

12 h 2 

(37) 


and again use one Newton-Raphson iteration to 
solve Eq. (18) for our final result for Y, namely 


4a 2 y c -r" c (y c ) 4 
W(r c ) 4 + 3a 2 


( 38 ) 
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3.4 . Matching the solutions at the turning point 

The matching of the two solutions - i.e. PA and 
Numerov - is done for convenience near the turning 
point where the functions are most smooth. Equating 
the two solutions at two nearby grid points we can 
write 

F x = cY x sin (39) 

F 2 = cY 2 sin (<P X + A0), (40) 

where 

A4>=/ P2 -^dp. (41) 

Pi r 

Dividing (40) by (39), we determine the phase <P : 
by: 

tan(4> 1 )=sin(A<P)jj^--cos(A^)J (42) 

using this value and inserting into (39) the normal¬ 

ization constant of region I is obtained. 

3.5. Calculation of the phase function 

Having the phase <f>, and the amplitude for p > p t 
the remaining phases are obtained by integrating Eq. 
(19) numerically outwards. Since this is a quadra¬ 
ture, any method will do. In order to avoid accumu¬ 
lated errors we subtract from the integrand of Eq. 
(19) its asymptotic form, kr = kc p , which can be 
integrated analytically. 


4. Calculation of the radial integrals 

The radial integrals encountered in the various 
atomic processes can always be reduced to the form 

/= f P2 X( P) cos <f>( p) dp, (43) 

where X( p) is not oscillatory. For processes involv¬ 
ing a single continuum orbital the representation (43) 
is immediate. Let us show that it is the case also 
when two continuum orbitals are present. We de¬ 
scribe here in details the case of collisional excita¬ 
tion. 


The Slater integrals appearing in this case in the 
expression for the cross section, involve two bound 
and two continuum orbitals. The exchange integrals 
do not present an essential problem since each con¬ 
tinuum function overlaps a bound orbital, and is cut 
off when its bound counterpart vanishes. Paradoxi¬ 
cally, however, they will take longer to compute, 
since we will not be able to use the method de¬ 
scribed in the following paragraph. The only way 
that we see to evaluate exchange integrals is to 
create a mesh of points adequate for the continuum 
function with less oscillations and treat this function 
and its bound counter part as two “bound” orbitals 
thus leaving only a single continuum orbital. In the 
direct type integrals on the other hand, the two 
continuum orbitals belong to the same electron and 
the integration limits are extended to infinity. 

Let us recall that the wavefunctions are computed 
by the Numerov algorithm until the turning point, on 
the same grid as the bound electron functions. For 
that part of the integrals, therefore, there is no differ¬ 
ence with the case where all electrons are bound, and 
we apply a variant of Simpson’s rule. 

For the proper PA part of the wavefunctions, we 
need then to calculate an integral of the form 

/?= f°°B( p) Fj( p) F 2 (p)dp, (44) 

J Px 

where B( p) contains the effect of the bound orbitals 
and Ff p) = Yf p) sin <£ f ( p) are the continuum or¬ 
bitals. By a simple trigonometric manipulation we 
can write 

R = f°°B( p) F ,( p) F 2 ( p) dp 

p. 

= p) r,( P ) y 2 (p) 

z p. 

X [cos 7)( p) - cos C{ P>] dp, (45) 

where 

i)(p) = p) - <t>i( p)]> 

£( p) = [<£>( p) + p)]- C 46 ) 

The integrals in Eq. (45) have now the form of Eq. 
(43). 

Let us now describe a method [18] that takes 
advantage of this form where the oscillatory charac- 
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ter of the cosine is explicit. The phase-amplitude 
relation 

dp = l/aY 2 ( p) d<f> (47) 

allows the transformation 


I= f P 'X(p) cos <f>{ p) dp 

Pi 

= l/aJ <t>2 X( p(<£)) Y 2 ( p(<f> )) cos <£ d <f>. 

(48) 

Let us now introduce Gauss trigonometric formu¬ 
las over half periods 

r(n + T>Tr, ^ 


! n = f ^ 2 COS <f> d<f> = £ 


i- 1 


(49) 


cosines altogether, but requires the values of P at 
specified phases. Therefore, when applying to (48), 
we interpolate XY 2 , using cubic splines [19]. 

The integration in half periods produces an alter¬ 
nating series with terms a n ~ I For summing this 
series, we use the Levin t -transformation [7,20]. This 
gives a sequence of terms t n defined by 


r = 




fl- 1 A 

A J+\ 


U j+ 1 


r;. 0 (-i) 


u'/U+i 


n- \ 


u j+ 1 


(50) 


where 



( 51 ) 


for any function P that can be represented by a 
polynomial of degree N. As usual for Gauss formu¬ 
las, P is evaluated at some predetermined abcissas 
<£ f and is multiplied by weights w r The abcissas and 
the weights are shown in Table 2, reproduced from 
Ref. [18]. Using Eq. (49) avoids evaluating the 


which converges rapidly to A x . 

Specifically for the collisional excitation integral 
(45) we obtain 

2R£ = 2f P2 B(p)F 1 (p)F 2 (p) 

Pi 


Table 2 

Abcissas and weights for Gaussian trigonometric formulas of order AT, taken from [18]. cos <f> is defined on [- y, + |]. Only positive (p { 
are shown, (n) means X 10”. 


Order 


Wj 

2 

6.8366739009(— 1) 

1.0000000000(0) 

3 

0.0000000000(0) 

1.0883191839( 0) 


1.01260124000(0) 

4.5584040804( 0) 

4 

4.3928746686(- 1) 

7.7592938187( — 1) 


1.1906765639(0) 

2.2407061813(— 1) 

5 

0.0000000000(0) 

7.522109788K-1) 


7.2598673794(-1) 

5.0378251239C— 1) 


1.2964402800(0) 

1.2011199821(— 1) 

6 

3.238521142l(— 1) 

6.05813700129( — 1) 


9.1979066552(— 1) 

3.2479855138( — 1) 


1.3639113021(0) 

6.9387748500( — 2) 

7 

0.0000000000(0) 

5.7554040031(-1) 


5.6350196618( — 1) 

4.5607388993( — 1) 


1.0555399634( 0) 

2.1353015976(- 1) 


1.4094168673( 0) 

4.2625750151(-2) 

8 

2.5649650742(— 1) 

4.9199579660( — 1) 


7.4346864788(— 1) 

3.3626447785(— 1) 


1.1537256455( 0) 

1,4420409203( — 1) 


1.4414905402( 0) 

2.7535633514( - 2) 
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k ; (t7)] 3 

4 y 2 (v) 2 -y^v) 2 


cos 7] drj 


4 Y 2 (£) 2 + Y l (£) 2 


cos c d£. 


(52) 


The first integral in Eq. (52) may contain a pole at 
some point p p where 

YH) = Y 2 ( Vp ). (53) 

In this case Eq. (45) is integrated directly - i.e. using 
functions P* (Eq. (1)) - up to Pi > p p , and the PA 
method (48)-(49) is used for the region p > p p . The 
occurrence of a pole indicates that the phases 77 are 
varying slowly and direct integration over p is most 
efficient in this region with no need for extra grid 
points. 

In cases where the upper limit of the integral in 
Eq. (48) is finite (e.g. for the photoionization or 
collisional exchange integrals), by having the spline 
coefficients we can integrate directly using Eq. (49) 
without using Levin’s transformation since we have 
an integral of polynomial times a cosine function. 


5. Discussion 

5.7. Accuracy 


available [ 21 ] (for energy, e and angular momenta 
/). It should be mentioned that our program is built 
for relativistic calculations and for the comparisons 
presented below we have taken the non-relativistic 
limit c=>°° (practically' c — 10 6 a.u. is more than 
sufficient). 

We can measure the accuracy by the relative 
quantity 

AF = max | [F(r) - F c (r)]/T c (r) |. (55) 

Where the amplitude T c (r) was used to avoid divi¬ 
sion by zero. 

In Table 3 we compare calculations of AF ob¬ 
tained by the PA and the Numerov methods for 
various energies s and angular momenta /. For the 
Numerov method we present two sets of results 
obtained for two sets of grid points. In one set, the 
number of points N was chosen to yield similar 
accuracy to our PA results (calculated here with 
h = 1/16), and the second takes, as a standard, 12 
points for each half cycle following Sampson et al. 
[ 1 ]. The comparison in Table 3 refers to the accu¬ 
racy, number of points, and time required on a 
personal computer equipped with a 486 microproces¬ 
sor running at 50 Mhz. The computation times are 
given in ms. It is clear that the PA results are always 
more accurate than the Numerov method, with these 
conditions. 

It is less easy to check radial integrals. As an 
example we have calculated the radial Slater integral 


The advantage of solving for smooth functions is 
the ability to achieve high precision with a relatively 
coarse mesh. In particular it allows to use the same 
logarithmic mesh for both bound and continuum 
orbitals. Specifically, we have used: 

P = In r. r ma* = 50, 
e- 10 

P„ = Po e - Po= ——. (54) 

The step used for bound orbitals is h~\/n with 
n — 32 (i.e. r is multiplied by e every 32 points). 
The value of r^ is determined by two require¬ 
ments: the normalization of the orbitals and conver¬ 
gence of the radial integrals. 

In order to check the accuracy of our continuum 
wavefunction F on that mesh we have used a 
Coulomb potential for which exact solutions F c are 


*.-*'(1* £ m^,n- 2 P 

using a logarithmic mesh with step size h— l/n. 
Here Is and 2p are Hydrogenic orbitals calculated 
for Z = 20 and / out and / in are continuum orbitals 
with the respective energies s Q[il and 

^in = *out ““ ^ls + € 2p- 

In order to evaluate the accuracy of our results we 
have repeated the calculations for four grids with 
n — 8 , 16, 32 and 64. In Table 4 we present the 
relative quantity A R n s \[R n - F 64 ]/F 64 I for n = 
8 , 16, 32 and for various energies and angular mo¬ 
menta of continuum electrons having relatively large 
contribution. It is seen that even taking n= 16 is 
satisfactory. 

In fact an accuracy of 2-3 digits for cross sec¬ 
tions is, in most cases, sufficient. A question to be 
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asked therefore is: why is high accuracy in the 
orbitals themselves required? The answer is twofold: 

(1) As described above the calculation of the 
radial integral extends to infinity (the Levin formula). 
In addition for all atomic processes the continuum is 
described by an infinite sum over partial waves. In 
both convergence procedures, high precision in each 
individual term is required in order to achieve rea¬ 
sonable accuracy in the final result. 

(2) Accurate methods allow the use of a coarse 
mesh. Specifically for atomic processes the same 


logarithmic mesh can now be used with adequate 
accuracy for both oscillatory (continuum) and non- 
oscillatory (bound) orbitals. Furthermore the accu¬ 
racy does not depend on the continuum orbital en¬ 
ergy, thus the same mesh applies to all continuum 
orbitals. 

5.2. Efficiency 

In spite of the seemingly involved algorithm pre¬ 
sented for solving the continuum orbitals, the use of 


Comparison between the phase-amplitude and Numerov methods. ’’Numerov” uses a number of points chosen to obtain accuracy similar to 
the PA method. Numerov-12 uses 12 points per half period, see [l]. A F: Maximum relative error compared to exact Coulomb functions 
[21]. N: Number of points required, t: time in msec on a PC with a 486 micropocessor running at 50 Mhz. 


Phase Amp. 

IX 10' 8 
272 

2.7 

1 X10“ 6 
133 
1.6 

1 XI0~ 8 
272 

4.9 

1 X10' 6 
136 
2.5 

1 X10“ 8 
272 

4.9 

5 X 10“ 7 
147 
3.1 

5 X 10 -6 
104 

2.7 

I X10" 8 
272 

4.9 

1 X10“ 7 
162 
3.4 

1 X10" 6 
121 
3.1 

1 X10~ 6 
93 

2.7 


Numerov 

1 X10’ 7 
2100 

19.8 

1 X10“ 5 
1050 

9.6 

5 X 10~ 6 
3300 

31.6 

5 X 10 -6 
3300 

31.6 

5 X 10" 6 
10550 
112 

5 x 10” 6 
10550 
112 

1 X10’ 5 
10550 
112 

1 X10’ 5 
33450 
370 

1 X10“ 5 
33450 
376 

1 X10~ 5 
33450 
376 

1 X10" 5 
33450 
376 


Numerov-12 

” rx7o“ 3 

315 

2.8 

1 X 10~ 3 
315 

2.8 

5 X 10~ 4 
990 

9.4 

1 X10" 3 
792 

7.2 

1 X10' 3 
3165 
30.4 

1 X10* 3 
2532 
24 

1 X10‘ ? 
2532 
24 

1 X10" 3 
8028 
84 

1 X10“ ? 
8028 
86 

1 X10~ 2 
8028 
86 

1 X10" 2 
8028 
86 



30 


A. Bar-Shalom et at/ Computer Physics Communications 93 (1996) 21-32 


Table 4 

Accuracy of the radial integrals, as a function of the step size h- l/n. A R n is the relative difference with n — 64. 


*out (a-u.) 

^out 


A R s 

A*, 6 

A/?32 

1 

0 

1 

2.4 X 10" 4 

5.2 X 10' 5 

2.9 X 10' 6 

10 

0 

1 

9.0 X 10' 5 

2.4 X 10“ 5 

2.8 X 10' 6 

100 

0 

1 

5.7 X 10" 4 

8.6 X 10* 5 

2.4 X 10" 5 

1000 

0 

1 

6.1 X 10' 4 

8.8 X 10* 5 

2.2 X 10' 5 

1 

4 

5 

1.4 X 10" 2 

2.6 X 10'’ 

5.4 X 10' 4 

10 

4 

5 

9.6 X 10'' 

2.9 X 10" -' 

2.8 X 10' 4 

100 

4 

5 

5.6 X 10' 4 

4.4 X 10' 4 

5.1 X 10' 5 

1000 

4 

5 

1.2 X 10' J 

6.0 X 10' 5 

1.0 X 10' 5 

100 

9 

10 

1.2 X 10' 2 

4.4 X 10' 2 

1.4 X 10' J 

1000 

9 

10 

2.0 X 10' 2 

4.4 X 10" 5 

2.3 X 10' 5 

1000 

14 

15 

1.1 X 10' 2 

8.4 X 10" 4 

2.5 X 10" 5 


the coarse mesh makes it very fast and efficient. For 
high / continuum orbitals the calculation begins at 
relatively large r and in many cases the orbital is 
described with a few tens of grid points only. It is 
obvious from Table 3 that the PA method reduces 
drastically the computation time and memory re¬ 
quirements for comparable accuracy (for high ener¬ 
gies by more than a factor of 100). For the Numerov 
calculations, we have started with r = 3 and con¬ 
strained two initial accurate values. (The number of 
points with r > 3 in our PA mesh is only 45). In 
addition we have skipped the normalization step in 
the Numerov calculations. When these points are 
appropriately handled, the comparison will favor even 
more the PA method. Because of the logarithmic 
mesh there is no problem in reaching very high r 
values, since the addition of 1 /h points after p max 


multiplies the radius by e. This is very convenient to 
reach the asymptotic amplitude of the wavefunction. 

Furthermore, thanks to the small number of points 
the calculation of the radial integral is very fast as 
well. The calculation of the spline coefficients is 
relatively slow, but the time needed is proportional 
to the number of points which in our case is small, 
and the calculation on the intermediate points is very 
fast. Another advantage of the proposed method is 
that in the convergence procedure for the integrals 
there is no problem with very large r values and the 
convergence method itself is much faster and more 
accurate then the asymptotic series expansion [22]. 
Computation times on a personal computer using a 
486 microprocessor running at 50 Mhz for the inte¬ 
grals of Table 4 are given in Table 5 for the mesh 
steps h = 1 /n y n — 16, 32. For this comparison the 


# 


Table 5 


Calculation times t„ (ms) of radial integrals, same conditions as in Table 3. 


*om (a.u.) 

^out 


'16 

hi 

1 * 

0 

1 

6.4 

11.9 

10 

0 

1 

6.4 

11.9 

100 

0 

1 

6.5 

12.2 

1000 

0 

1 

7 

13 

1 

4 

5 

3.2 

5.7 

10 

4 

5 

3.5 

5.9 

100 

4 

5 

3.8 

6.7 

1000 

4 

5 

4.7 

8.4 

100 

9 

10 

3 

5.2 

1000 

9 

10 

3.8 

6.9 

1000 

14 

15 

3.4 

6 
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# 




* 


analytic expressions of hydrogenic bound orbitals 
where used for both methods. The times vary from 3 
to 7 ms for n — 16 and twice as long for n — 32. In 
order to evaluate the computation time needed by the 
Numerov method for these integrals at the same 
degree of accuracy, we have calculated the same 
integrals using Simpson integration with varying 
steps [ 1 ] and number of points which meets the 
accuracy requirements. For simplicity we have taken 
r max = 10.a.u. A typical computation time was 180 
ms. Of course r max depends strongly on the problem. 
For transitions between energetically near lying lev¬ 
els, with transition energy A£, like An = 0 transi¬ 
tions or transitions within a configuration, the re¬ 
quired r max is much higher. It can be seen from Eqs. 
(5), (19) and (52), that the phase of the “slow 
frequency” component of the integrand at large r is 
approximately ( AE/2/s)r . However, the accuracy 
and convergence depend on the number of points per 
period and on the number of periods. As already 
mentioned above the number of points in the PA 
method is logarithmic with r whereas the direct 
Numerov integration requires a number of points 
linear with r and therefore converges very slowly. In 
these cases the gap between the two methods is even 
much higher. 

Finally, as a by-product, the normalization of the 
continuum orbitals is achieved naturally in the PA 
method because of the non homogeneity of the am¬ 
plitude equation (18). 


Appendix 

In the relativistic theory [23] the Dirac spinor 
orbitals with the upper and lower components P and 
Q respectively obey the following coupled equa¬ 
tions: 





There are many ways to write Schrodinger type 
uncoupled equations. The one presented here is simi¬ 
lar to [1]. Let us define 



(A.l) 


After some algebra, we obtain 
d 2 


-^ I F+nr F (r) F = 0, 

(A.2a) 

d 2 

— jG + m c (r) G = 0, 
dr 

(A.2b) 

with 


3 / v' \ 2 W' 

ray = VX -T — +T — 

4 \ V 1 2 7? 


1 

1 * 

^ K 

i 

•>, * 

M + 

(A.3a) 

3 / \ 2 1 x" 

ray = VX — T I +T — 

4\ X I 2 x 


k x' k(k+ 1 ) 

+ 2 

r x r l 

(A.3b) 


We have also used the semi-relativistic scheme [1] 
ignoring the small component Q and averaging over 
the two j values j =/± { yielding Eq. (A.3a) with 


d P k 

- + -P = vQ, 

dr r 
dQ k 

— + -xP* 

dr r 
where 

17 = -(e-U(r) + 2c 2 ), 


m. 


F-VX~ T, 

4 \ V 


3(V'\ 2 }_rf_ 

2 7 ) 


7]' 1 /(/ > +l) 

+ ^7 7 ‘ 

In Eq. (A.3) the following relations hold: 

1 1 

tj ' = x ' = -~u’, v " = x"=--u" 

c c 
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and 


r>X=^[(e-U+2c 2 )(e-U)] 

( e-U) 2 
= 2(e — U) + - p——. 

The derivatives of the potential are easily ob¬ 
tained if one uses a parametric potential representa¬ 
tion [24,25]. After solving for F in the semi-relativis¬ 
tic scheme we must transform back to P. However 
in order to retain normalization, the replacement 

2 c 

V V 1 + X 
must be made in Eq. (A.l). 
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ABSTRACT 

Recent reexaminations of astrophysical opacities resulted in large opacity increases. The increases were 
mostly due to improvements in the atomic physics used in the calculations; in particular, the treatment of 
£ bound-bound transitions of partially ionized Fe. The new opacities were also found to depend on other Fe 

group elements even though in typical stars these elements have a combined abundance that is more than an 
order of magnitude lower than Fe. It is, therefore, important to examine the contributions from even heavier 
elements. These elements are much lower in abundance still, but have many more bound electrons and could, 
in principle, impact astrophysical opacities. It is shown that although the heavy elements are stronger photon 
absorbers their small abundance leads to a marginal effect on the Rosseland mean opacities of stars with solar 
metal distributions. 


# Subject headings: atomic processes — stars: interior 

1. INTRODUCTION 

The Rosseland mean opacity is an important physical input 
for stellar models. In recent years a reexamination of the 
opacity has led to the resolution of several long-standing prob¬ 
lems in astrophysics (e.g., Rogers & Iglesias 1994). The most 
^significant change was an increase in the opacity of approx¬ 
imately a factor of 3 for Population I stars near temperatures 
of a few hundred-thousand degrees. The major source of the 
opacity increase has been the use of improved atomic physics 
in the calculations of partially ionized Fe ions. Consequently, 
the new opacity results display a strong dependence on the 
^netal mass fraction not present in earlier calculations; hence, 
^the new so-called Z-bump. 

The new Z-bump was also found to depend on other Fe 
group elements (Rogers & Iglesias 1992, 1993; Seaton et al. 
1994). Even though elements such as Cr, Mn, and Ni typically 
have a combined abundance that is more than an order of 
magnitude smaller than that of Fe, their explicit inclusion in 
4 phe calculations can increase the Z-bump by as much as 40%. 
It is important then to examine what effect, if any, heavier 
elements may have on the opacities. The study here concen¬ 
trates on normal compositions. That is, it assumes the relative 
metal distribution in the Sun and ignores processes that may 
enhance or redistribute the heavier metals. 

0 2. METHOD 

The OPAL opacities (Iglesias, Rogers, & Wilson 1992, here¬ 
after IRW) are assumed as the standard results. These opacities 
explicitly include photon absorption cross sections from 14 
elements; the heaviest being Fe. The results in IRW treat in 
detail the bound-bound transitions using LS coupling for these 
^lements except Fe for which it uses full intermediate coupling, 
however, this detailed line-by-line approach isjiot practical 
for the heavier elements. 

The myriad spectral lines present in photoabsorption calcu¬ 
lations of heavier elements makes unresolved transition array 
(UTA) approaches attractive (Bauche-Arnoult, Bauche, & Kla- 


pisch 1988 and references therein). Here, the Super Transition 
Array (STA) code is used (Bar-Shalom, Oreg, & Goldstein 
1994) which includes, in a statistical manner, all transitions 
between states of the various ions and electrons in the plasma. 
The atomic calculations are based on fully relativistic, 
quantum mechanical theory using a parametric potential 
approach (Klapisch 1971; Klapisch et al. 1977). It also includes 
configuration interaction effects between neighboring jj con¬ 
figurations. Unlike detailed line accounting methods such as 
OPAL, the STA method can handle cases where the number of 
relevant configurations is immense. Also, unlike average atom 
approximations (Rozsnyai 1972), the STA method reveals the 
UTA spectrum (Bar-Shalom et al. 1991). 

The STA can be viewed as an extension of the UTA concept 
where the latter accounts for all the spectral lines connecting 
two configurations. In the STA method the central idea is to 
introduce superconfigurations that are collections of configu¬ 
rations constructed by distributing the electrons occupying a 
supershell among its constituent electron shells or subshells in 
all possible ways. The STA represents all transitions between 
two superconfigurations. Similar to the UTA method, the main 
results provide analytical expressions for the STA’s moments 
(total intensity, average transition energy, and variance) that 
allow the representation of an STA by a single Gaussian. A 
more detailed spectrum is revealed by increasing the number of 
STAs where each new STA includes fewer configurations 
located within a narrower energy range. The procedure is 
stopped when convergence of a chosen quantity is reached 
(e.g., Rosseland mean opacity). 

The comparison between OPAL and STA given in Figure 1 
helps clarify the STA method. The calculations are for Ga at a 
temperature and density near the peak of the opacity Z-bump. 
The figure shows that STA provides an envelope to the OPAL 
results computed in detail with full intermediate coupling, but 
since the former is a UTA-type approach it is not intended to 
resolve individual lines in the spectrum. For the low densities 
encountered in stellar envelopes, where the individual spectral 
lines do not significantly overlap (see Fig. 1), statistical 
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u=photon energy/kT 

Fig. 1.— Comparison of the OPAL and STA gallium photoabsorption cross sections as a function of u » (photon energy/kT), where kT is the temperature in 
energy units and N e is the free electron number density corresponding to the mixture with log R - - 3.5 shown in Figure 3. Note that for clarity the STA result has 
been reduced by 0.01. 


approaches can overestimate the Rosseland mean opacity 
(Iglesias, Rogers, & Wilson 1990; Iglesias Sc Wilson 1994). 
(Recall that the Rosseland opacity is a harmonic mean that 
weighs the low absorption regions.) The advantage, however, is 
that the STA method is computationally fast and can be used 
for the heavier elements where the detailed line accounting 
methods become impractical. Furthermore, for much heavier 
elements the number of lines increases dramatically and thus 
improves the chances for lines to overlap making the UTA- 
type methods more reliable. 

For the lowest temperatures there were numerical problems 
with the STA code. For these cases, where there are relatively 
few excited configurations forming the plasma ensemble, the 
photoabsorption cross sections for the heavy metals were gen¬ 
erated with the MCDCA code (Monte Carlo Detailed Con¬ 
figuration Accounting) developed by Wilson. Albritton, & 
Liberman (1991). Briefly, the MCDCA code computes the state 
of the gas by tracking the configuration history of a test ion in 
the ambient plasma and radiation field on an atomic scale 
using Monte Carlo techniques. The absorption spectra is then 
computed in the UTA approximation for each individual 
dipole allowed configuration-to-configuration electron tran¬ 
sition. 

3. RESULTS 

The metal composition used in the present work is based on 
recent solar observations (Grevesse Sc Noels 1993). However, 
only elements that are listed in Table 1 are explicitly included 
in the opacity calculations. To obtain this reduced list, particle 
number was conserved so that the abundance of elements 
omitted from Table 1 was added to nearby included elements. 
The first 14 elements in Table 1 are the most abundant in the 
Sun, and their number fractions have been adjusted in order to 
account for all elements through Ni where the reduction also 


conserves the mixture molecular weight. For elements heavier 
than Ni the abundance of five neighboring elements were com¬ 
bined into one. For example, the abundance of Cu, Zn, Ge, and 
As were added to that of Ga and only the latter is explicitly 
included in Table 1. 

Photoabsorption cross sections are displayed in Figures 2,3, 
and 4 which compare the OPAL calculations (IRW) for the 
first 14 elements to the remaining heavy metals where the 

TABLE 1 


Fractional Abundance for a Mixture 
with X — 0.7 and Z = 0.02* 


Atomic Number 

Number Fraction 

1. 

9.0710 

(-D 

2. 

9.1367 

(-2) 

6.. 

3.769 

(-4) 

7. 

9.915 

(-5) 

8. 

7.876 

(-4) 

10. 

1.278 

(-4) 

11. 

2.271 

(-6) 

12. 

4.039 

(-5) 

13. 

3.135 

(-6) 

14. 

3.778 

(-5) 

16. 

1.764 

(-5) 

18. 

3.732 

(-6) 

20. 

2.701 

(-6) 

26. 

3.626 

(-5) 

31. 

6.328 

(-8) 

36. 

5.900 

(-9) 

41. 

7.246 

(-10) 

46. 

2.205 

(-10) 

51. 

3.843 

(-10) 

56. 

3.929 

(-10) 

61. 

5.439 

(-11) 

66. 

4.332 

(-11) 

71. 

2.980 

(-11) 


a Parentheses indicate power of 10. 
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Fig. 2.—The OPAL photoabsorption cross sections compared to the heavy element contribution at various temperatures and constant log R = -6. The 
photoabsorptions are given per nucleus in the mixture and have been weighted by the number fractions in Table 1 corresponding to X = 0.7 and Z — 0.02. 


curves are weighted by the number fractions in Table 1. The 
calculations are at various temperatures and R tracks for a 
composition with hydrogen mass fraction X = 0.7 and metal 
mass fraction Z = 0.02. Here, R = p/T 3 with T 6 the tem¬ 
perature in million degrees and p the matter density in g cm ~ 3 
#here the values in the figures cover most of the temperatures 
and densities in which Rosseland mean opacities - are relevant 
to stellar models. Indicated in Figure 2 are values of Q which is 
defined as the ratio of the Rosseland mean opacity for the 23 
element mixture to the 14 element OPAL results. The figures 


show that the elements should have little effect on the total 
opacity. The possible exceptions are at the lower temperatures 
and lowest R tracks. 

Since UTA-type methods could overestimate the impact of 
the heavier elements on the mixture Rosseland mean opacity, 
calculations at T 6 = 0.3 and log R = —6 for Ga were done 
with the OPAL code using full intermediate coupling to 
compute the detailed line spectrum. This Ga calculation, 
weighted by the Ga abundance, was then added to the OPAL 
14 element results to compute a new Rosseland mean giving a 
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Fig. 3.—Same as Fig. 2 for log R = — 3.5 


5% increase over the IRW opacity. Consequently, both OPAL 
and STA calculations show that including the heavier elements 
can slightly increase the total mixture opacity at these matter 
conditions. In this temperature-density region, previous work 
(Rogers & Iglesias 1992, 1993; Seaton et al. 1994) found the 
largest opacity increases due to the weakly abundant iron- 
group elements. Therefore, it is notour prising that in this same 
region Ga would also make the largest impact. Note that the 
present calculations have combined the abundance of Cu, Zn, 
Ge, and As with that of Ga and a calculation with all these 


elements explicitly included would broaden the STA feature at 
u ss 3. This broadening would not significantly affect the 
overall strength of this feature, but would reduce the portion 
that emerges above the 14 element results. Thus, it should 
further reduce the effect of the heavy elements on the total 
opacity. 

It follows from these figures that at the lowest temperature 
the neutral hydrogen /C-shell absorption dominates the spec¬ 
trum near u = 4; thus, minimizing the heavy element contribu¬ 
tion. Photoabsorption cross sections for H-depleted mixtures. 
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X = 0.0 and Z = 0.02, are displayed in Figure 5. As before, the 
heavy elements clearly have no effect at the higher tem¬ 
peratures. The missing H absorption does make the heavy 
metal contribution relatively more important at T b = 0.03, but 
still without significant impact. 

4. CONCLUSION 

The effect of the heavier metals (atomic number > 28) on 
astrophysical opacities has been shown to be small—at least 
for solar-mixtures. The largest opacity enhancement due to 


these heavy metals were found at low to medium temperatures 
along tracks of the smaller R values relevant to stellar models. 
The results show that the heavy elements are considerably 
better photon absorbers than the metals usually included in 
stellar opacity calculations, but their very small abundance 
dilutes their impact on the mixture opacities. There are. 
however, situations where some of the heavy element abun¬ 
dance can be significantly enhanced. For example, Ga over¬ 
abundance of over 1000 times the solar value have been 
measured in peculiar A stars (e.g.. Takada-Hidai, Sadakane, & 
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Jugaku 1986). Even though in many cases these anomalies may 
be restricted to regions near the surface, the impact of a poten¬ 
tially large opacity increase due to an enhanced heavy element 
abundance should be considered in stellar models of such stars. 


Work by C. A. I., B. G. W., F. J. R., and W. H. G. performed 
under the auspices of the Department of Energy by the 
Lawrence Livermore National Laboratory under contract ^ 
W-7405-Eng-48. 
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The super-transition-array model is shown to be a very convenient tool for the interpretation of near- 
local-thermodynamic-equilibrium hot and dense plasmas. Specifically, we interpret here the absorption 
spectra of the CH-Ni-CH foil experiment performed at Lawrence Livermore National Laboratory using 
the backlighter technique. In this experiment a laminar foil composed of 200-A Ni with 1000-A CH on 
both sides was radiatively heated by the x-ray continuum from a nearby gold plasma and was backlit by 
the x-ray continuum from a distant gold plasma that could be time delayed with respect to the heating 
pulse. This setup was designed to achieve a uniform density and heating of the Ni middle layer. It is 
found that the Ni absorption features depend very weakly on the density of the foil but are quite sensi¬ 
tive to the foil temperature. Remarkably good agreement between the theory and the experiment is ob¬ 
tained for the Ni 2p-3d spectrum. The detailed features indicate that the plasma temperature is confined 
to a narrow range between 14 and 18 eV, demonstrating that the foil design, aiming to create a homo¬ 
geneous Ni plasma, was successful. These results represent an alternative temperature diagnostic for 
high-Z plasma. 

PACS numbers): 52.70.—m 


L INTRODUCTION 

In this work we apply the super-transition-array (STA) 
method [1-5] to interpret the absorption spectra ob¬ 
tained from hot and dense plasmas in the near-local- 
thermodynamic-equilibrium (LTE) regime, created by ir¬ 
radiation of matter by x-ray emission of a gold plasma. 
For relatively high-Z materials (e.g., Ni) such plasmas 
contain a huge number of transitions even when LTE 
conditions do not exactly hold, and the spectrum has 
many unresolved structures. The application of the col- 
lisional radiative model in these cases is a tremendous 
effort if possible at all. It is shown that the STA model, 
though based on LTE conditions, is a very convenient 
tool for the interpretation of such plasmas. For given 
temperature and density, it produces the exact wave¬ 
lengths and widths of all the contributing clusters, in¬ 
cluding the individual linewidths and the entire cluster 
widths constructed from the many overlapping lines. 
The deviation in the intensities reveals the degree of 
departure from LTE conditions. 

Specifically, we interpret here the absorption spectrum 
obtained in the CH-Ni-CH foil experiments performed at 
Livermore [6,7]. In these experiments a laminar foil 
composed of 200-A Ni with 1000-A CH on both sides 
was radiatively heated by the x-ray continuum from a 
nearby gold plasma, and was backlit by the x-ray contin¬ 
uum from a distant gold plasma that could be time de- 
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layed with respect to the heating pulse [8]. The tamped 
CH-Ni-CH foil was designed to achieve a uniform densi¬ 
ty and heating of the Ni middle layer. As we shall see, 
the Ni absorption features depend very weakly on the 
density of the foil but are quite sensitive to the foil tem¬ 
perature. The comparison between theory and experi¬ 
ment shows remarkable agreement for the Ni 2p-3d spec¬ 
trum. The detailed features in this region indicate that 
the plasma temperature is indeed confined to a narrow 
range between 14 and 18 eV. These results represent a 
temperature diagnostic for high-Z plasmas. In Sec. II we 
briefly review the STA model and the experimental setup. 
In Sec. Ill we compare the experimental and STA 
theoretical results. A discussion and summary are given 
in Sec. IV. 

IL REVIEW OF THE THEORY AND EXPERIMENT 
A STA model 

The most complex contribution to the spectrum emit¬ 
ted from hot and dense plasmas arises from the huge 
number of bound-bound and bound-free transitions. Un¬ 
resolved clusters of many neighboring partially overlap¬ 
ping transition lines are created, constructing a complex 
intensity profile. The STA model reveals this complicat¬ 
ed structure by a convergence procedure which increases 
the resolution of the calculated spectrum, until the re- 

6686 ©1995 The American Physical Society 
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quired accuracy is achieved. Particularly, in each\step 
the entire bulk of transitions is divided into groups G of 
neighboring lines, and each group is described as a 
Gaussian having the exact group moments, i.e., total in¬ 
tensity, average energy, and variance. The resolution is 
thus increased with the number of groups. 

Specifically, the total spectrum can be written as 


S(£)= 2 S g (£) , 

G 

where 

S G (E)= 2 NiWjjPjjiE —E.j) . (2) 

ij e G 

In Eq. (2) the summation is over all the transitions i —*j 
in G, where i and j indicate the corresponding initial and 
final levels. N t is the population of the initial level, Wy is 
the transition probability, and Py is the corresponding 
line shape centered on the transition average energy Ey. 

For normalized symmetric line profiles, the group mo¬ 
ments are the following: 


intensity 

I G = f S c {E)dE = 2 N i w u > 
average energy 


E r .= 


fs G (E)EdE £ c NiWijEiJ 


and variance 


fs G (E)(E-E G ) 2 dE , , 

(A E g ) 2 =- - - -=A 2 G +Aj, , 


(3) 


(4) 


(5) 


where 

2 NiWijiEij-Ec) 2 

= — -7-» «> 

and G 

A 2 P = fP(E-E)(E-E) 2 dE (7) 

is the variance of the individual line shape, assumed to be 
equal for all lines in group G. 

The central achievement of STA theory is the ability to 
obtain, under certain conditions detailed below, analyti¬ 
cal formulas for the moments, bypassing the impractical 
need to account for the huge number of transitions one 
by one [1,5]. The only two assumptions made are that (1) 
the plasma is in LTE conditions, yielding Boltzmann 
populations AT,-; and (2) The configuration widths are 
smaller than kT. 

In addition, the definition of STA groups described 
below has two advantages [1,5]: (1) it enables one, using 
these assumptions, to derive analytic expressions for the 
group moments; and (2) it allows a group splitting stra¬ 
tegy which speeds up the convergence. For bound free 
transitions the final level j belong to the continuum, and 
the moments of G are obtained by integration over the 
continuum [2,3]. 

In order to account for the non-Gaussian nature of P, 
we first construct a Gaussian from the moments I G , E G , 


and A c , 

T (E-E g )= 


v 7 2irA, 


-exp 


_± 

e-e g 

2 

2 

A G 



( 8 ) 


and then construct the spectrum S G (E) by the convolu¬ 
tion with the individual line shape 


S c (£)= / T(E-E G )PkE-E)dE 


(9) 


having the same moments as the original spectrum of G 
defined by Eq. (2). 

In order to complete this brief description of the 
theory, we now define the STA groups. A STA group 
(termed STA) is the collection of all transitions between 
two superconfigurations. A superconfiguration E is a col¬ 
lection of ordinary configurations defined symbolically by 
the product over supershells cr, 

e= n* Q '. x uo) 

a 


A supershell, in turn, is the union of energetically adja¬ 
cent ordinary atomic subshells s=/ 5 —n s lJ s . In Eq. 
(10), the superconfigurations are constructed by distribut¬ 
ing the Q a electrons occupying the supershell a among 
the subshells s in all possible ways subject to 

{ 2*e<7 9s ~~Qo 

.*•= x n/,' «» 

l 2,6*1, “Gcrl 5 

Clearly each partition of Q a is an ordinary configuration. 
The transitions between two configurations constitute an 
unresolved transition array (UTA) [9,10], and a STA is 
thus a collection of energetically near UTA’s. 

The convergence procedure mentioned above splits 
supershells into smaller supershells according to their en¬ 
ergy spread. For each superconfiguration in its turn, at 
each step, supershells that give rise to relatively well- 
separated configurations, are preferentially split. The de¬ 
tailed structure of the spectrum is thus gradually re¬ 
vealed, yielding a converging spectrum. This procedure 
converges to the UTA spectra where each UTA is com¬ 
pletely unresolved. 

It is appropriate to collect separately all STA s belong¬ 
ing to a specific one electron jump 
2/>3/2 —*3^5/2, w ^ich fall in the same region. This char¬ 
acterization will be used in comparison with the experi¬ 
ment given in Sec. IIB. 

Finally, three essential points should be emphasized 
here. 

(1) The convergence procedure also allows the use of 
first order energies in the Boltzmann factor for the level 
configurations [2,3]. 

(2) Orbital relaxation is applied by taking different po¬ 
tentials for different superconfigurations [2,3]. This re¬ 
laxation is carried out for different STA’s as well as for 
the lower and upper superconfigurations of the same 
STA. As we shall see, this orbital relaxation significantly 
improves the agreement between the calculated and ex¬ 
perimental spectra. 

(3) The STA model was extended [4] to include the im- 
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portant part of the configuration interaction, i.e., the in¬ 
teraction between j-j configurations belonging to the 
same LS configuration. As will' be seen below, these de¬ 
velopments significantly improve the agreement with ex¬ 
perimental results. The STA code is a very convenient 
tool for spectral diagnostics. Given the material density 
and temperature, it produces the entire spectra in a single 
run. It allows fast identification of the various arrays and 
lines. The deviation in intensities may help to understand 
the experimental conditions, i.e,. the degree of departure 
from LTE conditions or the occurrence of stimulated 
emission as detailed below. 

B. Experiment 

The experiment and its motivation were discussed in 
detail in Refs. 6 and 7. A brief summary of the experi¬ 
ment is given below for convenience. 

The experimental setup is shown schematically in Fig. 
1. Two arms of the NOVA laser were used. One irradi¬ 
ates a thin gold foil emitting, in turn, x rays which heat 
the CH/Ni/CH foil target. The second laser arm heats a 
second gold foil which emits an x ray directly on the al¬ 
ready heated target. The spectrally resolved absorption 
of this backlight continuum is detected at the back of the 
target. The tamped CH-Ni-CH foil, composed of 200-A 
Ni with 1000-A CH on both sides, was designed to 
achieve a uniform density and heating of the middle lay¬ 
er. The carbon on both sides of the Ni, on the other 
hand, blows off and is expected to have a much wider 
range of temperature and^ density. The spectrum in the 
wavelength range 6-100 A of the backlighter continuum 
transmitted through the radiatively heated foil was pho¬ 
tographically recorded by a high-resolution grazing in- 



The Experimental Setup 


FIG. 1. The experimental setup: two arms of the NOVA 
laser are used. One irradiates a thin gold foil, emitting, in turn, 
x rays which heat the CH-Ni-CH foil target. The second laser 
arm heats a second gold foil which emits an x ray directly on 
the already heated target. The absorption of this second laser 
light vs frequency is detected at the back of the target. 



FIG. 2. The experimental spectrum includes contributions 
from CII to C v in the wavelength range 32-42 A and a few ion¬ 
ization stages of Ni at wavelengths 12-14 A. The features near 
22 A are of oxygen existing in the plastic layer not considered in 
this work. The features at 19-21 A are imperfections in the 
photographic emulsion that appear in this particular lineout. 


cidence spectrograph. 

The Ni absorption features depend very weakly on the 
density of the foil, but are quite sensitive to the foil tem¬ 
perature. We will show that Ni transitions of the type 
2p-3d originate from plasma of temperatures in the nar¬ 
row range 14-18 eV, indicating that a homogeneous Ni 
plasma was indeed achieved. This analysis represents an 
alternative temperature diagnostic for high-Z plasmas. 

In comparing the experimental and theoretical results, we 
have found deviations in intensity ratios between transi¬ 
tion arrays originating from the same initial states. This 
is attributed to stimulated emission from highly popu¬ 
lated final levels due to the photon flux from a much 
higher temperature gold plasma. 

The experimental spectrum presented in Fig. 2 includes 
contributions from ClI to Cv in the wavelength range 
32-42 A and a few ionization stages of Ni at wavelengths 
12-14 A. The identification of the spectral features and 
the calibration of the photographic plates were Hisrqiw»d 
in Ref. [6]. The cold Ni L edge at 14.5 A is absent in the v 
spectrum. The features near 22 A (the cold edge at 23.3 
A) are of oxygen existing in the plastic layer not 
considered in this work. The features at 19-21 A are im¬ 
perfections in the photographic emulsion that appear in 
this particular lineout. 

HI. INTERPRETATION OF THE SPECTRA 
BY THE STA MODEL 

The experimental absorption spectrum is related to the 
absorption coefficient <r(k,p,T ) by 

i4(X)«(l-e "*****), (12) 

where pAx is the plasma depth, estimated to be 2.10~ 5 
g/cm 2 in our experiment. The STA model described in 
Sec. II calculates S = op of Eq. (1) from which we obtain 

a a). 

The experimental and theoretical spectra are shown in 
Figs. 3—5. We have found that the resolved structures 
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originate from the superconfigurations 
Z=(\s 2 2s 2 2p 6 )(3s3p l/2 3p l/2 3d l/2 3d W2 f 

X(4s4p 1/2 .. .) M , (13) 

where = 8— 11 and the M's (mainly between M =0 and 
2) are not resolved. The observed transition arrays be¬ 
long to one electron jumps 2 p—*nd (2p x/2 ^-nd in 
+2 3/2 -*nd i/2 +2p i/2 -*nd i/z ) with n=3,4, and 5. 

In Fig. 3 we examine the 2p-+3d spectra. Four spec¬ 
tra are shown for four temperatures from 10 to 22 eV. In 
Fig. 3(a) it is seen immediately that the calculated spectra 
of the two extreme temperatures (belonging to T= 10 and 
22 eV) extend beyond the experimental spectral structure. 
This limits the temperature spread to about 4 eV only 
(7*=14-18 eV) as seen in Fig. 3(b). We have found that 
due to its narrow range the contribution of the entire 
continuous temperature profile can be well represented by 


the two limiting values (r=14 and 18 eV). The addition 
of intermediate temperatures alters the spectrum only 
slightly. 

In Figs. 4(a) and 4(b) the two temperature spectra of 
2p-+3d are shown. The “total” curve is the “best” com¬ 
bination of the two temperatures (40% T— 14 eV+60% 
r=18 eV). In Fig. 4(a) we present the theoretical result 
without configuration interaction (Cl) [11], whereas Fig. 
4(b) includes Cl in agreement' with the experiment. In 
Fig. 4(b) we also present a complete identification of all 
the resolved arrays using the compact notation N~ and 
N + for arrays 2p in ^nd in and 2p i/2 -*nd s/2 , respec¬ 
tively. As expected, array 2p i/2 -*-nd 3/2 is negligibly 
weak, and only N~ and N + are observed. The agree¬ 
ment is strikingly good, and all arrays A =9-11 (denoted 
by 9 ± -ll ± ) are identified. In pure j-j coupling (without 
Cl) the ratio between the + and — transitions is in favor 
of the + transitions, and the departure from j-j already 
seen in Fig. 3(a). It should be emphasized here that this 
excellent agreement was obtained only after improving 
the orbital relaxation, using a sufficient number of opti- 



13.6 13.8 14.0 14.2 14.4 

Wavelength [A) Wavelength (A) 


FIG. 3. Comparison between the theoretical and the experi¬ 
mental 2p-+3d spectrum, (a) Two temperature (10 and 22 eV) FIG. 4. The total two temperature (40% T— 14 eV+60% 
spectra beyond the experimental limit, (b) The theoretical spec- T= 18 eV) spectra of 2 p—»3d: (a) without Cl, and (b) with CI. 

tra of the temperature bounds (14 and 18 eV) reproducing the N + and N~ indicate the 2p\ n -^nd- hn and 2/> 3/2 —►n</ 5/2 ^ansi- 

experimental spectrum. tions, respectively. 
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FIG. 5. The complete Ni LTE spectrum at T= 14 eV+18 eV 
and density 0.01 g/cc. 

mized potentials for both initial and final superconfig¬ 
urations. This comparison thus demonstrates the impor¬ 
tance of both orbital relaxation and Cl for the interpreta¬ 
tion of plasma experiments. 

The fact that the 2p-3d features are modeled so well is 
the most interesting result of this work, indicating that 
only three Ni ionization states contribute to this spec¬ 
trum, and that the temperature range is extremely nar¬ 
row (14-18 eV). These results, together with the absence 
of the Ni cold L edge at 14.5 eV, imply that the Ni plas¬ 
ma was uniformly heated by the x-ray continuum without 
large temperature gradients. This confirms the success of 
the foil design to avoid fast expansion of the middle layer 
and to allow a uniform heating. 

In Fig. 5 the complete two temperature (40% r= 14 
eV+60% T= 18 eV) Ni spectrum is presented. The com¬ 
parison between the experiment and STA are not so good 
for the transitions 2p—*4d, 5 d. Whereas shifts in wave¬ 
length can be improved by better optimization of the po¬ 
tential, we can see significant deviations is intensity ratios 


2p-nd (n = 4,5) 



Wavelength [A] 


FIG. 6. Identification of the 2p —*4d,5d transitions. {N,nD 
indicates the 2p—*nl one-electron jump origination from the 
bulk oV superconfigurations denoted in the text by N, {N,M: 
summed over all M) of Eq. (13). 



FIG. 7. Identification of the carbon LTE spectrum at 7*= 14 
eV+18 eV and density 0.01 g/cc. The noisy and smooth lines 
are the experimental and theoretical results, respectively. 

between transition arrays 2p-+4d, 5 d and 2p — *3d. 
These deviations cannot be attributed to a departure 
from LTE absorption since all these arrays originate from 
the same initial states. Departure from the LTE may 
affect these intensity ratios only through stimulated emis¬ 
sion. Whereas under LTE conditions stimulated emission 
is obtained by simply multiplying the absorption spectra 
by the Plank function at the plasma temperature (in our 
case 14 eV< T< 18 eV), a non-LTE effect can originate 
here from the photon flux from the much higher tempera¬ 
ture (keV) gold plasma (in the spectral region of these ar¬ 
rays). The discrepancy in the intensities can therefore be 
explained as follows: We could adjust the plasma depth 
Ax of Eq. (12) to fit the total intensity at the 2/>—*4d, Sd 
region. In such a normalization the 2p-2d calculated 
spectrum will still follow the detailed structure of the ex¬ 
perimental spectrum but will be globally intensified. The 
lower experimental intensity in this region can now be at¬ 
tributed to the non-LTE stimulated emission from the 
highly populated final levels of the 2p-3d array due to the 
photon flux from the much higher temperature (keV) gold 
and to the strong 2p-3d transition probability (relative to 
the 2p^4d, Sd). A more quantitative explanation can be 
obtained by solving the detailed collisional radiative mod¬ 
el. Such a calculation is beyond the scope of the present 
work. 

In spite of these deviations, almost all the unresolved 
arrays of the transitions (8 *,4^) ( l2 ± -4d ) and 

(9 ± -12 ± ,5d) could be identified, as is specified in Fig. 6. 
The carbon on both sides of the Ni layer blows off, and is 
expected to have a much higher range of temperatures 
and density. It is thus not surprising that the modeling of 
carbon is not so good. The results for carbon are present¬ 
ed in Fig. 7. Again the strongest features could be 
identified in spite of the temperature spread which could 
not be accounted for accurately in the calculation. 

IV, SUMMARY AND DISCUSSION 

In this work we have demonstrated how the STA mod¬ 
el can be used for the interpretation of near-LTE plasma 
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experiments. We have shown that for sufficiently relaxed 
orbitals the wavelengths of the various arrays in the en¬ 
tire spectral region are accurately calculated. The devia¬ 
tions from the LTE level populations may, in general, 
change the entire spectrum. Dominant LTE arrays ma y 
vanish and others may become significant. In this case a 
detailed collisional radiative model must be solved to ob¬ 
tain the level populations and the resulting array intensi¬ 
ties. This is an enormous task. In contrast the STA 
model is a very simple tool, yielding the entire spectrum 
in a single run and allowing fast identification of all 
resolved arrays and lines. Of course STA spectra can be 
used quantitatively only if the departure from the LTE is 


not too large so that the LTE features are still recogniz¬ 
able. In the present experiments we have distinguished 
only small non-LTE effects. The remarkable reconstruc¬ 
tion of the experimental 2p-Zd spectra by the theory with 
only two temperatures in a range of only 4 eV confirmed 
the success of the foil design aiming at homogeneous 
plasma in both density and temperature. The deviations 
in relative intensities of 2 p-+nd arrays, between transi¬ 
tions with n =4 and 5 and with n= 3, are attributed to 
spontaneous and stimulated emission from highly popu¬ 
lated final levels due to the photon flux from the much 
higher temperature gold plasma. This work introduces 
an alternative temperature diagnostic for high-Z plasma. 
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The physics of dense [(1-5) X 10 19 cm -3 ], cold (1-15 eV), strongly coupled (T — 0.7) plasmas 
is probed with 0.351, 0.527, and 1.054 p,m opacity measurements in well characterized, laser-heated, 
aluminum plasmas. Current opacity models are tested, for the first time, in the regime where the probing 
photon energies are of the same order as the average interparticie interaction energies in the plasma. 
Predicted enhancements of the opacity at low temperatures are not observed, but overall agreement 
between experiment and theory is within a factor of 2. 


PACS numbers: 52.25.Qt, 52.25.Rv, 52.50.Jm 

At low temperatures, the electrons and ions of dense 
plasmas interact strongly to produce highly nonideal gas 
systems. The interaction to thermal energy ratio T is 
no longer small as in “weakly coupled” ideal gas plas¬ 
mas. The opacity of strongly coupled plasmas (SCP) is 
of fundamental interest because it is sensitive to non¬ 
ideal effects through its strong dependence on the equa¬ 
tion of state, particle collisions, plasma microfields, and 
atomic line shapes in the plasma. The largest nonideal 
effects are expected for photons with energies compara¬ 
ble to the plasma interaction energies, i.e., hv/kT < T. 
At these energies the photon-plasma interaction is pri¬ 
marily determined by electron-ion collisions and transi¬ 
tions between high-lying atomic levels which are subject 
to strong perturbations from the plasma. The opacity and 
transport properties of dense plasmas are important issues 
in astrophysics, laser-fusion, and shock wave research, as 
well as in the physics of high current discharges. The 
physics of SCP’s [1] and the opacity [2] of dense plas¬ 
mas have been the subject of vigorous theoretical and 
numerical investigations with relatively few experiments. 
Comparisons between opacity models show reasonable 
agreement between models for high temperature plasmas 
with high-charge-state ions, but rather poor agreement for 
low temperature plasmas with low-charge-state ions [3]. 
Recently, the hot, high-charge-state plasma regime has 
been investigated by several soft x-ray and XUV opac¬ 
ity experiments [4]. Previous opacity work with low 
temperature plasmas was primarily with plasma arcs [5], 
shock waves in high density gases [6], or laser vapor¬ 
ization and heating of thin metal films [7], Typically, 
the arc plasma experiments were at low densities such 
that T < 0.2, whereas in the shock wave experiments 
the opacity was not measured directly but was inferred 
from plasma emission measurements. In our early work 
[7] with laser-heated vapors, the plasma expansion from 
laser heating was only measured in two dimensions (2D), 
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making computer modeling of the plasma hydrodynam¬ 
ics necessary to fully analyze the data. In this letter, 
we report on new multi-wavelength opacity experiments 
with laser-heated metallic vapors. New diagnostics and 
instrumentation measure the plasma expansion in 3D, re¬ 
moving previous uncertainties. The UV to IR emission 
spectrum and the 0.351, 0.527, and 1.054 fi m opacity of 
strongly coupled plasmas for n e ~ (l-5j X 10 :9 cm 
T e ** 1-15 eV, and T = 0.3—0.8 are measured under 
controlled and well diagnosed conditions. Comparisons 
with calculations show agreement, within a factor of 2, 
with the sta [8] and opal [9] opacity models. 

Similar to Ref. [7], a laser-produced plasma is used as 
the source for these experiments; see Fig. 1. A glass sub¬ 
strate is coated with an A1 film, and a laser beam vapor- 



FIG. 1. Schematic of experimental setup. A laser vaporizes 
a thin aluminum film from a glass substrate. The aluminum 
vapor flows through a thin slit (100 ptm) and is heated and 
ionized by a second laser. Multiwavelength probes measure the 
plasma absorption coefficient while transverse interferometer 
beams measure the plasma density profile. 
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izes this film by irradiation through the glass. The ex¬ 
panding supersonic vapor, with a diameter comparable to 
the laser focal spot (d ~ 1.0 mm), flows through a slit 
(Ax == 100 /xm) which limits its transverse extent and to¬ 
tal mass. After the vapor slab has reached the appropriate 
expansion length (/ ~ 1000 /xm at ; = 100 ns) and de¬ 
sired vapor density, a second laser (A = 1.054 /xm. 10 10 — 
10* 1 W/cm 2 ) is used to ionize the A1 vapor. The heat¬ 
ing occurs over a time of about 5-8 ns and produces 
a fully ionized plasma (roughly 1000 /xm by 1000 /xm) 
with an average ionization (Z) ~ 1 —4. Three short pulse 
(700 ps) probe beams (1.054,0.527, and 0.351 /xm) mea¬ 
sure the transmission through the plasma, normal to the 
slab geometry. The beams are focused to a small spot 
(d ~ 100 /xm) in the center of the plasma to provide spa¬ 
tial resolution and to ensure a uniform density in the fo¬ 
cal plane. The degree of transmission is measured with 
a set of fast (r = 350 ps) incident and transmitted photo¬ 
diodes. The transmission probes are much brighter than 
the plasma, and the transmission measurements are not af¬ 
fected by plasma emission. Two unfocused interferometry 
beams, one normal and one transverse, measure the line 
integrated density from the two orthogonal orientations. 
These measurements are unfolded to give the density pro¬ 
file along the line of sight of the transmission measure¬ 
ment. The emission of the plasma, in the focal volume 
of the transmission probes, is measured with an absolutely 
calibrated 0.5 m monochromator with a temporal resolu¬ 
tion of 0.5 ns. The plasma temperature is determined from 
the absolute emission and the degree of transmission at 
0.527 /xm. For plasmas in local thermodynamic equilib¬ 
rium (LTE), these quantities are related to the average 
temperature through the radiation transfer equation and 
Kirchhoffs law [10], i.e., I(v, D = l p (v, D(1 - ///o), 
where l p {v, T) is the Planck distribution. I/Iq is the trans¬ 
mission fraction, and v is the frequency of the absorbing 
radiation. The plasma emission spectra (2000-8000 A) 
are recorded with a 0.33 m spectrometer coupled to a 
streak camera or gated microchannel plate detector. 

The initial plasma geometry is slablike: however, the 
density profile of the plasma along the transmission- 
probe line of sight evolves into a Gaussian-iike profile 
as a result of heating and expansion: see inset in Fig. 2. 
The profiles are symmetric as long as the vapor areal- 
mass-density remains below some critical value. In 
these experiments, the maximum A1 mass density is 
restricted (to approximately 4.5 x 10~ 4 g/cm 3 . Aj 0n ~ 
10 19 cm -3 ) to ensure symmetry in the density profile 
and to ensure full fringe visibility in the highly absorbed 
transverse interferometer beam. The average mass density 
(i.e.. ion density) is inferred from the measured electron 
density and temperature and the degree of ionization given 
by a Saha equation calculation for AL The Saha equation 
and the equations of state in the opal and sta codes 
give ion densities which are within 2%-3%. Typical 
electron densities in the experiment, averaged over the 
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FIG. 2. Measured electron densities as a function of plasma 
temperature. Solid curve due to Saha equation calculation 
for an aluminum mass density of p m = 3.6 X 10 -4 g/cm 3 . 
Dashed curve estimates the worst case deviation from LTE. 
Triangular data points correspond to the strength of the ion 
coupling parameter. Curve in inset is a typical transverse 
density profile of the plasma. 


line-of-sight profile, are plotted in the solid circles of 
Fig. 2. The uncertainty in the temperature for these data 
is typically 10%-20%. The solid curve through the data 
is a Saha calculation for an average mass density of 
3.6 X 10 -4 g/cm 3 . The spread in the data is due to shot- 
to-shot variations in the mass density of the aluminum 
vapor, resulting from variations in the film thickness, 
laser power, beam alignments, and slit width. The solid 
triangles in Fig. 2 correspond to the strength of the 
ion coupling parameter [T = e 2 Z 5/3 (4irN e /3) l/3 /T e ]. 
Coupling between ions is the strongest (T ~ 0.75) at 
temperatures (4-5 eV), where the population of triply 
ionized aluminum peaks. For the most part the plasmas 
are in LTE, with collisional excitation and relaxation 
rates dominating over radiative rates [11]. However, 
for Aliv, the rate of collisional excitation between the 
ground and 1st excited states (excitation time ~ 10 ns 
at 10 eV) is too slow to bring the excited and higher 
ionization states above the Aliv ground state into LTE 
in the 5-8 ns heating time of the experiment. As a result, 
for temperatures in the 10-15 eV range, where there is 
significant excitation and ionization of A1 iv, the degree of 
ionization may not reach its LTE value. The worst case 
deviation from LTE is estimated from a Saha calculation 
(dashed curve in Fig. 2) for which all states above the A1 
iv ground state are assigned a statistical weight of zero. 

Opacity measurements are taken in the region where 
deviations from LTE are small. The transmission of 
the laser probes (1.054, 0.527, and 0.351 /xm) is mea¬ 
sured at the peak of the heating pulse and in tempo- 
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ral and spatial synchronization with the interferometry 
and absolute emission measurements. The transmission 
T through the plasma is related to the absorption coef¬ 
ficient k by T = exp[— / K(x)dx]. For comparison be¬ 
tween experiment and theory it is convenient to define an 
average absorption coefficient (k) = -ln(D/L, where 
L is an average plasma thickness calculated from the 
measured density profile n e (x) such that L / n 2 (x)dx — 
{/ n e (x)dx} 2 . With this choice, processes which depend 
on n e (x) 2 are well described by average quantities even 
though the plasma profile is not flat. This model is useful 
for our conditions because the sta and opal opacity codes 
and the data show a n e (x) 2 dependence for the absorption 
coefficient. In practice, L is also used to calculate the av¬ 
erage electron densities. L is comparable to the thickness 
containing 90% of the plasma mass (0.06-0.1 cm) and is 
about 1.5 times the full width at half maximum (FWHM) 
of the density profile. 

The 0.351,0.527, and 1.054 fi m absorption coefficients 
are plotted in Fig. 3. These opacity data are a subset cor¬ 
responding to only those measurements having an initial 
mass density of po — (3.6 ± 1.8) X 10“ 4 g/cm 3 . In ad¬ 
dition, the data are scaled by (po/pm) 2 to account for the 
finite distribution of actual mass densities p m and the n 2 
dependence of the opacity. Error in the data is minimized 
by averaging over multiple data in temperature steps of 
0.5 eV. Tne error bars include instrumental, alignment. 



FIG. 3. The measured absorption coefficient at 0.351, 0.527, 
and 1.054 pm compared to OPAL and STA model calculations 
for an aluminum mass density of ~p m = 3.6 X KT 4 g/cm 3 . 
Open circles indicate impact of possible non-LTE density 
distribution on the opacity. Inset contains typical (T — 5 eV) 
spectra in the vicinity of the 0.527 pm probe. 


and calibration uncertainties of the transmission measure¬ 
ments, as well as the effects of the uncertainties in density 
and temperature on the absorption coefficient. The effect 
of non-LTE density distributions on the opacity is to re¬ 
duce the absorption coefficient around 10 eV, as indicated 
by the open data points. 

To better characterize the conditions under which the 
opacity was measured, simultaneous time-resolved emis¬ 
sion spectra were recorded in the 0.25-0.70 pm range. 
Detectors sensitive in the 1 pm range were not available 
for this experiment. The 0.351 and 0.527 pm probing 
wavelengths are in smooth regions of the emission spec¬ 
tra between very broad emission lines; see inset in Fig. 3. 
The spectra also revealed some narrow but very strong res¬ 
onance absorption lines (transitions from the ground state) 
originating from neutral aluminum and from neutral slit 
material impurities. These features are far from the prob¬ 
ing wavelengths and are the result of emission from the 
plasma interior being absorbed in the low-density wings 
of the plasma profile. Here, the temperature is sufficiently 
low (~1 eV) to permit finite populations of ground-state 
neutral atoms, and the lines are not strongly broadened by 
high density. The population of impurities is estimated 
from the relative strength of the impurity-to-aluminum 
lines and is found to be less than 1% of the aluminum pop¬ 
ulation. At this concentration, even in the plasma interior, 
changes in the opacity from impurities are not expected at 
wavelengths outside the narrow resonance lines. 

The data are compared to predictions of the sta and 
opal opacity models. They calculate the complete ab¬ 
sorption coefficient k = k// + Y. K bf + includ¬ 

ing free-free, bound-free, and bound-bound contributions. 
These are LTE models that include contributions from all 
ionization stages in the plasma, as well as from all LTE 
populated bound and free states of each ionization stage. 
In the STA model the large number of bound states that are 
populated in LTE are grouped into smaller supertransition 
arrays of similar energy-level configurations. The energy, 
strength, and variance of transitions between arrays are 
determined from solutions of the Dirac equation in para¬ 
metric potentials, self-consistently optimized for each su¬ 
per configuration. Energies and strengths are corrected 
to first order to account for departure from pure jj cou¬ 
pling. The population of levels follows Fermi statistics; 
dense plasma effects are incorporated with an ion-sphere 
radius model of ionization potential lowering and by in¬ 
cluding degeneracy effects for the continuum. The opal 
model uses parametric potentials, but it differs in that all 
terms are accounted for in detail, and LS coupling de¬ 
termines the configuration term structure. In opal, dense 
plasma effects are included in the equation of state and in 
the occupation number Of bound states through systematic 
expansions of the grand canonical partition function for a 
system of electrons and nuclei interacting in a Coulomb 
potential. In both models, bound transition energies do 
not have spectroscopic accuracy (A E — 1%), and pertur- 
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bation of states by the plasma microfields is taken into 
account with a semiempirical and semiclassical electron- 
impact broadening theory [12]. Free-free transition cross 
sections for the two models are calculated from their re¬ 
spective plasma-screened parametric potentials with quan¬ 
tum mechanical partial-wave expansions. These models 
have been successful in reproducing previous x-ray ultra¬ 
violet opacity measurements in higher temperature exper¬ 
iments [4] but have not been tested in the low-temperature 
UV-visible-IR region. This low-temperature, low-photon- 
energy regime is different because free-free transitions 
now form a significant fraction of the opacity, the broad¬ 
ening of bound transitions by plasma perturbations is 
greater than configuration splitting, and many of the con¬ 
tributing bound transitions are near the plasma-perturbed 
continuum edge. 

Initial comparisons of the models to the data differed 
by factors of 2 to 5. Spontaneous emission reductions 
to the opacity had to be included (sta), and approximate 
free-free calculations had to be replaced with full dipole 
matrix evaluations (sta and opal). In Fig. 3. the opal 
and sta calculations are displayed alongside the data. 
The calculations are based on the average density and 
temperature measured in the experiment. In practice, the 
plasmas have finite density and temperature gradients. 
The sensitivity of the calculations to these gradients was 
checked by integrating the local opal opacities over the 
measured electron-density profile and several physically 
reasonable temperature profiles. The set of temperature 
profiles was chosen to span the range from the ideal, 
flat profile, to the worst-case, highly peaked profile. The 
temperature profiles are constrained by the measured 
density profile, via the equation of state, and by the 
requirement to reproduce the measured plasma emission. 
The difference in opacity between calculations using 
average values vs full profile averages increases as the 
temperature profile is peaked, limiting to about 15%—20% 
for the worst case where the concomitant mass density, as 
dictated by the equation of state, becomes flat. The actual 
deviation will be less than 20% because an expanding 
plasma can not have a flat mass-density profile. 

Both sta and opal predict enhancement of bound state 
contributions in the 2-6 eV temperature range, where the 
Aim ionization state and its large set of spectral lines 
in the UV-visible-IR range are well populated. Even 
though the probing wavelengths do not coincide with 
aluminum absorption lines, the wings of many spectral 
lines contribute to the absorption as a result of spectral 
line broadening by the dense plasma. The measured 
opacity, while greater than the free-free opacity, is nearly 
constant and does not show significant enhancement 
in this temperature range. The 0.351 and 0.527 fim 
Hata indicate that bound states contribute less than is 
calculated by sta and opal. The sensitivity of the 
opacity to line broadening issues is illustrated by the 


difference in sta and opal opacities. The opal bound 
state contributions are larger, primarily as a result ot 
broader (2X) line profiles in opal calculations. The role 
of spectral line broadening is being investigated in a new 
set of experiments and will be published elsewhere. The 
overall differences between experiment and theory imply 
theoretical uncertainties on the order of 20%—50% in this 
dense, low temperature regime. 

The opacity (0.351. 0.527. and 1.054 yum) of dense, 
cold, and strongly coupled plasmas (F ~ 0.5—0.7) has 
been measured under well characterized conditions. Com¬ 
parison of the data with current opacity codes such as 
opal and sta show that both bound-bound and free- 
free absorption processes are important in this parameter 
regime, but that their relative contributions are not yet cer¬ 
tain. Overall agreement between experiment and theory is 
within a factor of 2. 

The NRL authors were supported by the U.S. Office of 
Naval Research. 
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Abstract. A two moment model of radiative transport is developed, based 
on the ad hoc assumption that the specific intensity of radiation has the 
angular dependence of an ellipsoid with the origin lying at one of the fo¬ 
ci. This model reduces to the standard diffusion approximation in the limit 
S = F/cU <C 1 , with F and U the radiant flux and energy density. However, 
unlike standard diffusion theory, the present model gives the correct radia¬ 
tive transport in the limit in which all the radiative energy streams in one 
direction, i.e., 5 = 1. This property is crucial in predicting accurately the 
radiation transport in two and three-dimensional laser-plasma simulations. 


1. Introduction 

1.1. Radiation transport equation 

Computer simulations of laser-plasma interactions require an accurate model for the 
transport of radiation. The radiation transfer equation [1, 2, 3] 

determines the radiation intensity at frequency v in the direction of the unit 

vector £2. The effective absorption coefficient /s' includes the contribution due to induced 
emission and S v gives the remaining source part of the emission. 
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For a plasma in approximate local thermodynamic equilibrium (LTE), the source 
is S u = k'„B v and the effective absorption coefficient is k' u = /c„[l — exp (—hu/JcT)]. Here 
k v is the standard absorption coefficient, T is the electron temperature, and 

2 hv z 1 . . 

M T ) = c 2 exp(hu/kT) -1 . ^ ^ 

is the Planck radiation intensity. For a non-LTE plasma [4], k’ v and S v in Eq. (1) are 
modified from their LTE values. 


1.2. Moments of radiation transport equation 

One method of solving the radiation transport equation (1) is through moments in the 
radiation direction ft. The zeroth and first moments of Eq. (1) yield [2, 3] 

^ + V-F„ = 4 xS,-<*/&, (3) 

~ + cV-P„ = -<F„, (4) 

C Ot 

for a spherically symmetric source function S u . The first three moments of the radiation 
intensity in Eqs. (3) and (4) are defined by 

(s) 

F„ = J dflfl I v {fl) , (6) 

P„ = (i/c)jdsiani v (tt), (7) 

in terms of the solid angle dfl = sin 0 d6 d<f> and the radiation unit vector O = z cos 6 + 
[x cos <f> + y sin <f\ sin with 6 and f standard spherical coordinates. The sequence of 
moments in ft of Eq. (1) does not close since there are always moments through one 
higher order than there are equations. Therefore, some assumption on either the highest 
moment or equivalently the form of h(fl) must be made in order to close the system of 
equations. The closure of the two moment equations (3) and (4) is often expressed in 
terms of a tensor Eddington factor defined by 

l = P,/C/, . (8) 


2. Ellipsoidal model for radiation intensity 


2.1. Radiative flux reference frame 


To close the moment equations (3) and (4) we make the ad hoc assumption that the 
specific intensity of radiation has the angular distribution of an ellipsoid having its origin 
lying at one of the foci. Mathematically, this has the form 




(1 - <£)«„ 


( 9 ) 


O 



with a u and e„ depending upon space x, time f, and spectral frequency v. The variable 
[i = cos($) is defined so that 0 = 0 corresponds to the direction of the spectral flux 
F„. Since the assumed intensity function is independent of an azimuthal angle i.e., 
h — we choose first to define F„ and P„ in terms of some coordinate system 

(x', y', z') that is arbitrary with the restriction that z' lie in the local 6 = 0 direction. 
The angular integrals in Eqs. (5)-(7) then can be expressed in the‘form 


U v = 


F,, = z' 2ir 
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The values of radiant energy density U„ and the magnitude of the radiative flux 
F v = || F„ || in Eqs. (10) and (11) can be expressed equivalently in terms of a v and e u . 
The value of e„ is found from the ratio of Eqs. (10) and (11), i.e., 

c - Fv 1 2 1 1 (14) 
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in terms of a scalar radiation pressure 
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which is a monotonically-increasing function from zero to unity defined over the same 
range in e v . The value of a„ then determines the effective magnitude of the radiation 
intensity via Eq. (10). Thus a„ and e„ can be found easily from values of XJ V and F v . 

2.2. Simulation reference frame 

The only aspect remaining to be determined is the rotation from the coordinates 
(x',y', z') of the spectral flux to those of the simulation (x,y,z). This is required in 
order to find an expression for the radiation stress tensor [Pi/](x,y,z) in the simulation 
reference frame in terms of [P l /](x',y',z') of Eq. (12). The radiative flux in the simulation 
frame is found using the standard Euler angles: 


[®'*'](x,y,z) ~ [^(x'.y'.z') 

with the rotation matrices R V (6 I ) and R z (^>) defined by 

R,m= 
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cos <f> 

0 

^ sin# 

0 

COS0 J 

l o 

0 



(15) 


(16) 


The angles 6 and <f> are determined by the angle of the spectral flux in the simulation 
frame, i.e., F l/ =F VtX x+F^ y y+F^ z z via 


6 = arccos 


V ^+^+ n . 


<j> = arctan 


2 

F 


(17) 



The transformation of the radiative tensor in the primed frame (x', y', z') to the simula¬ 
tion frame (x, y, z) is found via 




(18) 


with the superscript T denoting the matrix transpose. Using Eq. (18) for then closes 
the moment equations (3) and (4). 

For spatial regions in which the intensity is nearly isotropic, i.e., e u , b v <C 1, the 
tensor Eddington factor of Eq. (8) reduces to the optically thick limit with i v = 1/3. 
Then V-P* in Eqs. (3) and (4) becomes Vt/,/3, yielding the standard radiative diffusion 
equations. Equations (3) and (4) also give the correct result for the streaming limit in 
an optically thin plasma. That is, if all photons are traveling in a single direction, then 
V-Pj, becomes VU U . 


3. Discussion 

We have modified the radiative diffusion subroutine within a multigroup hydrodynamics 
code to apply for a tensor Eddington factor given by fi, = [Pi/](x,y,z)/t^- There is very 
little difference between ID runs using our new Eddington tensor compared with that of 
ordinary diffusion theory. 

More dramatic differences are expected between the tensor and scalar Eddington 
factors for 2D and 3D simulations, since this tensor Eddington factor allows for “shad¬ 
ows” that are impossible to obtain with ordinary diffusion theory. We are currently 
investigating the effect of the shadows on the ablative Rayleigh-Taylor instability in the 
nonlinear regime. This formulation will not only improve current LTE modeling of laser 
matter interactions, but it will also be a valid extension of radiative diffusion theory 
when non-LTE effects are taken into account using the method of Busquet [4]. 
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We apply these results to examine the validity of the variable Ed¬ 
dington approximation that is used to determine the transfer of 
radiation within the hydro code. 
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The resulting post-processed value of S v is compared with the hy¬ 
drodynamics accounting, providing a means of analyzing the valid¬ 
ity of approximate Eddington factors. 
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Aluminum Solid Target (Edd. f=( l+2tanh(l/tau))/3) 
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It is surprising that the simpler model has such a broad range of 
validity. 
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Electronmagnetohydrodynamic response of a plasma to an external 
current pulse 
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In this paper we examine the dynamic response of a magnetoplasma to an external time-dependent 
current source in the context of electronmagnetohydrodynamics (EMHD). A combined analytic and 
numerical technique is developed to address this problem. The set of cold electron plasma and 
Maxwell’s equations are first solved analytically in the (k,cu) space. Inverse Laplace and 
three-dimensional complex Fast Fourier Transform techniques are used subsequently to numerically 
transform the radiation fields and plasma currents from the (k,o>) space to the (r,r) space. The results 
show that the electron plasma responds to a time-varying current source imposed across the 
magnetic field by exciting whistler/helicon waves and forming an expanding local current loop, 
driven by field-aligned plasma currents. The current loop consists of two antiparallel field-aligned 
current channels concentrated at the ends of the imposed current and a cross-field Hall current 
region connecting these channels. The characteristics of the current closure region are determined by 
the background plasma density, the magnetic field, and the time scale of the current source. The 
results are applied to the ionospheric generation of extremely low-frequency (ELF) and very 
low-frequency (VLF) radiation using amplitude modulated high-frequency heating. It is found that 
contrary to previous suggestions the dominant radiating moment of the ELF/VLF ionospheric 
source is an equivalent horizontal magnetic dipole. © 1996 American Institute of Physics. 

[S1070-664X(96)01805-4] 


I. INTRODUCTION 

The transient response of a magnetoplasma to externally 
imposed stationary or moving current pulses is a fundamen¬ 
tal plasma physics problem with a wide range of applica¬ 
tions. The formal solution of this problem for a cold, colli¬ 
sionless. isotropic plasma is well known. 1 Kuehl 2 used the 
far-zone dyadic Green’s function to calculate the radiation of 
an electric dipole in a two-dimensional (2-D) magneto¬ 
plasma. A solution was found only for the case when the 
frequency co is much higher than the electron plasma fre¬ 
quency aj e and the electron cyclotron frequency £l e , viz. 
(o/w e > 1 and o}/Ci e >\. For low frequencies, cu<fl e , the inte¬ 
gral equation reduces to a transcendental equation that can¬ 
not be solved analytically. Vidmar 3 used a saddle point 
method to study the delta function excitation of waves in the 
Earth’s ionosphere in one dimension. He found an asymp¬ 
totic solution, valid for the far-zone field and long after the 
source turn-on. Transient effects were lost through the use of 
the saddle point method. Furthermore, saddle point methods 
are very difficult to use 4 for multidimensional cases. Because 
of the mathematical difficulty in calculating the integrals 
analytically in two or three dimensions, numerical solutions 
are required. 

The objective of this paper is to study the transient re¬ 


a> Current address: GE Capital Spacenet Services, Inc., 1750 Old Meadow 
Road. McLean, Virginia 22102-4300. 


sponse of a magnetoplasma to a current pulse, in the param¬ 
eter range where the ratio of the electron cyclotron to elec¬ 
tron neutral collision frequency (v e ) is larger than unity, 
while the ratio of the ion cyclotron to the ion neutral colli¬ 
sion frequency (*>,) is smaller than unity. This is the case for 
the plasma in the D and E regions of the ionosphere between 
70-130 km altitude range. At high latitudes this region is 
penetrated by electric fields and currents. As a result, tran¬ 
sient precipitation events that cause local conductivity modi¬ 
fications induce current pulses, to which the plasma responds 
by generating electromagnetic (EM) waves and currents. Of 
particular interest is the plasma response to periodic heating 
of the D region by ionospheric high-frequency (HF) radio 
wave heaters. This phenomenon is extremely important, 
since it leads to the generation of low-frequency EM waves 
in the ultra low-frequency (ULF), extremely low-frequency 
(ULF), and very low-frequency (VLF) ranges. 5 "' 8 A new 
technique that combines analytic and numerical methods is 
developed in this paper. The electron plasma and Maxwell’s 
equations are solved analytically in Fourier space; then in¬ 
verse complex fast Fourier transform (FFT) technique is 
used to transform the radiation fields and plasma currents 
from Fourier space into real space and time. A general form 
of time-varying current source is used, and collisional effects 
on the plasma response are retained. This paper is organized 
as follows. In the next section we discuss the dielectric prop¬ 
erties of the D region and present the model used in the 
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FIG. 1. K l (z) and A'.(-) as functions of altitude for typical ionospheric 
parameters. 


computations. In Sec. Ill we present the basic set of equa¬ 
tions and the methods used to obtain their solutions. The 
computational results are discussed in Sec. IV. In Sec. V we 
discuss the application of the model to the generation of 
ELF/VLF waves in ionospheric heating. In the final section 
we summarize the results and present suggestions for future 
studies. 


II. EIGENMODES OF THE LOWER IONOSPHERE 


The linear wave equation describing electromagnetic 
wave propagation excited by a current J,(r,r) in a vertically 
stratified ionosphere is given by 9 


a»j(z) 1 

.-Vx(VxE) + -V-7T g (z)- —=77 


Sl e 


SE 4ir <?Jj(z,r) 
dt dt 


where 


G(z) = 


K,{z) K x {z) 0 

-K x (z) K l {z) 0 
0 0 K z {z) 


K,= 


1 TT?’ K * l+e 


1 ft, 

t, K z =— , 
V „ 


( 1 ) 


( 2 ) 


(3) 


and 





(4) 


In deriving Eqs. (1)—(4) a vertical magnetic field B=e.B 0 
was assumed and v e ( Vi) is the electron (ion) neutral collision 
frequency. Figure 1 shows plots of K L {z) and K x (z) as a 
function of altitude for typical ionospheric parameters. The 
important aspect of Fig. 1 is that for z> 130 km the diagonal 
elements of G(z) dominate, giving rise to the traditional 
low-frequency Alfven waves. However, for 70 km<z<130 
km, the off-diagonal elements dominate, even for frequen¬ 
cies approaching zero. Since the value of e<ll, only the elec¬ 
tron dynamics is important and the magnetized plasma 
modes resemble the well-known helicon modes in solid state 
plasmas. 10,11 The importance of this mode for the lower iono¬ 


sphere can be seen by referring to the dispersion relation of 
the plasma in the 70-130 km altitude range for parallel 
propagation (k — e : k). This is given by 

[^r =1 _ d _ d -(5) 

l (0 1 a>(w-iv e -Q. e ) 

For cu<ft,<i >j, v e <£l e , and neglecting the displacement 
current, we obtain 


<o 




( 6 ) 


This is the helicon mode and suffers weak attenuation, even 
for a ><£v e ,Vi. The important aspect of the above analysis is 
that in the 70-130 km range the plasma response is con¬ 
trolled by electron dynamics, not only in the usual whistler 
range (ft,<w<ft,), but also in the low-frequency range 
(tt><ft,). As a result, when the plasma response to externally 
induced perturbations is considered, it is sufficient to retain 
only the electron dynamics and ignore the motion of the ions. 
Such a model is referred to as the electronmagnetohydrody- 
namic (EMHD) model and is described in the next section. 


III. IONOSPHERIC PLASMA MODEL 

We study below the response of an electron plasma to a 
time-dependent and bounded current source J s (r,r). The 
plasma is modeled by the EMHD equations, which, as dis¬ 
cussed in Sec. II. are the equations that describe the plasma 
in the range between 70-130 km in the ionosphere. Assum¬ 
ing a homogeneous, cold plasma with the ions forming a 
stationary neutralizing background, the EMHD equations 


4 TT 4 TT 

VxB=- en 0 V e -i -J j5 

c c 


d\ , 

dt 


e 

m e 


E+-V,xB 0 - v e \ e , 
c 


VxE= - 


1 <?B 

7 li’ 


(7) 

( 8 ) 

(9) 


where n 0 is the electron density, V, is the electron fluid ve¬ 
locity, E and B are the radiation fields, and J, is the exter¬ 
nally driven current source, whose form will be specified 
later. The dominant plasma response enters through the first 
term on the right-hand side of Eq. (7). The displacement 
current has been neglected since we are interested only in 
low frequencies. From Eqs. (7)—(9) we obtain for the evolu¬ 
tion of the magnetic field B(r,r), 

4- V 2 B+ v t V 2 B- d “-ft e (b*V)(VxB) 
dt ' c" dt 


4 77 / d 

= — --VxJ J +ft,(V-J J )fc-ft,( b -V) 
c \ at 


xj-v,V,xJ,j, (10) 

where Q, e =eB 0 /m e c , b=Bo/|B 0 |, and or e — 4rrn^e 1 hn e . This 
is the key equation of the paper. Before proceeding with its 
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solution, it is instructive to examine the evolution of the 
electric field E(r,r), for an inertialless (m e =0) and collision¬ 
less (^=0) plasma. From Eqs. (7)—(9) we find 


<?E 

It 



V 2 Exb= 



b 


x 



( 11 ) 


We solve Eq. (10) by using a spatial Fourier and tempo¬ 
ral Laplace transform (the Appendix). This yields 

D(k.<u)-B(k.w)=J ext (k.&>). (12) 

where D(k,&>) is the dielectric tensor of magnetized plasma. 



and J ex ,(k,ti>) is the transform of the external source and is 
given by 


J ext (k,w)- — [ft»kxJ J +j'fi ( ,(k-J x )£-iA:.fl,J J 

—tz^kxjj. (14) 

The dispersion relation is 

D(k,<o)=0. (15) 

From Eqs. (13) and (15) we find 
kk z Cl e I kv e \ 

<16) 

which represents the propagation mode at low frequencies. 
For quasiparallel propagation, k z ***k, we recover Eq. (6) cor¬ 
rected for electron inertia and with v e l€l e corresponding to 
v € /fl e [l +(i/ i /v e )(fl e /fl | .)], we have 


In the following sections, Eq. (10) and its transform will 
be solved first for a two-dimensional current source (current 
sheet), given by 

.fe^zX \x\<L, 

J,(x,z,t) | 0) |^|>£, ( (18) 

and then for a three-dimensional source, 

\e r J 0 S(z)S(y)(l-e-' ,T )u(t), \x\<L, 

J x (x,y, Z ,/) = | 0t W>L> 


where u(t) is a step function, and r is the rise time of the 


IV. COMPUTATIONAL RESULTS 

We now present the results obtained by numerically 
solving Eq. (10) for the sources given by Eqs. (18) and (19). 


A. Response to a current sheet: Collisionless case 

Figures 2-6 show the results for the case i/,=0, 
a) e /Cl e = 1, r=45fl e 1 , and length L = 42c/(o e for the source 
given by Eq. (18). The results refer to a current source with 
J 0 = 1 mA/m. Figures 2 and 3 show the temporal evolution of 
the magnetic field B(r,r) as it propagates away from the 
source. 

A pulse induced by the current propagates away on both 
sides of the source. It is generated during the switch-on and 
is characterized by strong dispersion with the perturbations 
with shorter wavelengths running ahead of those with longer 
wavelengths, as shown in Figs. 2(b) and 2(c) . The wave 
packet exhibits characteristics of the whistler wave 
and propagates with a group velocity c/3. Since the group 
velocity of the parallel propagating whistler is 
V g = 2c\j(o£l e /o)^ this observed group velocity (c/3) corre¬ 
sponds to a frequency cu=f\/36, comparable to the 
switch-on time r=45(lj l . The wave numbers in the wave 
packets are in the range, £^5 —6<u,/c. The identification of 
the precursor waves as whisders is clear from the wave po¬ 
larization (Fig. 3), which shows that the B x and B y fields in 
the x=0 plane are 90° out of phase, as expected for these 
right-hand polarized waves. 

The dispersion curve w vs k z obtained by computing 
wavelengths at different frequencies, is displayed in Fig. 4. 
The computed points fall on the theoretical dispersion curve 
for whistlers, 13 shown as a solid line in Fig. 4. When the 
source is turned off, the wave packets disconnect from the 
source and propagate as isolated wave packets (Fig. 5). This 
is quite different from the behavior during the switch-on 
(Fig. 3), during which the radiation field is connected to the 
source. By turning on and off the cross-field current source, 
we can generate isolated low-frequency wave packets propa¬ 
gating away on both sides of the current source. 

Of particular significance is the identification of the cur¬ 
rents induced in the plasma and of the current closure path. 
This aspect has not been emphasized in the previous studies. 
The current carried by the excited waves at r=300fl7 1 is 
shown in Fig. 6. The initial source current with L-75cl<o e is 
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L=42 c/w„cj./n, = 1 



-200 -100 0 100 200 
z/(c/«o 



-200 -100 0 100 200 
Z/(c/w.) 


FIG. 2. The amplitudes of the magnetic field component B x as a function of 
z along the external magnetic field line in the x=Q plane at different times: 
(a) son; 1 , (b) loon; 1 , and (c) 200CIJ 1 . The pulse propagates at the group 
velocity of whistler waves. 


t =200 or 1 , i _=42 c/«., cj,/n=1 



Z/(c/«.) 

FIG. 3. The magnetic field components B x and B y , which are 90° out of 
phase in z. The excited waves propagate as right-hand circularly polarized 
waves along the background magnetic field. 


The current closure region expands along the external mag¬ 
netic field with the whistler, the group velocity, and is con¬ 
sistent with the time scale given by Eq. (20). However, the 
process is weakly dissipative. 

We have performed a comprehensive study of the scal¬ 
ing of the field aligned length of the current loop as a func¬ 
tion of the plasma parameters, and the results are shown in 
Fig. 7. The cunent front moves with the whistler group ve¬ 
locity, which is frequency dependent, and the typical group 
velocity is computed using a fixed frequency, o>=fl tf /170. 
The size of the current closure region is defined by the loca¬ 
tion of the current reversal away from the source. For ex¬ 
ample, in Fig. 6, the closure current reverses direction at 
z^45clo ) e , defining the boundary of the region. The size of 
the loop r at a time O tf f=200 as a function of the electron 
plasma frequency is shown in Fig. 7(a), and it scales as 
a>7 11 . The current closure size at time o) e t- 200, but with w e 
constant and fl e varying, is shown in Fig. 7(b) and the scal¬ 
ing is r-ft°* 64 . Finally, Fig. 7(c) shows the closure range as 
a function of time for the case oj tf /fl tf = l, giving a f°‘ 6 seal- 


shown with a large arrow in the middle, while the plasma 
currents are proportional to the lengths of the arrows. The 
complete current path consists of (1) the outgoing portion of 
the closure current, as represented by the J z flowing from the 
top of the current source outward along the magnetic field 
connecting the top; (2) the crossover portion of the closure 
cunrent, as represented by the J x flowing across the field and 
the midpiane; and (3) the return portion of the closure cur¬ 
rent, as represented by the J z flowing along the magnetic 
field toward the bottom of the current source, thus complet¬ 
ing the circuit. The two current loops expand along the z 
direction, preceded by whistler “radiation. The expanding 
loop has a whistler structure and the front expands in time as 

Z(0«— yjaTt- (20) 

<o e 


dispersion relation 



0.00 0.05 0.10 0.15 0.20 

k.c/Wp, 

FIG. 4. The normalized dispersion relation, obtained numerically from the 
wavelengths corresponding to different frequencies (squares) and that given 
by (o-Cif/il + o>l/k 2 c 2 ) for the given plasma parameter o> f /n tf =l (solid 
line). Both polarization and dispersion measurements show that the current 
perturbations excite whistlers. 


Phys. Plasmas, Vol. 3, No. 5, May 1996 


Zhou at al. 


1487 




















—200 -100 0 100 200 
2 / (c/ Qp.) 


FIG. 5. The magnetic field components B x (solid line) and B y (dotted line) 
fields at 1=20007 J . The current pulse is turned on at r=0 and turned off at 
r = 50n7 ! . The plasma parameters are the same as in Fig. 3. 


ing. These results confirm the validity of Eq. (20) in describ¬ 
ing the loop expansion. 

The above results show that the current closure is ac¬ 
complished at early times. Besides the two field aligned cur¬ 
rents, the current closure is accomplished by an electron 
cross-field Hall current and the closure region expands with 
the whistler group velocity. The electron Hall current is 
driven by an electric field E y , whose temporal evolution in 
the x-z plane is shown in Fig. 8. Notice that the plasma 
response remains well confined in the transverse direction to 
a size comparable to 2L, while propagating along B . We 
should remark that this transverse confinement was observed 
in another set of runs (not shown here), with L=i4c/<o e and 
\(&clo) e , 14 The cross-field currents at the switch-off showed 
that current closure pattern is approximately the same as in 
the switch-on case with the current directions reversed. 

An interesting effect related to long time propagation 
following the switch-off of the source current for the colli¬ 
sionless case can be seen in Fig. 9. It shows contours of the 
electric field at t— 2000H7 \ for a source with r=100flf 
which is turned off at lOOfl^ 1 . It can be seen that the two 


Plasma current flow'on x-z plane at time t=300 0."', L=75 c/u. 



FIG. 6. The plasma current flow in the x-z plane at time r=300fl7 1 , with 
and t=45H7 1 . The current source size is L=15c/a> e and the 
initial current is shown (not to scale) in the middle for comparison. 
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FIG. 7. The scaling of the current closure, (a) closure range as a function of 
plasma frequency for fixed f ce =\ MHz, (b) closure range as a function of 
cyclotron frequency for fixed= 1 MHz, and (c) closure range as a func¬ 
tion of time for f pe Jf ce ~\, and f ce -i MHz. 


wave packets disconnect and propagate uncoupled with the 
characteristic “Story” structure over a 19° angle. 13 

The previous results were constrained to relatively short 
values of r. On the basis of the physics we expect similar 
behavior for longer time scales. To confirm this we per¬ 
formed a set of runs with the other parameters 

being <o e /Sl e =2, andL=84c/cu ff and 1600^^. A summary 
of the results for the evolution of B y is shown in Fig. 10 in a 
different format. The helicon wave packet is highly disper¬ 
sive, exhibiting characteristics similar to the whistler wave 
discussed previously. The current closure structure is similar 
to the one shown in Fig. 6. It should be noted that in the 
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Ey(t,X,z) 



a) t = 50 n.' 1 


200 



-200 -100 0 100 200 


Ey(t, X, Z) 



-200 -100 0 100 200 


Z/{c/w t ) 

FIG. 8. The contours of E y at different times after applying a current pulse 
across S 0 : (a) 50n;‘, (b) lOOfl; 1 , and (c) 200G; 1 . 


absence of ion dynamics, these results do not represent the 
complete physical picture. However, the long time effects of 
dispersion and dissipation on the propagating wave packets 
is shown by these results. 

In concluding, we note that the observed field and cur¬ 
rent structures can be understood qualitatively with the fol¬ 
lowing simple physical model. The time-varying current 
drives an inductive electric field E x = —dAJdt that is anti- 
parallel to it when dl/dt >0 and parallel when dl!dt< 0. 
Since the electrons are strongly magnetized, this electric field 
generates only a small polarization current. However, the 
electrons perform an E*xB 0 drift that gives rise to a space- 
charge electric field E v perpendicular to the source current 
The consequence of this nonuniform space charge separation 
is twofold: (1) It gives rise to field-aligned currents that 



Z(e/u.) 

EJt.x.z) 



Z(c/u e ) 


FIG. 9. The contours of E x (x,z) and E,.(x,z) at time /=2000117' after # 

applying a current across B 0 . The current pulse is turned on at t= 0 and 
turned off at t= 100ft7 l . Note the wavefront spreads in a cone at an angle 
ar*20 o with respect to B 0 . 


flows so as to neutralize the excess charges. These field- 
aligned currents give rise to the observed magnetic field £ 

component B x shown in Figs. 2 and 3; and (2) the electrons 
perform an E v xB 0 drift that gives rise to cross-field currents 
J x =necE y /B 0 y antiparallel to the imposed current. Although 
this Hall current has the appearance of an induced current, it 
is not directly driven by the inductive electric field but only 
indirectly via the space-charge separation. 15 As the current J x # 

moves along B 0 into the plasma, the above processes repeat 
at the wave front, although with reversed signs: an induced 
electric field - dAJdt gives rise to an electron drift v y , re¬ 
sulting in a space-charge electric field E y and Hall current 
J x =—cr H Ey> with cr H =a#47rfl tf . The electron Hall cur¬ 
rents, which are not balanced by ion Hall currents, form the # 

cross-field currents. 

B. Collisional and 3-D effects 

Although the collective motion of magnetized electrons 
in a plasma dominates the dynamic response, collisional ef- ^ 

fects are important. On including collisional effects in the 
EMHD model, the dispersion relation of whistler/helicon 
waves in magnetized electron plasma becomes 
<u=n ff (l -iv e JCl e )l(l + <o 2 e lk 2 c 2 ). The damping rate of the 
radiation fields due to collisions is controlled by the factor 
vj£l e . We have performed a series of computations with the 
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V = 0.001ft. 





FIG. 10. The time variation of the magnetic field associated with a current 
switch-on (1 mA, rise time r= lO 4 ^ 1 ) across B 0 through a magnetoplasma. 
The transient field B y at different z from the source exhibiting wave char¬ 
acteristics along B 0 are shown. 



FIG. 12. The isosurface plot of the current density in three dimensions 
corresponding to a current pulse J,(r,r) imposed across the ambient mag¬ 
netic field B 0 for a strongly magnetized plasma. v e = 0.001 . The outgoing 

(return) portion of the closure current flowing from the top (bottom) along 
the ambient magnetic field lines. The cross-field plasma currents are not 
shown due to their small values in this isosurface plot corresponding to 
7=0.17,. 


values of the parameters corresponding to those of Figs. 2-6, 
but with v e varying between (0.001 — l)fl^. The results for 

# the evolution of B x are shown in Fig. 11, at f=20007 1 • F° r 
i^=0.01ft ff , the wave pattern is similar to the collisionless 
case [Fig. 2(c)]. When the collision frequency is increased, 
the waves are gradually damped. For ^ = 0.1fl ff , the oscil¬ 
lating part of B x is damped, while for v e =£l e the collective 
mode ceases to exist and the field diffuses into the plasma in 

# a fashion similar to a conventional conductor. The structure 
of the current loop follows a similar pattern. 

For a 3-D time-dependent cross-field current source [Eq. 
(19)], the current closure pattern is similar to the 2-D case. 
For the strongly magnetized case, the field-aligned current is 
shown in Fig. 12 and is closed by electron Hall current (not 


t=200 n/\ 1=42 c/cj„ cj./0.= 1 



FIG. 11. The effect of collisions on radiation field £ x (0,z,f) at r=200n7 l 
for collisional frequencies 0.1, and 1.0. 


shown). In three dimensions the cross-field plasma current is 
more distributed than in the 2-D case shown in Fig. 6. Con¬ 
sequently the current density is much smaller and does not 
show in the isosurface plot of the current density, shown in 
Fig. 12, for 1/1=0.17*. The current distribution in the x-z 
plane (at y =0) for the 3-D distribution (Fig. 12) is shown in 
Fig. 13. The cross-field current is displayed here, but not 
shown in Fig. 12. The results obtained using the 3-D time- 
dependent current source given by Eq. (19) follow the same 



FIG. 13. The three-dimensional plasma current distribution generated by a 
current pulse J,(r,r) imposed across the ambient magnetic field B 0 for a 
plasma with v e =(l e . 
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general physics of the previous results, although the current 
path appears more complex. An important result of the 3-D 
runs is the striking difference of the current path between the 
weakly collisional (^=0.0010,) and the strongly colli- 
sional (v e =Cl e ) cases shown in Figs. 12 and 13. Figure ,12 
shows a strong field-aligned response similar to the two- 
dimensional case, and the current is again closed by a Hall 
current (not shown). The three-dimensional features are con¬ 
fined in narrow regions about the field-aligned currents. On 
the contrary, the strongly collisional case shows a cylindrical 
distribution of currents about the imposed current, similar to 
the diffusive response expected when a current pulse is ap¬ 
plied on an isotropic conductor. Also, 3-D results show the 
scale sizes of the current in the y direction. In Fig. 12 the 
field-aligned current channels has similar extents in the x and 
y directions. In Fig. 13 the current is distributed in a region 
that is narrower in the y-direction. 

V. GENERATION OF ELF/VLF WAVES BY 
IONOSPHERIC HEATING 

A fascinating and important property of the active iono¬ 
sphere is its potential to act as a frequency transformer that 
converts HF power injected from the ionospheric heater to 
coherent VLF/ELF/ULF waves. 5 ' 8 Waves between 10 -3 Hz 
and 30 kHz have been generated in the ionosphere by ampli¬ 
tude modulated HF heating in the auroral zones. Ionospheric 
heating modulates the ambient conductivity, redistributing 
the ionospheric currents. This acts as an effective ionospheric 
antenna radiating waves back to the ground or to the mag¬ 
netosphere at the low modulation frequency. This antenna 
has often been referred to as the Polar Electrojet Antenna 
(PEJ). A key issue on the subject is the radiative moment of 
the PEJ. 

Early analysis 7,16 assumed that the radiative moment was 
a Horizontal Electric Dipole (HED) with moment M E given 
by 

M e =E 0 A<tL.L 2 , (21) 

where L. is the absorption length of the HF waves in the z 
direction and L is the horizontal dimension of the heated 
region. In the ionosphere (70-90 km), where the modifica¬ 
tion takes place, fl e > v e but Q,< i>,, as a result the EMHD 
model applies. The results of Sec. IV showed that the plasma 
responds to a cross-field current, such as the one that creates 
the assumed HED, by forming a current loop that includes a 
Hall current in the opposite direction to the applied current. 
We, therefore, expect that the HED model is incorrect, and 
should be replaced by a horizontal magnetic dipole (HMD) 
type source. The objective of this section is to use the EMHD 
model to determine the type of radiative source and its scal¬ 
ing with frequency and plasma parameters. 

A. Current source by modulated HF heating 

In the region of the polar electrojet, a time-varying cur¬ 
rent source is produced by modulated ionospheric heating. 
The absorption of a HF wave in the lower ionosphere results 
in the variation of the electron temperature (A T e ) and, to a 
lesser extent, of the electron density (A N e ) at the modulation 
frequency, and hence to a current modulation. The physics of 


the current source generation by modulated ionospheric heat¬ 
ing is as follows. At high latitudes the solar wind interaction 
with the Earth’s magnetosphere results in the creation of an 
electromotive force. Since the magnetic field lines are equi- 
potentials. the high latitude electric field E 0 =£ 0 ^ maps into 
the lower ionosphere, where collisional processes allow for 
the generation of cross-field currents. Two types of currents 
flow across the magnetic field B=£ 0 ^z • Th e Pedersen cur¬ 
rent, 

J P = <r ? E 0 e x , (22) 

in the direction of the electric field Eo, and the Hall current, 


Jh — H^O^y • 


(23) 


In Eqs. (22)—(23), cr P and <r H are the Pedersen and Hall con¬ 
ductivities, defined as 


(7p= 


ne L 


ne 


mOj 1 + v-JCl] 


T anci 


n. 




respectively. Since v e varies linearly with the electron tem¬ 
perature T e , amplitude modulated heating at a low-frequency 
a) induces a modulation on the values of the conductivities 
through v e . As is clear from Eq. (24), for heating at altitudes 
with v e *^£\ e , the dominant modulation is in the Pederson 
conductivity, and this results in a low-frequency modulated 
cross-field current. 

The relevant current density is the height integrated cur¬ 
rent density Jq due to the modulation in the temperature. For 
the case that modification of the Pedersen conductivity domi¬ 
nates, the current generated by modulated HF heating can be 
written as a series of pulses, with each pulse represented by 


J s (x,t)=e x S(x,t)J 0 , 

S(x,r) = ©||x| — j)@( |y|- y) 8{z) 


x 


(1 —<T" T ), r*r 0 , 

e -(r-r 0 )/r_ e -r/T f>f()> 


Jo—joL Z y 


(25a) 


(25b) 

(25c) 


where @(x) is the Heavyside step function, L and A are the 
extensions of the current region in the x and z directions, 
respectively, jo is the modified current density, and L z the 
absorption length of the HF power. The values of jo and E z 
are given by 10,11 


o l AT 
jo ~4 n-n* To" 


v e (T 0 )E 0 , 


(26a) 


L z = 


C_ W HF 

V e (Jo) "wf* 


(26b) 


where Tq is the ambient temperature, AT is the modification, 
and a% F is the frequency of the HF wave. In applying Eq. 
(26b), care should be exercised, in that it is valid only if 


“>hf v , . 

-T~< i-.Vt 

U)~ C 
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FIG. 15. The integrated magnetic moment as a function of time for different 
collision frequencies: iv=0.01ft, (solid line), *,*0.1 ft, (dashed line), and 
v,-0.5ft, (dot-dashed line). The current pulse is turned on at r=0 and 
turned off at /= 2 X 10**ft7 1 . 


1 [L12 [An 

( 28 ) 



FIG. 14. The current source /,(») generated by modulated HF heating (up¬ 
per panel), the magnetic moment M(t) generated by J s (t) (middle panel), 
and the radiation resistance due to M(t) (lower panel). 


where L N is the plasma density gradient. From Eq. (26a) and 
(26b), we find 


h= 


c 



AT 

-T- (O e £o). 

J o 


(27) 


B. Simulations of the PEJ structure 

A set of simulations was performed using the code, to 
determine the expected structure of the PEJ. The parameters 
were taken as representative of 80-90 km of the ionosphere, 
Wlt h fce~l MHz and/ pe =2 MHz. The simulation box was 
set in the x-z plane and covered a region of 120 km in each 
dimension. A current pulse whose temporal behavior is given 
by Eq. (25), with Jq = 1 mA/m, L —20 km, and A = 1 m, was 
placed in the middle of the box. The value of the dipole 
moment was found by the numerical integration of the cur¬ 
rent moment in the upper half-plane, 


For the current source shown in the top panel of Fig. 14, the 
value of 


_ Mv 1 fL/2 r* 

m= ~t = Tc J- Ll2 dx )o dz ^ zJ ^ x ^)-xJ z {x,z,t)l 

(29) 

as a function of time is shown in the middle panel of Fig. 14. 
In this particular case t 0 = 2X 10 4 fi ~ 1 , corresponding to an 
ELF frequency of 300 Hz, while v=0.01ft,. After an initial 
transient the magnetic moment increases as yr until the cur¬ 
rent is turned off. The peak value of m is 7 X 10 s A m 2 /m, for 
J 0 = 1 mA/m. and the minimum value is 3 X 10 s A m 2 /m, cor¬ 
responding to a total net radiating moment of 4X10 5 
A m /m. The temporal variation of m(t) is due to the radia¬ 
tion of whistler waves propagating upward. A radiation re¬ 
sistance can be computed by integrating the Poynting flux 
across a detector located, e.g., at z=38 km. The temporal 
behavior of the radiation resistance R(t) is shown in the 
lower panel of Fig. 14. It is expected that PEJ will radiate 
whistler waves with instantaneous power P(t)=R(t)(J 0 A) 2 . 
The role of the collisionality in the value of m is shown in 
Fig. 15. It can be seen that the radiative value of m is rela¬ 
tively insensitive to v e for v e <$£l e . However, the PEJ radia¬ 
tion becomes negligible when v e /fl e = 1. We finally note that 
varying r 0 , which corresponds to varying the ELF frequency, 
results in a scaling of m ~ yfc ~ 1 /Jf, where / is the ELF 
frequency. 


C. Structure and scaling of the PEJ antenna 

From the results of Secs. VIA and VIB we can deter¬ 
mine the magnetic moment expected of the PEJ antenna and 
the resultant scaling by using a three layer model, such as 
shown in Fig. 16. The upper layer has low collisionality 
(^/n^O.5), whereas the lower layer has high collisionality 


i 
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FIG. 16. The three layer model of the magnetic moment. 


{v e lCt e ** 0.5), and the current flows in the middle layer with 
oi^/Q^S.O. On the basis of the results presented in 
Sec. V B, 

M(t)~m u (t)-m { (t)**m u (t) y (30) 

where m u (m j) are the values of M y l A in the upper and lower 
layers. 

The above analysis shows that the horizontal magnetic 
dipole moment produced by modulated HF heating can be 
written in mks units as 


My{f) = 6X10 9 


20 km 20 km 


X 


1.4 MHz/ \ 




Eq \ 
V/mi 


Am 2 , (31) 


where / 0 =300 Hz. In Eq. (30), we note that M y scales as 
\IJf, and the corresponding power as 1//. Such behavior is 
clearly seen in the near-field results (/^ 1 Hz) of the Tromso 
experiments. 17 Similar behavior was observed in the transi¬ 
tion from the near- to the far field for frequencies 78 and 154 
Hz during high power active stimulation (HIPAS) experi¬ 
ments. Furthermore, during the HIPAS experiments with 
A~L~20 km,/ HF =2.8 MHz and /=154 Hz, M y varied be¬ 
tween 3X10 8 -2X10 9 A m 2 . This is consistent with Eq. (32) 
for values of E 0 varying between 10 and 60 mV/m. 


on each side of the source. The presence of inhomogeneities 
breaks the symmetry, so that the magnetic moments of the 
loops do not cancel each other. 

The results of the study have implications 10,11 in the re¬ 
sponse of electrodynamic tethers, short term perturbations of 
the magnetopause and the magnetotail by the solar wind, and 
on the physics of lower ionosphere when perturbed by natu¬ 
ral or artificial sources at any frequency range. In this paper 
we emphasized the application of the theory to the genera¬ 
tion of ELF/VLF radiation by modulated HF heating of the 
ionosphere. It is shown that, contrary to previous claims, the 
source region has a magnetic moment consistent with a hori¬ 
zontal magnetic dipole. The importance of the inhomogene¬ 
ity in the vertical profile of the collision frequency is empha¬ 
sized. The scaling properties and radiation power generated 
are determined and shown to be consistent with the experi¬ 
mental data. 

Before closing, we should comment on some limitations 
of the model, arising from the neglect of the wave fields in 
the electron equation of motion [Eq. (8)]. The results found 
are linear in the strength of the source and obey the principle 
of superposition. They are valid up to current densities, such 
that B<B 0 . This condition is easily satisfied for most iono¬ 
spheric applications, since B/B 0 is at most 10 3 . A most 
stringent condition emerges in the very low collisionality re¬ 
gime and is related to the presence of the parallel electric 
field E ,. The value of this field can be estimated as 


(v+ico) 

£,=-^- 4 * 7 , • 


(32) 


Since j z is proportional to the current level at which phenom¬ 
ena associated with runaway electrons and collective modes 
would become important. Such phenomena could be impor¬ 
tant in magnetospheric applications and some tether applica¬ 
tions, and will be explored in a future paper. 


ACKNOWLEDGMENTS 


VI. CONCLUSIONS 

The dynamic response of a magnetoplasma to an exter¬ 
nal time-dependent current source is analyzed within the 
framework of the EMHD equations. It is shown that, besides 
short time scales, the EMHD model is a good physical model 
for the D and E regions of the ionosphere, due to the pre¬ 
dominance of ion-neutral collisions. Following a transient 
emission of whistler/helicon waves, a current loop composed 
of two field-aligned currents and a transverse Hall current, in 
addition to the source current, is established. All the dynam¬ 
ics are controlled by the electron flow. The currents are par¬ 
allel to the perturbed components of the magnetic field and 
all three components are important. The size of the loop 
scales as yfcTJ/col. Following the termination of the source, 
the current loop detaches from the source and damps at a rate 
controlled by collisions. When v e >£l e the wave motion dis¬ 
appears and the plasma responds as an isotropic conductor. 
In a homogeneous plasma two symmetric current loops form 


This research is supported by the National Aeronautics 
and Space Administration under Contract No. NAS-51101 
and the Office of Naval Research under Grant No. ONR- 
N0014-93-k-2019. 

We would like to thank Dr. Mark Mandt for helpful dis¬ 
cussions. 


APPENDIX: EMHD MODEL (STATIONARY SOURCE) 

Applying Fourier (with respect to x,z) and Laplace 
transforms (with respect to r) on Eq. (10), we obtain the 
radiation fields in (k.tu) space (s=ico), as discussed in Sec. 


, AirSl' J s kl(l + v e /s) + o) e /c 2 

Mts) =» —— T-X-** 


(Al) 
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where 


47 T 

B y (k,s) = i — J s 


k z { 1 + v e ls) + k 2 Q 2 e ls z +{<i> 2 e lc 2 )( 1 + v e Is) 

X- -- k 


T= 


1 

A 1 +-^2 

a,a 2 


l/r+A, 1 /t+A, 

A 2 /t A]!t 


(A9) 


B.(k,s) = -i 


4tt Cl e J s k z ( 1 + v e Is) + orjc 2 


k x 


(A2) 

(A3) 


where A.=[k 2 {\ + v e ls) + w]lc 2 } 2 +{k z kCl e ls) 2 . The fol¬ 
lowing current source is introduced into a spatial region that 
is filled with stationary cold plasma and uniform magnetic 
field in the z direction, 




*rI 0 S(z)(l-e-' ,T ), \x\<L, 

0, \x\>L. 


(A4) 


The Fourier-Laplace transforms of J s (x,z,t) is 
J s (k x ,k z ,s)=2Jq sin k x L/[k x s(sr+ 1)], and the inverse 
Laplace transforms of Eqs. (A1)-(A3) yields 




8ir/ 0 fl t k z sin (k x L) 

ct kfk^+a^ic 2 ) 2 


m xl r+ 




- t/T m x2 _ 

■m xl re -~ 7 ~e 

A i 


A 2 


Ait 


(A5) 


B y (k,t) = i 


8 7 rJ 0 k z sin(k x L) 
ct k x (k 2 +o}]lc 2 ) 2 


m yl T+ 


a7 aT/ 


-m yl 


re 


-t/T- 


m yl - — A,t W .v3 

A] A 2 



(A6) 


S z (k,r) = - k x lk,B x (k,t). (A7) 

The triads ( m xl ,m x2 ,m x3 ) and (m yl ,m y2 ,m y3 ) are the solu¬ 
tions of the following linear equations. 


T- 


«^i\ 

"1x2 

«*3/ 


T- 


( m vl \ 

m y2 

«v3 / 



k 2 + (t) Z e /c z \ 

V'(2k z + <o z e /c z ) , 
k z (v 2 e + a z ) j 


(A8) 


and A x = k(—kv e +ikSl e )l(k 2 +(a 2 e l c 2 ), A 2 =k(-kv 
— ik z Cl e )l ( k 2 + w 2 tc 2 ) 

We can now transform B(k,r), given by Eqs. (A5)-(A7), 
numerically to obtain radiation fields and plasma currents in 
(r,f) space by using two-dimensional inverse FFT tech¬ 
niques. 
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Abstract 


A comprehensive theoretical analysis of direct Cerenkov excitation of the earth ionosphere 
waveguide using ionospheric heating is presented. The model relies in transient ionospheric 
heating with a heater spot moving horizontally at the bottom of the waveguide with speed close 
to the speed of light. The cases of isotropic ionospheric conductivity, corresponding to heating 
altitudes below 70 km, and of anisotropic conductivity, corresponding to heating higher altitude 
e examined separately. It is found that enhanced radiation coupling requires that the speed 
of the heater approaches the speed of fight For the anisotropic case such enhancement occurs 

independendy of the direction of motion, while for the isotropic case motion parallel to the 
ambient electric field is required. 




1. Introduction 


The controlled generation of coherent low frequency waves in the ULF/ELF/VLF range 
using amplitude modulated ionospheric heating with an HF transmitter in the auroral zones, has 
been investigated extensively experimentally and theoretically [Getmantsev et al„ 1974; Stubbe 
et al., 1981; Bara and Stubbe, 1984; Chang e, ai„ 1981; Beljaev, 1987 and Papadopoulos e, al„ 
1989], The basic physics of the generation is as following. Absorption of the HF energy in 
the lower ionosphere modifies locally the ambient conductivity, leading to the generation of a 
polanzaoon electric field and curaent inside the modified region. The surrounding magnetized 


plasma responds to the temporal modification by driving two field aligned currents caraied by 
hehcon or whistler waves [Papadopoulos et al., 1994] which close across the mavnen,- fi e i d by a 
curaent. A current loop forms which expands upwards for the duration of the HF pulse. The 
loop damps quickly following the termination of the HF pulse. As a result amplitude 
heating generates an equivalent horizontal magnetic moment M in the lower ionosphere given by 


M — E a A EA exp(io; 0 t) ^2^ 

where E. is the ambient electric field, AE the value of the modified conductance, A the area 
of the loop, and w the frequency of the HF amplitude modulation. The power radiated by 
the oscillatory moment M couples to the wavegmde fonned by the conducting ground and the 
ionosphere and propagates over very large distances with small attenuation [Kotik et al„ 1978; 
Papadopoulos e. ah, 1990], I, should be noted here ft* a curaent loop with magnetic moment 
in the opposite direction forms in the downward direction. However, the area of tire loop is 
much smaller than A due to the larger collision frequency at the lower height, and its effect in 
the radiation can be neglected [Papadopoulos et al., 1993, 1994a], 
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The objective of this paper is to present a comprehensive analytical model of an alternative 
concept leading to injection of low frequency power in the Earth Ionosphere Waveguide (EIW) 
using controlled ionospheric heating. The concept is based on direct excitation of the waveguide 
by moving the ionospheric heater in the horizontal direction with a speed that matches the phase 
velocity of the desired waveguide mode. Its mathematical description follows the well known 
Cerenkov emission [Landau and Livshitz, 1960] which occurs when a charge moves in a medium 
with speed exceeding the phase speed of the waves the medium supports. The wave emission 
is due to the polarization electric field induced in the medium by the motion of the charge. As 
mentioned above ionospheric heating in regions penetrated by currents or electric fields, indu ce s 
polarization fields and currents. One would, therefore, expect that polarization fields induced by 
a heater beam moving horizontally with speeds matching or exceeding the phase speed of the 
waveguide modes, will couple energy to the EIW by a process analogous to Cerenkov emission. 
The possibility for such an effect in the VLF range was previously noted by Ko tik et al. [1986] 
and Borisov et al. [1991]. In fact, Kotik et al. [1986] performed an experiment in which they 
used a heater as an interferometer with a baseline d and frequency difference of the hearing 
source Af. By adjusting the values of d and Af they created a supraluminal motion of the 
heated region. They noted that there was significant directional gain for frequencies between 
8-10 kHz over the power produced by HF amplitude modulation in the absence of motion. 

We present below a comprehensive theoretical analysis of Cerenkov excitation of the EIW 
by a moving ionospheric source. Emphasis is placed on the elucidation of the regimes of 
operation, the requirements for the validity of the theory and the expected observables. The aim 
of the study is to provide guidelines for the conduct of proof of principle experiments. This is 
particularly opportune since the opening of the HAARP heater in early 1995, will provide an 



excellent facility for the conduct of such experiments [Papadopoulos et al., 1995], The paper is 
organized as following. Section 2 presents a brief review of the fundamentals of HF heating of 
the lower ionosphere as a function of the heater parameters and the local ionospheric properties. 
The form of the polarization cuirent generated by a moving heater is also described. Section 3 
presents an analysis of the low frequency power coupled in the EIW by the moving polarization 
current. Tht EIW is modeled by a simple two layer model with a sharp boundary between 
the vacuum and the plasma. The heating is assumed to occur at the boundary. Two cases 
are examined separately. In the first, the layer boundary is taken much lower 70 km, where 
^ resulting in isotropic conductivity. In the second, the layer boundary is taken above 

70 km, where fi e >> resulting in anisotropic conductivity. Section 4 examines the region of 
validity of the theory and its impact on the design of experiments. The last section summarizes 
the results and discusses some practical applications of the concept. 

2 . Ionospheric Heating Considerations 

The auroral electrojet current system is driven by the solar wind flow past the geomagnetic 
field. The currents flow along the magnetic field and close by cross-field currents at altitudes 
between 60-110 km. For an ambient electric field E, imposed by the solar wind across the 
magnetic field B 0 , there are two dominant currents, the Hall and Pedersen, given by 


2. ^ fie Ea _ 

4 fi| 1 + 1/J/fif ]BJ X &> = % • (2) 



J_ We Ve 

4tt Q2 l + „2/ ft 2fia = 


(3) 
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The collision frequency i/ e is a function of the electron temperature T e , which, in the parameter 
region of interest, can be approximated by 


^e(T e ) = ^ eo ±1 

“** o 


(4) 


where v t ©, T 0 are the ambient values. Under the action of HF radio waves with rms amplitude 
Eq, and frequency u > 0 , the local electron temperature is given by [Gurevich, 1978] 

dT e 1 e* 


2 E^ e 


M(T. - To) 


(5) 


di 3 m(u; 2 + z/|) 

where 8 is the average energy lost in one collision between electrons and neutrals. For strong 
heating with T e - T 0 > T 0 and assuming u Q >> i/ e , fl e , the value of i/ e as a function of time 
following sudden switch-on of the HF power at t — 0, is given by 

i + Ei/Ei 




eo 


1 + E 2 /E 2 exp [—<5i/ eo t(l + E 2 /E 2 )] 
where Ep is the plasma field defined by [Gurevich, 1978] 

1/2 


( 6 ) 


E p = (”^) : 


(7) 


From eq. (6) follows that i/ e reaches a stationary value i/elv 0 = 1 + on a time scale 

£> p 

t ~ [^i^eo(l + E 0 /E p )j . Notice that this times is shorter for Eo/Ep > 1 and approaches 

1/^eo for Eo/Ep < 1. Following the end of the HF pulse the temperature returns to its ambient 
values on a time l/Si/^. 

We consider next an HF pulse whose energy is absorbed at an altitude Zo in the lower 
ionosphere over a region taken as a Gaussian with radial extent a and vertical extent Lz. If the 
HF beam remains on over a time scale t > r, the modification in the collision frequency will 
induce currents given by 


AJ H (r) 

|Jh| 


= l 


i + "IM 

1 + (*&/fle 2 ) g 2 


S(r) 


(8a) 
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(8b) 


MpI 


l~g 


1 + 4/^e v 
1 + ("loA^g 2 


E 2 / 2\ 

8 = ^ "F £2 ’ ^(r) = ex P exp 


(z - Zo) 2 

L z 2 


(8c) 


Consider next the case that the heater moves with velocity u. In this case the modified current 
will be again given by eqs. (8), but with S(r) replaced with S(r - ut). These currents form the 
external source in the wave equation which excites the waveguide. We define thus as J ext (r, t) 

Jext(l»t) = AJ H (r — ut) + AJ p (r — ut). ( 9 ) 


3. Cerenkov Emission in an Isotropic Ionosphere 


The physics of the interaction is best illustrated by considering the case of isotropic 
conductivity. In practice this is the case for heating altitude z„ « 70 km. cotresponding to 

We ' fimhennore ' consider > simplified model with the Earth as an infinite conducting 

layer, followed by vacuum up to 2 = z„. Above z„ dielectric constant is taken as homogeneous 
with 

_ , 47Ticr 0 _ .O? 2 

( 10 ) 


47Ticr 0 .a? 2 

I-- 1 - 1 — 

U) (jQV 


where u > e is the plasma frequency. Since i/ e >> Q 

ixt(lit) = Jp ^1 — —^S(r — ut). ( 11 ) 

For E = E 0 e y and u = ue y , the wave equation for the TE and TM modes can be written as 

(12a) 


d k Q e d , 9 , 4 jriu> 

V 1 d - ^o e ^i = c 2 k y J Q (z, kx)^(w — k y u) 


dz k£e — kj_ dz 
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d o \ 0 47rio? 

— - k ± 1 t/>2 + k*€02 = —7- k x J 0 (z, kj_)^(u; - k y u) 
\ / c 


(12b) 


a" / a 2 k^ 


Jo(z,kj_) = E(AE)— expf ^ )<5(z - z Q ) 


(13a) 


AS = A<tL z 


Consider first the generation of TH waves. We look for solutions with 


(13b) 


V>1 = bi sin - k]_ z 0 < z < z 0 


(14a) 


V»2 = b 2 sin ^k 2 e - k 2 ± (z - z c ) z > z 0 


(14b) 


From eqs. (12) and (14) the vertical component of the electric field on the ground 
Ez(z = 0, y) = Ez(0) is given by 


E z (z = 0) 



du;dk x dk y 

e(u}) — u> 


^/k 2 e - kj_ A Ek y £(u; - kyV)e i f u,t ~( k >'y +k ’‘ x )] 

\/ k ° k i sin \/ k o- k i z o - i ^r ki cos 7 k o - k i z o 


exp 



(15) 


The zeros of the denominator in eq. (15) correspond to the different modes of the waveguide. 



“ iS W '“ kn0Wn ,ha ' “ «“ range we are interested, upto severd kHz, the main 

contribution to the field in the wave zone is due to the THo mode. For <r/W » 1 the eigenvalue 
Of this mode is determined by the equation 

(k ° “ k ^ Zo + 4^ \/ k o £ “ k l = 0 (16) 

After integration in (15) witf. respeot to fe and neglecting small tetms, we obtain for the radiating 
held 


/ n , i7r 1 / 2 E»v 1 / 2 „ r 

,<Z ~ 0) = Hjl a " /*re^(r±Ss-v„^ A £ exp 

, \l/2 


(17) 


WherC ^ *) ’ ^ signs ± before fa correspond to the regions x > 0 and x < 0. 

The meaning 1S chosen in the same way as mentioned earlier (see eq. 14b). Assuming 

that the perturbation of the conductivity is in the horizontal plane we obtain for the radiating 


field 


E z (z = 0) « 


V2ttz. ASqV 1 / 2 
ZovWcfi Ea 




(18) 


Here e - vt y T 0x, the sign ± before 0x corresponds to the regions x > 0 and x < 0, 
and 4>(a,0,x) is the confluent hypergeometric function. According to eq. (18) the radiation 
propagates in the horizontal plane as two temporally localized wave packets making angles a = 
± arctg/? to the y axis. In the limit v » c the field amplitude diminishes as a power law with 


increasing v. On the contrary radiation grows as 0 -> 0; that is if the speed 
speed of light. In this case it is necessary to retain the small i 
(16). The result is valid up to /3 = (ca/< 7 z 2 ) 1/4 


v approaches the 


imaginary terms in the equation 
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We consider next the case when the electric field Ea = e x E a that is perpendicular to the 
direction of motion. In this case after a similar calculations we obtain for the field in the wave 
zone for Ixl » a as 


E z (z = 0) 


y/2ir a A Ev 12 
z 0 <z 1 / 2 c 


-?)-«»(-II?)] <«> 


The main difference from the previous case is that E, does not depend on /?. As a result the field 
enhancement for v c is absent. This implies that for isotropic media only the motion along 
^ leads to enhanced radiation amplitude. According to eqs. (18), (19) the spectral amplitude # 

diminishes for frequencies > 2c/a. For a « 20km, and v * c the characteristic frequency is 
5 kHz and the main mode excited in the waveguide is the THq mode. Later on we consider only 
the contribution of this mode to the radiating field in the wave zone. ♦ 


4. Cherenkov Radiation in Anisotropic Media 

The anisotropy of the medium due to the external magnetic field makes the problem of ELF 
generation more complicated. For anisotropic media it is necessary to take into account the 
interaction of the waves with different polarization. In this case the external electric field Ea 
generates currents both in the direction and across the direction of the electric field. We write 
the external source as 


Jex A<7jjE a } 


( 20 ) 


and proceed to investigate the solution of the wave equation 


2p 1 d 2 E Air d Air d _ 


( 21 ) 


8 



Hie vacuum solution for the electric field is given again by eq. (12a). To solve eq. (21) for an 
anisotropic medium it is convenient to introduce instead of the components E*. E, their linear 
combinations corresponding to the ordinary and extraordinary modes, 

4>i — E x + iE y , <f>2 = E x — iE y (22) 

where the ~ denotes temporal transform. If we assume that the longitudinal component of 
theconductivity in the ionosphere <t ( , = u; 2 e /4™ e is infinite, we obtain for * u 


dVi . l.i 4xiwop 4x10^ ^ . 1„ . 47 riu; 


dz 2 + [K - 


~ + “TT -) <h + ^ + ik y )^2 = — E a (Aa p — i A <t h ) 


(23) 


dz 2 




47rio; 

-^-E a (A<7 p + iA<x H ) 


(24) 


In the general case the system of eqs. (23-24) for a — *■ (*) ~ t \ u , , 

j 4 v. j zs-; ror cr p — < 7 p (z), erg = <th(z) can be solved only 

numerically. To obtain an approximate analytical solution we assume the following. 

1. The Hall conductivity outside the waveguide is large enough so that, for the relevant 
frequencies u and scales k, there is a small parameter 

c 2 |k x ±iky| 2 /47ru>crH << 1 


2. The thickness of the region where the source is located Lz is relatively thin 

(47tw H /c 2 ) X/ \ < 1 


(26) 
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3. Outside the waveguide the conductivities <?n, cr p change smoothly with height 


4rra;<7 H h| __ 
r 2 > *"> 


4xw<THhr 


C“ 


> 1 


(27) 


where h H = |^f-| \ h p = 


dhur D 


"dT 


-1 


. We discuss the correctness of the above conditions 


for the frequency range of interest (f ~ (1 — 5)kHz). In the anisotropic ionosphere the formation 
of the upper boundary of the waveguide can be assumed as the height z = Zq where the Hall 
conductivity becomes sufficiently large, <th > oj/Ait. For daytime conditions it corresponds to 
the heights z Q « 65 — 70km (depending on the frequency u and parameters of the media) At 
such heights the Pedersen conductivity <r p is considerably smaller than the Hall conductivity 


<th. The ordinary wave according to (24) is reflected to the Earth, while the extraordinary wave 
penetrates in the ionosphere. For frequencies f ~ (1 - 5)kHz and scales a ~ (10- 30)km at 

heights z > Zq condition 1 is fulfilled. This, to first order, allows us to split the equation for 
the ordinary and the modes. 

The second condition demands that the effective thickness Lz where the source is localized, 
be smaller than the thickness of the skin depth. Otherwise the thickness of the source is limited 

to the skin depth. This condition allow us to use the approximation of source localized at a fixed 
height 


Jext(w,k,z) — {AE P , — A Eh}E 0 <$(u; — k y v)6(z — z G ) (28) 


where AE p h — / Aapj^z^dz 7 . It should be mentioned that for frequencies of the order 
of several kHz the effective current becomes weaker than (28) due to screening outside the 



waveguide. The third conditions allows us to use the approximation of geometric optics in 
computing the radiation outside the waveguide. 

We choose for u > 0 as one of the solutions the function <t>i which describes the wave 

propagating upward, and as the second solution the function which cotresponds to the 
attenuated wave. As a result 



where qi = - kt p ), q 2 = H + i<r p ), and bi, b 2 are arbitrary constants. 

Taking for w < 0 the meaning ^ = -iy/ffa we find that if u < 0 the function fa corresponds 
to the attenuated wave and fa corresponds to the propagating upward wave. 

We next consider the boundary conditions for the horizontal component at z = Zo. For this 

purpose we use equations similar to eq. (12) in which we take into account the tensor character 
of the dielectric permeability e 


d K e \\ ,2 2 47ria> 

dz k|e« - k 2 dz + k ° e ' L ^ 1 “ k o £l2 ^ 2 = — E a(k x A <r p — k y A a p )6{u - k y V), 


(dz 2 k ^-) ^ 2 + k ° e -^ 2 - k 2 e 12 V’i = ^^E 0 (k x A <7, 


(30) 


p + k y A a p )S(u — k y V) 


Here e x , a, are the diagonal, and a, 2 = -e 2 , the eff diagonal components of the tensor e. For 
the selected model the conductivities change abruptly at the upper boundary. We obtain with 



the help of (30) the boundary conditions in the form 


| _ kp H’l | 47ria; 

dz Zo+0 k£ - k 2 ± dz Zo+0 E a (k x A E p - k y A En)d(u; - k y v) 


(31) 

d^2, d^ 2| 4xiu; „ A 

dz Zo+0 dz ' Zo+0 ~ c 2 ^a(kx A E p + k y A En)d(o; — k y v) 


At the same time the horizontal components E x , Ey are continuous at the boundary z = Zo- 
Substituting in (31) the solution (29) for the field outside the waveguide and eliminating constants 
b u it is easy to obtain for the vertical component of the electric field the approximate expression 


E x (z — 0)- ~/= = f [ f da;dk 2 dk y d(u> — k y v)e iu,t_ ^ k * x+kj,y ^ 

z o\J< T l + °l J J J 

z 0 (AS p ky + AS H k x )(iq 1 - q 2 ) - i2(k x A S p + k y A Eg) 

-k^ 


iz 0 (AS p k x + AEHk y )(iq 1 + q 2 ) 

kPkJ 


After integrating eq. (32) with respect to w end wave vectors k we obtain the expression for E, 
in the wave zone. For x > 0 it takes the form 



E z (0) = _v^ r ( 1 + i)a 2 E 0 / 4v 2 \ 3 / 4 

w^cMi+r)) f( As P+^^si) 


v^TTi^j _ i{0 A E o _ ae&k (. v4 __ ] _ + 

( At ) 2 v 2 \ 

\4 2 (l+/?2) a 2 ) 


»— Jll ( At ) y2 V 

a (l + Z ? 2 ) 1 / 2 V 4 ’ 2 ’ a(l + /? 2 ) 2 


-i2(/?AE° + AS|) 


cv 


av/TT^ 2 


(At) 2 v 2 
i (l+)3 2 


(33) 


Here At = anr i a v , 

" p,h are the changes in the integrated Pedersen and Hall 

tmties in the center of the heated spot 

I. MOWS horn eq. (33) that the emissitm becomes more effective when 3 approach zero 

“ " ' ° f ^ *“ - wave light. On the condmy for 

arge ^ the emission strength is reduced. If the ionospheric conductivity is sufficiently huge 


z 2 » ca 


(34) 


we obtain die approximate expression for die ELF field when 3 « , „ 


Ez(0) = 


2 \/ 2 xa 


Jz 0 ^ 2 c m E °( AS p + ^ A2 h) 




(35) 
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(36) 


The result (35) is valid if <th > cr p and a is not too small 




ca 


a 


1/2 


< z o a H/ 


For smaller d it is necessary to retain dissipative terms in the denominator in (32) that influence 
the value of the residue. Estimates show that the maximum of radiation corresponds to 0 ~ 
Comparing eq. (35) with the result obtained in the previous section we find that in both cases 
similar intensification of the radiation exists for 0 -» 0. But in the case of isotropic media such 

an effect is absent if the vector of the external field £ is orthogonal to the direction of the 
motion. 


5. Concluding Remarks 

We presented above an analysis of the excitation of the EIW by using an ionospheric heating 
source moving at the bottom of the waveguide with speed close to the speed of tight. It should 
be noted that contrary to the amplitude modulation in which a monochromatic wave at the • 

modulated frequency is generated, the Cerenkov emission generates broadband radiation, whose 

dominant frequency is controlled by the transit time of the heater over its horizontal size. The 
overall spectrum E z (w) is gi ven by ® 



where A = 0 


■ 6 (S§) 


1/2 


AE°+A£ 


- /3hz 0 ^ a ’ 0 ( 0 :. [3. z) is confluent hypergeometric function. It 


€ 
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follows from (37) that the intensity of the radiation quickly diminishes at huge frequencies (to 
> 2c/a). The maximum of the spectrum is at the frequency range 


f ~ f* = c/27ra 


(38) 


At the same time spectral amplitude according to eq. (37) changes slowly for small freq uencies 

It is interesting to find out how the spectral amplitude at f = f depends on the radius a. Let 

us assume that the full power of the heated is constant. With the increase of a the heating of 

electrons falls ~ »-* hence the collision frequency of electrons also becomes smaller. So the 

increase of radius a in the case of weak heating with r/ e ~ T e leads to considerable decrease in 
the amplitude of the spectral maximum. 

In our analysis it was implicitly assumed that the source moves unifotmly along the y-axis 
Iween y oo and y - +oo. It is important to determine the effect on the excitation amplitude 
resulting from a finite size sweep with length Ay. The analysis of appendix I shows that the 
requirement for optimum Cerenkov emission is that the sweeping length L satisfy the inequality 

(39) 


L j_ 
a > 0 * 


From eqs. (35) and (36) and assuming 0 * a 0 o with a « 2 - 3, we find 

Eg (z = o) ^ L z A cr-Q 
E a ~ 1 

Taking U to 3 - 5 km, Ao H *.10* sec" we find &££ * , 2 - . 5 . Since E, « 10 - 20 mV/m, 
fields of a few mV/m can be produced by Cerenkov emission. Utese far exceed the electric 
field values measured in experiments using amplitude modulation (Stubbe e. al„ 1981, ). 

Before closing we should remark on two issues: 

First, we should distinguish the Cerenkov process discussed here to the one discussed by 
padopoulos et al. (1994b). In the latter the excited modes were the eigenmodes of the 
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ionospheric plasma, the whistler and the helicon mode. The required speed of the current source 
was much smaller than the speed of light (v/c ~ 0(10 -2 )). The excited waves propagate mainl y 
upwards, while the excitation of the El waveguide modes is indirect. The current Cerenkov 
scheme, discussed here, leads to direct excitation of the waveguide modes and requires source 
motion at speeds comparable to the speed of light. 

Second, a proper analysis of the problem, requires consideration of the ionopsheric density 
and collision frequency profile. The equations describing the waveguide modes for exponential 
conductivity profiles including magnetization have been discussed in Greigfinger and Greigfinger 
(1979) and Tripathi et al. (19 ). We are currently using these techniques to examine the role 
of the mhomogeneities to the Cerenkov excitation. The analysis of the present paper should 
be considered a good analysis of the problem for sharp ionospheric density profiles, when the 
height at which the conduction current equals the displacement current, is to within a skin depth 
of the reflection height. 

In concluding we must emphasize that by repetitive excitation of the pulses we can synthesize 
harmonic or other waveforms with the desirable low frequench characteristics. 



Appendix 


We examine here the restrictions imposed in our analysis by the fact we assumed a heated 
spot moving uniformly along toe y axis from y = -oo, to y + too. To examine toe effect of 
a finite sweepoing distance Ay we consider toe following model. We assume that the heated 
spot is stationary for t < t, = - A t/2 (the coordinate of the spot is y, = Ay/2). During the 
time interval A t/2 < t < At/2 the spot moves uniformly and rectilinearly along toe y axis 
with the speed v. From t = t 2 = - A t/2 the spot is again stationary and its center is localized 
y 2 = Ay/2. We perform toe Fourier transformation using toe above function y(t). We obtain 
that in the case of finite distance toe ^-function in toe equations (12) should be replaced by 6 U 

X _ _1_ sin (w - k y v) A t/2 

" ~ 2x - + F (Al) 

where the function fi takes into account the contribution of the limits of integration ± A t/2 and 
does not correspond to the propagating wave. As a result if a/u » 1 we obtain 


E z (0) 


“ J f J dwdk x dk y A SyQk^ 


sin (h> - k y v)^ 
2 tt(u — k y v) 


V^c-k| 

eu; 


lc 

- 1 _ e ~i(k y y+k x x-o;t) 

kg - kj e 


(A2) 


We represent now toe frequency of radiation w in the fonn w = kv + SI whem II is a small 

ection due to toe finite distance of motion. Substituting this expression in eq. (41) of the 
main text we find 


J dk y e~ ik ^ ASv^ik^ 


E(0) 


■v/riEa 
c 3 / 2 z 0 fly/a 


I 


<m 


sin (ft A t) 
ft 


e i(k y v+Q)t-i 



(A3) 


Tie obtained above result (A3) ia valid if the cotrecdons to k„ = 0k, ia small. It implies that 
the condition 

<< cky/3 2 ( 4 ) 

should be fulfilled. Taking for the estimations ft « 2c/ A L, k y ~ l/a, we receive the the 
condition for the validity of our results is given by 

Ay » a//? 2 (5) 

If the inequality (4) is fulfilled the phase front in (eq. A2) is approximately a plane wave 
propagating at the angle a = § - 0 to the y axis. In the opposite case Ay « a//? 2 it is easy 
to verify that the Cerenkov radiation is absent. So in the optimum conditions (0 « 1) the 

distance Ay of the heated spot motion, should be considerably larger than the characteristic 
wavelength A = xa. 
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ABSTRACT 


The excitation of the long range TEM mode in the earth-ionospheric waveguide by a current source 
movmg horizontally in the lower ionosphere has been studied. The moving current source is 
generated by a novel HF modification scheme that requires the horizontal sweeping of the HF 
ater beam. Motion of the current source in the ionosphere can excite plasma waves similar to the 
iradmonal Cerenkov excitation by a charged panicle moving through a media. The excited waves 

"" 0 ‘ he eanh ' ionos P herc waveguide and couple to the TEM waveguide mode at 
LF frequency. The resulting radiation pattern of the TEM wave at the ground level peaks in 
t e dtrecnon of the motion. Frequency spectrum, wave amplitudes, and power of injection are 

denved. Our analysts includes realistic effects such as anisotropic plasma and venical density 
profile in the ionosphere. 



Introduction 


Excitation of ELF/VLF waves by ionospheric modification utilizing high power HF heating 
facilities have been studied both in theory [Getmantsev et a L, 1974; Kotik and Trakhtengerts, 
1975, Stubbe and Kopka, 1977; Chang et al., 1981; Tripathi et al., 1982] and in experiments 
[Ferraro et aL, 1982; Stubbe. et aL, 1982; Barr et al., 1984]. Successful excitation has been 
achieved by heating the lower ionosphere periodically with amplitude modulated HF waves. This 
technique of modification creates a spatially stationary but temporal oscillating current source in the 
HF modified region in the ionosphere, which then radiates like an antenna in the earth-ionospheric 
waveguide. The radiation frequency is determined by the combined period of the heating cycle of 
the HF waves and the cooling cycle of the ambient plasma. 

Recent construction of a powerful HF heating facility in Alaska under the High Frequency Active 
Auroral Reaerch Program (HAARP) has opened the possibility to conduct the ionospheric 
modification and ELF/VLF excitation more ingeniously. The unique design of the HAARP heater 
will provide unprecedented HF transmitter power as well as flexibilities in antenna directionality 
and frequency tunability [Brandt and Kossey, 1993]. Based on the designed capability of the 
HAARP facility, Papadopoulos et al. [1994] has analyzed alternative schemes for exciting 
ELF/VLF waves in the lower ionosphere. Specifically, by chirping the frequency of the HF heater 
continuously during a pulse, the heated region can move vertically in real time, thus creating a 
current source with upward motion in the ionosphere. Such a moving source in the lower 
ionosphere can stimulate Cerenkov emissions of whistler/helicon waves at a well defined 
frequency with high efficiency. The emitted waves propagate upward and downward along the 
ambient magnetic field line, which results in power injections into the magnetosphere and the earth- 
ionosphere waveguide, respectively. 

Similarly, a current source of horizontal motion may also be induced by sweeping the HF beam 
horizontally at a fixed HF frequency as being mentioned in the earlier paper [Papadopoulos et al., 
1994]. Such maneuver may be readily accomplished by the envisioned heater facility under 
HAARP, which has superb steering agility in its design. The horizontal moving current source in 
the ionosphere can generate ELF/VLF waves similar to the source of vertical motion studied 
previously. A diagram to illustrate the physical situation is given in Figure 1. The problem of 
ELF/VLF excitation in the earth-ionosphere waveguide has two important aspects. The first is the 
study of ELF/VLF wave generation by a moving current source in the ionosphere. The second is 
to understand the propagation of the generated waves into the earth-ionosphere waveguide and 







; C J 0UP ''" g ,0 ,lK wa veguide modes. [„ this paper, we present the analyses of both aspects in a 
unified mathematical framework. However, only the most .rapottant waveguide mode, namely the 
TEM wave, is convened. This is because the TEM wave at ELF/VLF frequency has very low 

spatial attenuation rate. Therefore, it is the single dominant wave at far field zone in the earth- 
ionospheric waveguide. 

It is wort, noting that the concept of generating ELF/VLF waves by a moving source in the earth- 
tonosphenc waveguide was explored in the past by Kotik et al. [1986] and Borisov et al. [19911. 

ese works differ from the current analysis in one important aspect. They considered a two-layer 
waveguide model that consisted a uniform ionosphere on top of a vacuum region with abrupt 
tmnsttion. while the omen, study uses a continuous ionosphere profile. The obvious advantage of 
having a continuous profile is a more accurate description of the waveguide properties and the 
propagation characteristics of the waves in the ELF/VLF frequency domain. It will be 
emonstrated in this paper that the efficiency of the excitation scheme varies notably under various 
.onosphereic conditions (day/night, highly stimulated.etc.>. Moreover, by invertng the process 
the current analysis opens the possibility of ptobing the lower ionosphere by studying the 
propagation characteristics of ELF/VLF waves at different frequencies. 

The paper is organized as follows. The firs, section is the introduce,ion. The second section 
contains the basic wave equations in the earth-ionosphere waveguide with current source included. 

e third section contains the form of current source and the calculations of the TEM excitation. 
The last section contains discussions and inteipretations of the results. 

Basic Equations 

There have been a number of studies to provide simple and approximate solutions for handling 

no ,,, LF propagat, °" in the ^-ionosphere waveguide. Works by Booker and Lefeuvre 
[1977] Greifinger and Greifinger [1978,1979], and Booker [1980] all present reasonably 
simplified procedures for evaluating the effects of the ionosphere on the ELF/VLF propagation 
These effects include magnetic field, plasma anisonopy, and plasma density profiles while 
horizontal stratification is assumed. We will adopt the formalism given in the paper by Greifinger 
and Greifinger [1979], henceforth referred to as GG, to develop the theoretical framework for the 
excitation of the TEM waveguide mode by a moving current source in the lower ionosphere. 

Choose the geomagnetic field in the vertical (z) direction B 0 = B 0 6, and a time dependence of the 
form expf-iox, for the wave fields. The wave equations governing the electromagnetic propagation 
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m the earth-ionosphere waveguide are the basic Maxwell's equations 


VxE = i^B (1 ) 

VxB = — (J + J s )-i—E ( 2 ) 

C C 

where J s is the external current source, J is the wave-induced plasma current defined by the 
generalized Ohm's law 


J = <T p E ± +tr H (E 1 xe 2 ) + o- z E z e z ( 3 ) 

and Gp, Gh, and Gz are the Pedersen, Hall, and Parallel conductivities, respectively. In terms of 
plasma species, these conductivities can be expressed as 




f 2 \ 
1 nq, ' 


m j jQj-^ + ivJ 


^h=X 


r -> \ 
' nqj' 


Q, 


Q- -(ta + iVj)* 


*z=I 


( r ,_2 

05l 

V m i J 


(4) 


where n is the density, q is the charge, m is the mass, v is the effective collision frequency, Q is 
the cyclotron frequency including charge sign, j is the index of plasma species, and summation Z 
is carried over all the species. 

It is convenient at this point to introduce the scalar and vector potentials to replace the fields as 

E = -V0 + i-A 


B = VxA. 


(5) 


Combination of Eqs. (1), (2), and (5) yields the governing wave equation of the form 




(6) 


V(V A)-V 2 A-k; A = —(j + J s ) + ik o V0 

c 


where ko = co/c. 


Generally speaking, the TEM wave is the lowest order of TM mode propagation in a vacuum 
transmission line. However, since the ionospheric plasma is magnetized and thus anisotropic, 
TEM propagation m the earth-ionosphere waveguide acquires a finite TE component. An effective 
representation is adopted in GG to express the TEM vector potential as the combination of a TM 
component A z and a TE component u. Thus, 


A = 4e z +-L(V lX ue z ) 


(7) 


Taking the Fourier transform in the plane perpendicular to z, and replacing the spatial operator by 

( 8 ) 




the vector equation (6) can be decomposed into three coupled scalar equations in the forms of 

(9) 


H = ilr A k 2 4 K 

dz 4+-7T=- -J„ 


4# .. *z ' / 4 — 

T° i " k " c (~ <T z' ik » 


and 




( 10 ) 


d 2 u 


~ -(k 1 - k;)u = -i i^(<T H4 > + <r,.u) + ( k x 


k*c 


(ID 


where J s now is the Fourier component of the external current source in (co,k) space. Equations 
(9), (10), and (11) constitute the basic wave equations and k is the eigenvalue corresponding to a 
appropriate set of boundary conditions on the wave solutions at the ground (z=0) and at large z. 
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Excitation of the TEM Waveguide Mode 

The TEM mode is the least-evanescent mode in the earth-ionosphere waveguide at the ELF/VLF 
frequency regime. Therefore, it is the only remaining mode at a horizontal distance of several 
times the height of the waveguide away from the current source. A modal calculation of the TEM 
excitation is performed in this paper based on a set of ionospheric profiles in a 3D geometry. 
Specifically, wave amplitudes and power flux at ground level are estimated according to an analytic 
procedure outlined in GG which produced excellent approximations to the TEM eigenvalue and the 
eigenfunctions in simple expressions. We note that the advantage of this procedure is its generality 
to handle a wide range of ionospheric conditions. 

The conventional approach of ELF/VLF generation by modulating the ionospheric currents is the 
use of an amplitude or frequency modulated HF pulse [see references in the Introducation section]. 
This technique produces a current source that is stationary in space and oscillitory in time. An 
alternative scheme recently proposed by Papadopoulos et al.[ 1994] utilizes an unmodulated but 
moving current source of the form S(x-v 0 t), where v 0 is the moving velocity and x is in the 
direction of motion. Such current source can be created in the lower ionosphere by sweeping the 
HF transmitter beam horizontally, thus changing the spatial location of the energy deposition 
continuously in time. A moving source in the ionosphere can induce whistler/helicon radiations by 
a process similar to the Cerenkov emission by a charged particle moving through a media. The 
following is an analytic study of exciting the TEM waves from such source. Special emphases 
have been on the excitation of plasma waves in the ionosphere and the propagation and coupling of 
these waves to the earth-ionosphere waveguide. 

Moving Current Source 


The physics of the TEM excitation can be illustrated by considering a three-dimensional finite-size 
current source of the form 



Iq K 
*LxL y 



5(x 0 -v 0 t) S(z-h 5 )e x 


( 12 ) 


where h s is the location of the source in altitude, x 0 is the center point of the gaussian profile in x, 
v 0 is the moving speed in the x direction, and L x ,L y ,and L z are the source dimension in x, y, and 
z, respectively. Assuming that the HF heating occurs at altitudes around 80 km , the current 





strength I„ was shown ,o be related to the change in Pedersen current (Papadopoulos et al„ 1989] 


4 k Qr t o) 


(13) 


where co e is the electron plasma frequency. Q e is the electron cyclotron frequency T e is the 

modified electron temperature. T„ is the ambient electron temperature before HF modification, v« is 

the electron collision frequency, and E 0 is the ambient electric field induced by the solar wind flow 

The current model expressed in equations (12) and (13) is an idealized situation for the modal 

calculation because the extension in z is compressed to a point representation by delta functions 

Therefore, the total current moment I 0 is a height-integrated value over the altitude Such 

simplification is introduced to make the case analytically tractable. A complete analysis for general 

cutrent shape in altitude will be conducted numerically and will be reported in a seperate 
publication. 


Taking k - k e x , the Fourier analyzed source expression in the «a,k) space can be expressed as 


J s = 2/r I 0 L z e 2 > e 


mm 2 


(14) 


From this expression, it is clear that phase velocity of the exited TEM wave oVk x has to equal the 
source speed v 0 . 


Excitation in the Ionosphere 

Consider the situation where ionospheric modification occurs in the 70-90 km altitude range. In 
this region the following condition exists 


0*2 » <J H ~ (J p » Q) 

Furthermore, for TEM propagation k = lq* equation (9) becomes 

_ E * ~ ' + lk o4= 0 (16) 

which implies that the vertical electric field is shorted out by the huge plasma conductivity along the 
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magnetic field. Utilizing this relation in Eqs. (10) and (11), and recognizing that d/d z » k, we 
have 


d 2 (f> 4;rk 0 , 4tt k 0 , . 


++ o-p“)=^rrt-fK x *,)' J. 


c k 


By introducing the variables representing the O and X propagation 


(17) 

(18) 


= -0±iu 


(19) 


we can obtain two uncoupled equations 


(9z 2 


+ i^k( ia . p ±(j H ) ¥t= ± i(k x e z )] • 7 SX 


( 20 ) 


Under nominal daytime conditions, the electron Hall conductivity dominates in the upper D and the 
Lower E region, i.e. <Jh = <*He > tfp. In this case the Pedersen conductivity can be neglected from 
(20). Since the electron Hall conductivity has negative value, the upper (lower) sign of ± in this 
equation corresponds to vertical O-ordinary (X-extraordinary) wave propagation. Thus, the O 
wave is evanecent and only the X wave can propagate in this region. To obtain approximate 
solutions to (20), an altitude h i is introduced in GG where the local wavelength in z becomes equal 
to the local scale length £i of the conductivity profile of CTh. In the vicinity of hi, the conductivity 
profile can be approximated by the exponential function 





( 21 ) 


The requirement that local wavelength and scale length matches at hi leads to the condition 


16flk n 

c 


<*ul f, ! = I 


( 22 ) 


The altitude hi can be determined from this condition provided that both ionospheric profile and 
ELF/VLF frequency are known. Physically, hi can be viewed as the reflecting point of the 



ELF/VLF wave in the ionosphere. Above h,, the ionosphere can be considered as a slowly 
varying medium to the X and O waves propagation. Due to the large value of a He , the O wave is 

nearly terminated within a few scale lengths and the phase propagation of the X wave is nearly 
along the magnetic field. 

Substituting Eqs. (14), (21) and (22) into (20), we can obtain a simplified wave equation with the 
source term 



p ^7- + p>.=z„<5(p- p .) 


(23) 


where 


and 


p = 


p, = 


(24) 








(25) 


The homogeneous part of equation (23) is of the Bessel type [Abramowitz and Stegun, 1972]. 
Therefore, we can express the O wave solutions as 


V* - aK o(p) ; P > P, 

= b I„(p) + d K„(p); p < p, (26) 

where a, b, and d are constants to be determined, and I 0 and K<, are the modified Bessel’s function 
of the first and the second kind, respectively. As p increases, I 0 increases and K 0 decreases 
exponentially. Therefore, O wave solution above the current source becomes evanescent at large z, 
which satisfies the boundary condition. However, below the current source, both I 0 and K 0 are 
present and O wave can have finite amplitude. This implies that the excited O wave can tunnel into 
the earth-ionospheric waveguide, thus contributing in part to the coupling with the TEM wave. 

Similarly, we can construct the solutions for the X wave excitation. Since the X wave propagates 




in the ionosphere ,we can write 

V. = e Hl"(p) ; p > Ps 

= fHi !, (p) +g H">(p); p<p s <27) 

where e, f, and g are constants to be determined, and H 0 <>' and H</ 2) are the Hankel functions. The 
H° (n fun ction is an upward propagating solution and the H 0 ™ function is a downward propagating 
solution. For p > p s , the X wave propagates only upward. This represents an open boundary at 
the top of the waveguide, or equivalently, an injection of X wave into the magnetosphere. For p < 
Ps, both upward and downward solutions are present. The amplitude f in (27) is the part of X 

wave being injected into the earth-ionospheric waveguide, thus directly contributing to the TEM 
excitation. 

Amplitudes of the excited X and O waves can be evaluated from the inhomogeneous solutions of 

Eq. (25) that includes the source term. Specifically, wave solutions at the source location satisfy 
the following conditions 

^±(p) is continuous at p = p s 


+ ~ atp = p s 
Ps* 


Applying these conditions to the O and X wave soultions in (26) and (27), we can obtain the wave 
amplitudes as 


O Wave 


Xs± 


los K - c K os •' ol 

L±. I 

p- os 

I r v ~ a J 0 2 

l os ^os * ‘os ^os 


X Wave 


Xs- J_T(I) 

2 H os 

_ Ps _ 

H (2) h (1) v liuf uU) v 

<* " n os n os 


( 30 ) 



5 °" m0dified "" ^ the *-*«■ vai-s at p 

- P, and the supetscnp, symbol V stands fot the differentiation (d/dp), „ is intetesting to note 

sI=Trr Q,10n ° f *' d ° WnWard pr0pagati ” g X wave ^ judicious selection of 
source h eighths „ thatfis max.mized. This is equivalent to maximizing all the Hankel function 

the n/oTd ■ d 0> ' ^ ^ ^ "* S ° UrCe l0CatiOn hi “ *• «“tauon efficiency is 

the (1 p s ) dependence Eqs. (28) to (30). This factor suggests that the excitation efficiency 

y exponentially if the current source is located above the reflection height h, The 
lit in rte“p Jn “ Vari ° US i0 " 0SPheriC C ° ndi,i °" S “ d ELF/VLF *«> discussed 


£ h ° P l n0[ ff gib ‘V n C ° raParing Wi,h <*• X and O waves can have different reflection 
he gh h, and scale length C, that differ only slightly. Under this circumstance. Eqs. (20) may be 

»lved separetely fot each wave and coitections to the wave solutions retained. TOs general case 

“ done in the paper by Booker [19801. For simplicity, we will assume a single reflection height 
and scale length for both the X and O waves in our calculation. § 

TEM Waveguide Mode 


A simple approximate expression for the TEM wave was obtained in GO extending from ground 
Z “ p t0 . a " alt " Ude h - which is the de facto bottom of the ionosphere. This altitude h. is 

f ^ t _! P ° lnt where the paralIeI current matches the displacement current at the ELF/VLF 
requency. Therefore, it is frequecny depedent. Below h„, the otdeting for the TEM wave is 


S_ 

dz 


» k = k 0 > 


4 ^h 

c 


4;t<7 p 

c 


and 


4 » <P, u . 


(30) 


If die grou nd is considered as perfectly conducting, the apptopriate boundary condition 
* ’ - 0. Using the approximations in (30) and excluding the source current terms 

to (11), the TEM solutions can be approximated as 


is u(z=0) = 
in Eqs. (9) 


f\(z) - = constant 



u(z) = pz 


0(z) = i k Q 


z 

Jdz 


k 2 


4tt ., . . . •, 

— 1 k 0 o z {z ) + k; 
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(31) 


where A m and (3 are constants remain to be determined. 


In the altitude range z > h 0 , parallel conductivity of the plasma may be approximated by an 
exponential function in height 


cr z (z) = 


4 K 


(32) 


where Co is the conductivity scale length at the altitude ho, and h 0 » Co- Since <r z = co / 4jt at z = 
ho, parallel plasma current equals the displacement current at this point. At altitudes a few scale 
heights above h 0 , the integrand of (31) becomes negligibly small due to the exponential rising of 
a z , thus a cut-off is in placed at z = ho. Substituting ( 32 ) into ( 31 ), the approximate potential <j> 
becomes 


4Kz) = ik 0 4 0 


z - 








(33) 


It is worth noting that for TEM wave, the horizontal magnetic field is essentially constant between 
the ground and hj. However, as indicated by (16), the vertical electric field falls off rapidly above 
ho as it is shorted out by large a z . Therefore, the horizontal energy flow associated with the TEM 
wave is essentially confined in the vaccum region 0 < z < ho. 


Excitation of the TEM Wave 


Below hi, the excited X and O waves can propagate downward and couple to the TEM wave in the 
vacuum region. The coupling occurs in the region h 0 < z < hi where the X and O wave solutions 
in (26) and (27) match the TEM solutions of (31) and (33). Taking the small argument expansion 
and keeping only the leading terms in Bessel and Hankel functions, we obtain 


/ z 
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(29) and (30), the approximate expressions of X and O 

written as 


waves in the altitude range z < hi can be 
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yields the TEM wave amplitudes 


expressions and the TEM solutions in (31) and (33) 
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No,e eta the factors yand In 2 ate neglected in comparing wtth h, / 2 ?1 ( » 1). The qaantity D in 
( ) is the dispersion for TEM propagation in the earth-ionosphere waveguide. Assuming h, » 
h ° >:> ?0 ’ a " d lemng D = °- we CM cal culate the TEM wavevector to the first order as 
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(39) 


IMS expression is essentially the same as the one given in GG. The teal pan of (39) cotresponds 
to the phase velocity of the TEM propagation in the waveguide, which is 
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The imaginary part of (39) corresponds to the attenuation rate of the TEM 
the earth-ionosphere waveguide 


waves propagating along 
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This expression shows that 
factors on the RHS of (41). 
factor is the convective loss 
per megameter is 


the attenuation of TEM waves is attributed to two energy dissipation 
The first factor is the plasma heating at the altitude h 0 and the second 
due to X wave leakage at altitude h[. The attenuation rate in decibels 


a = 0.143 f 0 



where f 0 is the ELF/VLF frequency in hertz. 


(42) 


We proceed to calculate the TEM field components at the ground level. At z = 0, the venical 
electric field has the form 



where itallic letters indicate Fourier components. 
2 tc^i » 1. we have 


Substituting (36) into (43), and assuming h, / 
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where 

and 
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(46) 


The electric and magnetic fields in real space and time 
Fourier transform 


can be obtained by performing the inverse 



Because of U* delta function 8to-lt,v 0 ) in (44), the o> integration in (47) can be easily earned out 
. ‘" 8 “ W, ‘ * V °' ThC " UegraII0n of k 7 is equivalent to a contour integration over the 
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After both w and k y integrations, the vertical electric field in real 
have the form 


space and time can be shown 


to 
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where x = x - v 0 t is the coordinate in the rest frame of current source. Since © = k x v 0 , the k x • 

integration above is equivalent to an integration in frequency to. As such, the integrand of the k x 
integration contains the important information of the frequency spectrum of the ELF/VLF waves" 
excited by the moving current source, to be measured at the ground level. We also note that the 
quantities h 0 , h,, C 0 , Ci, and k yo are frequency (and ionospheric profile) dependent, therefore, the • 

actual k x integration of (51) is more complicated than it appears to be. 


Under some circumstances, the integration of (51) can be analytically estimated to yield an 

approximate E z (0). For instance, if the scale lengths and scale heights are weak functions of k x • 

(i.e. o), the integrand of (51) is linearly proportional to k x at small k x and decays exponentially as 

exp[-(k x L x /2)2] at large k x . Therefore, the k x spectrum is peaked at k xo with a width of Ak x , both 
can be estimated to be 
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Applying the mean value theory, the k x integration can be approximated by the width Ak x times the • 

integrand evaluated at k xo . This gives an estimated electric field amplitude as 
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here G is the height gain factor consisting mainly of Bessel’s functions specified in (29), (30), 
and (46) 


G ~ 4 l 1 + *( A * + U i)]4 + 2[l - i(A R + iAj )]7 01 . (54) 

From (53), we can see that the spatial extend of E z (0) is confined in the y direction by the 
attenuation factor V2A, / L* Therefore, the excited ELF/VLF waves will peak in a channel along 
the direction of the motion. More accurate picture of the radiation field can be obtained by 
evaluating the spectral integration numerically. Such results will be presented in the next section. 
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Total Power of Injection 


the ^ ^ ° f TCM radia " 0n injeCted the ™™g ««into the 
tontsp enc waveguide. Recognizing that the power injection is mainly in the x direction, the 
Poynting flux in that direction can be expressed as 



(55) 


where * denotes compex conjugate quantity. The magnetic component B v is 
electric field through the Maxwell’s equation 


related to the vertical 
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F™, (51), we know that the excited fields depend only on the moving coordinate x = x - v 0 t. 

__ * 0nK dlfferen,lati ° 1 'space differentiation are interchangeable. i.e. 31A 

= ■ v„tW*. Using this relation in (56), the B y field can be expressed as 

B ’ = ' t ( E ‘ ‘ I** ’ < 57 > 

which can be substituted directly into (55) and yields 




(58) 


Knowing the Poynting flux S„ total power of injection in x can be 
the waveguide cross-section in y and z, which is 


estimated by integrating over 


P, = Jdy/dzS, = jdy jdz|E,| ! . 


(59) 


We note that in deriving (59), the conditions E,(0)=0. E,(~)=0. and*/* =, 0 for z < ho are used. 
Stnce the E z field of the TEM wave is nearly constant at z < h 0 , and is cut off rapidly by the 
tonosphere at h., the z integration in (59) equals h 0 E,(0)P. Substituting (53) into (59) and 


carrying out the y integration, we can express the total power of injection in x as 
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where X R , X h and G are defined in (49), (50), and (54), respectively. We remark that the ament 
strength I 0 , as given by (13), contains all the physics of plasma heating by the HFbeam. 

Profile Studies and Discussions 


In this section, comprehensive studies of TEM waveguide characteristics and its excitation by a 
moving current source under various ionospheric conditions are presented. The changing 
ionosphere is exemplified in a set of background electron density profiles taken from the paper of 
Barr et al. [1984] as shown in Figure 2. Profiles 1-3 correspond to nightime conditions while 4-6 
to daytime conditions. Ascending numbers represent low, moderate, and high auroral activity, 
respectively. Electron density of the daytime profiles is generally higher than that of the nightime. 
The notable exception is profile 4, which is comparable to profile 3 at or below 70 km but is 
markedly lower above 70 km. Shaip density increase of profile 4 at 80 km causes sudden shift in 
the waveguide parameters as will be shown below. 

TEM Waveguide Characteristics 


For a given ELF/VLF frequency, scale lengths £ 0 and scale heights hi, ho are calculated based 
on Eqs. (22) and (32), respectively. The scale height h 0 is computed directly by matching the 
propagation frequency with the parallel conductivity. It signifies the bottom of the ionosphere, or 
more specifically, the point where ionospheric effect becomes important to the TEM propagation. 
The scale height hi, on the other hand, is computed numerically by an iteration procedure that 
converges upon Eq. (22). It can be understood as the reflection point where the local TEM 
wavelength matches the scale length of the conductivity profile. Since most of the TEM energy is 

confined between h t and the ground, this scale height can be alternatively viewed as the top of the 
TEM waveguide. 

In figure 3, the scale length £ 0 at ho for various profiles is shown versus ELF /VLF frequency. We 
can see from this figure that the typical size of £ 0 is about 2 to 4 km. Since it is much shorter than 
the vertical TEM wavelength, the transition from vacuum region to the ionosphere is very sharp. 


The frequency dependence of scde .ength C. at h, is shown in figure 4 . In contrast to figure 3, £, 
vanes considerably with frequency and ionospheric condition. While this scale length depends 
n y weakly with frequency in profiles 2 and 3, it decreases in general with the increasing 

rr PI ° flleS '■ 5 ' and 6 ' In profile 4 - the sudden jump of Ci around 600 -700 Hz is due 
to the sharp increase of electron density at 80 km as mentioned before. 

frequency K The^ ^ ^ h ' f !hat “* TCM wave S“ ide 316 P lo “« d in figure 5 as functions of 

fixed fr 'owersetofcurvescotrespondstoh.andthehigheronecotiespondstoh,. Fora 

Thercfor^THM ” lK ' Sh ' S l0 " er With the '" cre:Lsing level of electron density. 

d^2 h n 8 ** ‘° “ dUring day,irae/high —I oohvily and expand 

12 hto a T MOre ° Ver ' *" 5 Sh ° WS ‘ hat a »«" ionospheric 

scale heights “ P “ 1 nK>VeS downward * "he ELF/VLF frequency increases. Both 

g oalesce at about 1 kHz, beyond which the TEM waveguide can be viewed as 
two d , tmct layers , th£ ^ ^ ^ ^ ^ of a v ^ uum ^ -ed . 

model ^| in r R aCe ThCref0re ’ ° nIy ^ hlgh frequencies the simplified two-layer waveguide 
model applies [Borisov etal., 1991], B 

^"’wtr a "? S ‘ S '7 Ca ". See ‘ hat the cutreM « preferably situated in an altitude 
source shouMtebll" 11 h' ™ S ,S baSed on ,w0 considerations. First, the location of the current 
Ea (131 an hi 110 ensure good coupling to the TEM waveguide. And secondly, from 

rtasil d T C “ mm Strcn8,h °" ly be achieved “ a region of appreciable ambient 
wZL “' 1““°" ^ h °- H ° WeVCr ’ m *i" d ow narrows down quickly 

choice ” mg LF frCquency soothing to figure 5. At or above I kHz. the optimal 
cho.ce of the current source location is practically at the boundary of the lower ionosphere. This 

In Figure 6, we plot the spatial attenuation rate of the TEM wave as defined in Eq. (42) versus the 

few r i0n ° SPheriC Pr0ffleS - TypiCally ' tlK attenuat i° n nue ranges from a 

l0W ELF frequenc,es 10 ' 100 d B«m a, low VLF frequencies. 

esneciall a • Z- ttle attenua u° n rate varies considerably with the ionospheric profile, 

specially dunng the n.ghtime (curves 1-3). It shows a consistent increasing trend with the 

“d Td T7' 0reqU,Va,eW,y ' ,he ^ - the lower D region. However, 

such end ,s diminished once the electron density at 70 km exceeds 10> / c.c„ as shown by the 

erratic h dayt,rae ; urves 5 and 6 - ™ s ' mere sting feanue opens the possibility of using the 
excitation scheme as a diagnostic tool to monitor the variation of electron population at the lower 


ionosphere when the population level is low. For instance, a viable approach may be to scan the 
TEM frequency by changing the moving speed of the current source, and to measure the 
attenuation-frequency curve at various receiving stations. The empirical results may be further 
benchmarked with a set of well caliberated attenuation rate curves to construct the electron density 
profile regressively. This potential application could be an interesting alternative to the in-situ 
rocket measurements because of its ability to provide continuous coverage at all times. 

Threshold on Sweeping Speed 

In the previous section we have shown that X and O waves can be excited by a moving current 
source in the ionosphere. Frequency of the excited waves is related to the source speed and the 
extend of the source in the direction of motion by the delta function 5(o>kxv 0 ) in Eq. (44), that is, 
© = k x v 0 . Physically, this can be understood as the transit time effect, i.e. a finite size source 
creates a pulse-like response as it moves past a fixed reference point in space. The time pulse can 
be made sharper, or its bandwidth shifted to higher frequencies, by increasing the speed v 0 and/or 
reducing the scale length - l/k x of the current source. Therefore, the frequency content of the X 

and O waves can be readily tuned by controlling the sweeping speed of the HF heater and/or the 
size of the heated area. 


In order to convert the excited waves into TEM propagation, their frequency and wavenumber 
must satisfy the TEM dispersion given by Eq. (40). By letting to = k x v 0 and k TE M = k x e x + k y 
e y , Eq. (40) can be written as 



(61) 


It is easy to see that if v 0 < c Vtfio/ln), the above condition cannot be satisfied unless k y /k x is 
imaginary, which implies that the TEM wave is below the waveguide cutoff and can not propagate. 
Therefore, to excite the TEM waveguide mode efficiently the HF heater must sweep at a speed 
exceeding the threshold value, defined by 
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(62) 


This threshold speed varies with the ELF/VLF frequency because both ho and h are frequency 


dependent. From Figure 5. h, > h 0 at low frequencies, .he threshold v 0 is below the speed of 

18 a rrT"' “ frcqUenCy h ° a PP roaches h '. *e threshold speed approaches .he 

speed of light. 

Amplitude of the TEM Waves and Power Injection 

In Eq. ,51), the vertical electric field at z=0 is transformed back into real space and time by 
m egtatmg over the k x spectrum. Since k x and (n are interchangeable, the frequency spectrum of 
f can be readily obtanied from the integrand of Eq. (51) by replacing k x with oVv 0 , provided 
t at v 0 IS given. By the same token, the approximate peak and width of the frequency spectrum 
tan be calculated from k„ and Ak x specified in Eq. (52). This is done in Figure 7, where the peak 
(honzontid bar) and Ihe width (verrical bar) of the TEM frequency spectrum are evaluated versus 
the size of the current source assuming v 0 = c. As an illustration to the transit time effect, this 
tgure shows that a narrower source in motion generates a shorter time pulse of higher frequency 
content. Moreover, tt shows that major portion of the ELF/VLF frequency spectra can be covered 
y varying the source size from a few km to hundreds of km. Therefore, frequency selection can 

tea t y ac eved by adjusting the antenna gain (i.e. the source size) of the HF heater, which is a 
relatively simple task for the HAARP facility. 

The vertical electric field E z at z=0 can be calculated according to Eq. (51). However, instead of 
pe omung the k x integration direcdy, an approximate IE*(0)l is obtained in Eq. (53) assuming that 
the scale lengths and heights depend only weakly on k x and x = 0. We plot in Figure 8 the 
approximated E t amplttude. as given by Eq. (53) with y = 0. versus the source size L. for various 
tonosphenc profiles. The current source in this case, as shown by Eqs. (12) and (13), has the 
follow,„g parameter L y = L x = L x = 10 km, v 0 = c. Eo = 10 mV/m, B„ = 0.35 gausses, T, = 2T„ 
and h 5 = <h 0 v h,)/2. We note that these numbers represent a very modes, set of heating specs in 
e convent,onal pracuce of HF modif,canon. Therefore, the IE.,0)! estimate presented in Ftgure 8 
sata er conservative one. From this figure, we can see that the electric field amplitude increases 

" ZT' 1 ™ denS “ y (a ” d the Pr ° flle "" raber) incre ** s D region for all L, Moreover. 
IEz(0)l decreases wtth the increasing L„ or with the decreasing ELF/VLF frequency since to - 

l/L In a htghly activated ionosphere, such as the one represented by daytime profile 6, the 
amplttude of ground electric field can reach a high level of 10 mV/m a. frequencies close to 1 kHz. 
Under more subdued tonospheric conditions, such as those of profiles 3 and 4. die electric field 
can e a fraction of 1 mV/m or so over the entire frequency range. Since the projected HAARP 
tty allows HF heating at a much higher level than what is considered in this study, it will be 
re atively easy to achieve the estimated results in a pnoof-of-principle experiment. 
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Analytic expression for the total power injected into the earth-ionospheric waveguide along x is 
given in Eq. (60). Using the same heating parameters, we plot in Figure 9 the total power injection 
as a function of L x under various ionospheric conditions. These power curves exhibit a similar 
profile dependence as the ground amplitude in the previous figure. For instance, the total injection 
power increases with the increasing ionospheric electron density and, for a fixed profile, it 
decreases with the increasing L x , or equivalently, the decreasing ELF/VLF frequency. The power 
level ranges from hundreds of Watts under highly activated situation to a few Watts under nominal 
conditions. Excitation efficiency is typically the lowest for profile 1, corresponding to nightime 

low level of auroral activity. In this case, the power level remains below 0.1 Watts for the entire 
frequency spectrum. 

Radiation Pattern 

An important question to ask is how the excited TEM fields are distributed in the earth-ionospheric 
waveguide, especially at the ground level where measurements are made. To address this 
question, it is necessary to construct the E z (z=0) profile on a 2D x-y plane by performing the 
spectral integration in Eq. (51). One of such example is presented in Figure 10 based on 
ionospheric profile 5, same set of parameters used in Figure 8, and a fixed source height at h s = 65 
km. The k x integration in Eq. (51) is earned out in the frequency range between 0 to 10 4 Hz. In 
Figure 10, the E* amplitude is normalized to its maximun value, and both x (= x-v 0 t) and y axis are 
normalized to L x . From this figure, we can see that the TEM field is peaked directly below the 
current source at x = 0. From this peak, the E z amplitude falls off both in the x and the y 
directions. The amplitude decreases monotonically in the y direction because of the attenuation 
tor exp( 2Aiy/L x ) in Eq. (53). However, the amplitude decays in an oscillatory fashion in the 
x direction and remains finite along the x axis to a long distance. Therefore, the radiation pattern 
suggests a highly directional TEM propagation. We can view the TEM waves as being injected by 
the moving current source mainly along the direction of motion, i.e. x direction in this case. 

Since the radiation pattern is plotted in a reference frame moving together with the current source, 
for a ground based instrument situated at x > 0 and y = 0, the field pattern appears moving toward 
it initially at t = 0, reaching its peak value when x-v 0 t = 0, and falling behind the peak at later time 
when x-v 0 t < 0. Therefore, the stationary instrument will register a transient E z pulse due to the 

transit time effect. Field strength will be maximal if the instrument is located along the line of sight 
defined by the source motioih 

It is intersting to point out that at the threshold v 0 as defined by Eq. (62), X R = 0 and is singular. 



For v 0 close to the threshold, A,i » A.r, and the Ez field can attain very large value due to the factor 
exp[-(k yo L y /2)2] in Eq. (51). Since X l is singular, such high field can only exist on the x axis. 
Moreover, for v 0 < c, it is always possible to find a frequency (or k x ) that ^ becomes singular. 
However, it remains to be seen that this singularity can contribute significantly to the field because 
in reality the singular k x can be quite large, so its importance is diminished by the exp[-(k x L x /2) 2 ] 

dependence in the frequency spectrum. 


Summary 

The novel concept of ELF/VLF generation in the earth-ionospheric waveguide by a moving current 
source produced by sweeping the HF beam horizontally across the lower ionosphere has been 
studied analytically using a three dimensional model. To facilitate the design of a proof-of- 
pnnciple experiment, this concept has been tested with a set of realistic plasma profiles 
encompassing a whole range of ionospheres varying from undisturbed nightime to moderately 
disturbed daytime conditions. Realistic features such as plasma anisotropy and density variation in 
height are included in the analysis. Computations have been made first to specify the waveguide 
properties of the TEM propagation under different ionospheres; second to estimate the field 
strength and the excitation power in the waveguide based on a modal source current in the 
ionosphere; and finally to construct the two dimensional TEM field pattern on the ground. 

In general it has been demonstrated that the excitation by a moving current source can be as 
efficient as the conventional method of current modulation, depending on the ionosphere profile. 
Plots of waveguide excitation with frequency over the range 100 Hz to 10 kHz have shown that 
such excitation produces a broad spectrum of ELF/VLF waves in the waveguide. Frequency 
bandwidth is shifted upward for a faster moving source or for a smaller source moving at a fixed 
speed, which is readily understood as the transit time phenomenon. Generally speaking, field 
strengths produced in the waveguide have been found to increase with increasing electron density. 
The excitation has also been shown to be more efficient at higher frequencies. A more elaborate 
estimate of the field pattern has shown that the radiation field is highly directed toward the direction 
of source motion. This is markedly different from the conventional excitation scheme using a 
stationary but oscillating current source, which produces an isotropic radiation pattern on the 
ground. As such, this method of excitation can be utilized to inject ELF/VLF waves into the earth- 
ionospheric waveguide and selectively boost the radiation power in desired directions. 
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Figure Captions 


Figure 1 


Figure 2. 


Figure 3. 


Figure 4. 


Figure 5. 


figure 6. 


Figure 7. 


Figure 8. 


A diagram to illustrate the excitation of ELF waves by sweeping the heater beam, thus 
creating a current source moving horizontally in the lower ionosphere. The downward 

propagating ELF waves can couple to the long range TEM waves of the earth- 
ionospheric waveguide. 


Electron density profiles in the ionosphere as given by Barr and Stubbe [1984]. The 
solid curves as marked by 1 -3 are nightime profiles and the dashed curves are daytime 
profiles. The increasing number represents the increasing level of auroral activities. 

Scale lengths at the bottom of the ionosphere h 0 are plotted as functions of ELF/VLF 
frequency for various ionosphere profiles. 

Scale lengths at the top of the TEM waveguide h, are plotted as functions of ELF/VLF 
frequency for various ionosphere profiles. 

Characteristic heights of the TEM waveguide versus the ELF/VLF frequency for 
various ionosphere profiles. 

Attenuation rates (in dB/Mega-meter) of TEM propagation in the earth-ionospheric 
waveguide as functions of ELF/VLF frequency and ionosphere profiles. 

Frequency spectrum of the ELF/VLF waves excited by a moving current source in the 

ionosphere as a function of the scale length (L x ) of the source in the direction of 
motion. 

Amplitude of the vertical electric field at z=0 and y=0 as excited by a moving cuirent 
source at v 0 = c, h s = (ho + hj)/2, and of size L y = L x . 


figure 9. Total power injected by the moving current source into the waveguide as a function of 
L x and ionosphere profiles. 



Figure lO.Field pattern of TEM radiation on the ground is plotted in the (x , y) plane. The field 

amplitude is calculated based on ionosphere profile 5. Field amplitude is normalized to 
its maximum value at x=0 and y=0. 
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FIGURE 





Electron density profiles. 
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Appendix U 


Excitation of ULF Waves in the 
Ionospheric Heating Experiments 



EXCITATION OF ULF WAVES 
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OBSERVATIONS OF ULF EXCITATION 



MODULATION FREQUENCY [Hz] 

FIGURE 1 A typical magnetic field amplitude vs. frequency measur 
ground at the Max Planck Tromso “Heater” facility (Stubbe, Ref. 21). 
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Fig. 2. Power spectrum of H(t) for the period 1500-1915 UT. Dur¬ 
ing this time the heater was 5 min on/5 min off. 





HF HEATING IN THE D AND THE LOWER E REGIONS 




ELECTRON DENSITY ENHANCED BY HF HEATING 
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TIME SCALES FOR DENSITY MODULATION 
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The Ionospheric Focused Heating Experiment 
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The Ionospheric Focused Heating Experiment 

P. A. Bernhardt , 1 C. L. Siefring , 1 P. Rodriguez , 1 D. G. Haas , 1 M. M. 
Baumback , 1 H. A. Romero , 1 D. A. Solin , 1 F. T. Djuth , 2 L. M. Duncan , 3 
D. E. Hunton , 4 C. J. Pollock , 5 M. P. Sulzer , 6 C. A. Tepley , 6 L. S. Wagner , 7 
and J. A. Goldstein 7 


Abstract. The Ionospheric Focused Heating rocket was launched on May 30, 1992. 
The sounding rocket carried an instrument and chemical payload along a trajectory that 
crossed the intersection of the beams from the 430-MHz incoherent scatter radar and 
the 5.1-MHz high-power radio wave facility near Arecibo. The release of 30 kg of 
CF 3 Br into the F region at 285 km altitude produced an ionospheric hole that acted 
like a convergent lens to focus the HF transmissions. The power density inside the 
radio beam was raised by 12 dB immediately after the release. A wide range of new 
processes were recorded by in situ and ground-based instruments. Measurements by 
instruments flying through the modified ionosphere show small-scale microcavities (<1 
m) and downshifted electron plasma (Langmuir) waves inside the artificial cavity, 
electron density spikes at the edge of the cavity, and Langmuir waves coincident with 
ion gyroradius (4 m) cavities near the radio wave reflection altitude. The Arecibo 
incoherent scatter radar showed 20 dB or greater enhancements in ion acoustic and 
Langmuir wave turbulence after the 5.1-MHz radio beam was focused by the artificial 
lens. Enhancements in airglow from chemical reactions and, possibly, electron 
acceleration were recorded with optical instruments. The Ionospheric Focused Heating 
experiment verified some of the preflight predictions and demonstrated the value of 
active experiments that combine high-power radio waves with chemical releases. 


1. Introduction 

The Ionospheric Focused Heating (IFH) experiment was 
designed to demonstrate the use of chemical releases to 
enhance the effective radiated power of high-power HF 
facilities and to measure in situ the turbulence in the heated 
and chemically modified plasma. The rocket payload for the 
IFH experiment consisted of a chemical canister and a set of 
diagnostic instruments. The IFH payload was launched on 
May 30, 1992, during the Combined-Release and Radiation 
Effects Satellite (CRRES) program. All of the CRRES Car¬ 
ibbean rockets took off from the north coast of Puerto Rico. 
The CRRES rocket campaign, called El Coqui , was orga¬ 
nized to take advantage of the ionospheric heating facility, 
incoherent scatter radar, and other ground support diagnos¬ 
tics located near the Arecibo Observatory in Puerto Rico 
[Djuth, 1993; Kelley et al., this issue; Djuth et al., this issue]. 

The term “ionospheric heating” refers to ionospheric 
modification by high-power radio waves. The transmitted 
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high-frequency (HF) electromagnetic wave is called the 
pump. The effective radiated power (ERP) of the pump is 
calculated as the product of the transmitter power and the 
antenna gain for the facility. The ERP of the Arecibo HF 
facility was about 50 MW at the 5.1 MHz frequency used 
during the El Coqui campaign. The ERP was about 10 MW 
lower than usual because of reduced transmitter antenna 
gain resulting from tilting the normally vertical beam. The 
HF beam was tilted 12° to the north to allow penetration by 
the rockets without endangering populated areas. 

The Arecibo incoherent scatter radar (ISR) is a primary 
diagnostic instrument for the heated plasma. The transmitted 
wave ( f T = 430 MHz) from the radar is scattered from 
plasma waves f p , yielding scattered electromagnetic waves 
f s that are received with the 305-m dish antenna located at 
Arecibo. The scattering conditions require that the scatter¬ 
ing wavelength is equal to one half the transmitted wave¬ 
length (A = clf T = 0.698 m) of the radar. 

When the powerful HF transmitter is turned on, enhanced 
ion lines may be produced by scatter from HF-induced ion 
acoustic waves [Showen and Kim , 1978]. All ion line spectra 
reside within a 20-kHz band centered on the radar frequency. 
Plasma line spectra are produced by electron plasma waves 
scattering the radar signal. The frequencies of these lines fall 
near/ r ± / HF where / HF is the pump frequency. 

The electromagnetic pump may be scattered by plasma 
waves to yield stimulated electromagnetic emissions (SEE) 
[Thide et al 1989]. SEE is often characterized by a down¬ 
shifted maximum (DM) located about 15 kHz below the 
pump frequency. During the IFH experiment, SEE observa¬ 
tions were conducted with a radio frequency spectrum 
analyzer connected to a broadband receiving antenna. 




17,332 


BERNHARDT ET AL.: IONOSPHERIC FOCUSED HEATING EXPERIMENT 


CRRES/AA-4 IFH EXPERIMENT 



Figure 1. Ground projection of the Ionospheric Focused 
Heating (IFH) rocket trajectory relative to the island of 
Puerto Rico. The location of the 5.1-MHz HF heater and the 
430-MHz UHF radar beams are also indicated. The CF 3 Br 
release occurred along the trajectory slightly to the east of 
the center of the HF beam. 


The process for conversion of high-power radio waves 
into plasma waves has been explained in terms of parametric 
instabilities [Fejer, 1979] or Langmuir turbulence [Dubois et 
al., 1990]. The pump electromagnetic wave can decay into 
two plasma waves, an electron plasma wave and an ion 
acoustic wave propagating in opposite directions. The fre¬ 
quency of the electron plasma waves is offset from the pump 
frequency by the frequency of the ion acoustic wave. 

High-power radio waves simultaneously produce large- 
scale (>10 km) cavities, ion gyroradius structures (MO m), 
medium-scale irregularities (~1 km), and small-scale Lang¬ 
muir turbulence (M m). Often, these irregularities are 
located in the same region of heated plasma. At Arecibo, 
during special conditions found at winter and solar mini¬ 
mum, large-scale cavities produced by thermal expansion of 
the plasma have been observed near the reflection point of 
the HF beam [Duncan et al. , 1988; Hansen et al. , 1990], 
Inside these cavities the ISR often detects enhanced ion lines 
from ion acoustic waves [Duncan et al., 1988; Bernhardt et 
al., 1989]. 

The effects of electron acceleration are seen as airglow 
clouds attached by magnetic field lines to the HF wave 
reflection region [Bernhardt et al., 1988, 1989, 1991b]. Su- 
prathermal electrons produced by electron plasma waves 
acting on the thermal population in the F layer stream down 
magnetic field lines to collide with and excite atomic oxygen 
in the neutral atmosphere. Fluxes of energetic electrons can 
excite the red-line (630.0 nm) and green-line (557.7 nm) 
emissions from atomic oxygen in the upper atmosphere. The 
electron energies required to excite measurable intensities 
for the two lines are 3.5 and 6.0 eV, respectively. The 
intensities of 630.0-nm and 557.7-nm emissions have been 
analyzed to yield estimates of the suprathermal electron 
energy spectra [Bernhardt et al., 1989]. 

All of the phenomena mention above (i.e., enhanced ion 


lines, SEE, parametric instabilities, electron acceleration, 
enhanced airglow) occur if the power density from the HF 
pump wave exceeds a threshold. One way of exceeding 
existing thresholds is to focus the beam with an artificial 
ionospheric lens. The purpose of the IFH experiment was to 
(1) use a chemical release to form an artificial lens that 
focuses the radio beam of the Arecibo HF facility and (2) 
measure the effects of the resulting increase in ERP on the 
ionospheric heating processes. This paper presents an over¬ 
view of the observations that were affected by the focusing. 
The next section describes the rocket payload that formed 
the artificial lens and measured the effects of the chemical 
release in situ. Section 3 outlines the observations made by 
the Langmuir probe, plasma wave receiver, and electric field 
instruments on the rocket. The data from the Arecibo 
incoherent scatter radar are described in section 4. Airglow 
enhancements following the chemical release are discussed 
in section 5. Conclusions regarding the IFH experiment are 
given in section 6. 

2. Experiment Concept: Chemically 
Produced Cavity 

At Arecibo, large-scale cavities and enhanced ion acoustic 
waves have been found to be coincident with electron 
acceleration that produces airglow [Bernhardt et al., 1989]. 
Self-action of the HF wave generates the large-scale density 
structures that “self-focus” the HF wave [Hansen et al., 
1990, 1992]. The processes that couple the HF-induced 
cavities to enhanced ion acoustic waves are not understood, 
so an experiment was devised to control the cavity formation 
and then see the response of the enhanced ion lines and the 
optical emissions. The active experiment used a chemical to 
form a large electron scale cavity in the HF beam. The 
effects of the artificial cavity on the heated ionosphere were 
recorded with in situ and ground-based instruments. This 
experiment was called “Ionospheric Focused Heating” 
(IFH) because it was thought that the chemically produced 
cavity would focus the HF, yielding substantially larger field 
strengths for the HF waves [Bernhardt and Duncan , 1987]. 

The ionospheric hole produced by the release of CF 3 Br 
removed electrons by dissociative attachment. The effec¬ 
tiveness of this chemical was demonstrated in the F region 
during the NASA-sponsored first Negative Ion Cation Re¬ 
lease (NICARE 1) experiment [Bernhardt et al., 1991a]. The 
dissociative attachment reaction is 

CF 3 Br + e" Br~ + CF 3 (1) 

where rate coefficient k l ~~ 10~ 7 cm 3 /s. With a 30-kg release 
of this material the electron population was depleted within 
10 km of the release point [Bernhardt et al., 1991a]. The 
negative and positive ions are mutually neutralized by the 
reaction 

Br“ + 0 + Br* + O* (2) 

where rate coefficient fc 2 ~ 10 ” 8 cm 3 /s and asterisk denotes 
excited states. Care must be taken to distinguish between 
airglow from O* excited by surprathermal electron fluxes 
and by chemical reactions in the negative ion plasma. 

The plasma waves measured in situ during the IFH 
experiment were expected to be strongly influenced by the 
presence of the negative ions. During the NICARE 1 and 2 
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Table 1. Instrumentation for the IFH Rocket 


Experiment 


Specifications 


Sample Rate 


LP1 
LP2 
(Sn/rt) 1 
(Snfn) 2 
DPI 
DP2 


Langmuir Probes * 


NRL 

20-cm probe 

NRL 

20-cm probe 

NRL 

20-cm probe 

NRL 

20-cm probe 

PL 

3.0-inch disk 

PL 

1.5-inch disk 


26 to 4 x 10 6 cm* 3 5.556 ksampie/s 

3 to 4 x 10 5 cm' 3 5.556 ksample/s 

0 to 3 H ksample/s 

0 to 3 II ksample/s 

10 to 10 6 cm 3 1.4 ksample/s 

10 to 10 6 cm' 3 11.2 ksample/s 


Electric Fie Ids t 


dc, LF, ac 14 

NRL 

4.3-m dipole 

0 to 5.6 kHz 

dc, LF, ac 12 

NRL 

0.3-m dipole 

0 to 5.6 kHz 

dc, LF, ac 34 

NRL 

0.3-m dipole 

0 to 5.6 kHz 

dc, LF, ac 56 

NRL 

0.3-m dipole 

0 to 5.6 kHz 

DC1 

NRL 

1.5-m RF 

2.5 to 12 MHz 

DC2 

NRL 

1.5-m RF 

2.5 to 12 MHz 

DC3 

NRL 

5.5-cm RF 

5.050 MHz ± 75 kHz 

DC4 

NRL 

11.0-cm RF 

5.075 MHz ± 75 kHz 


11.2 ksample/s 

11.2 ksample/s 

11.2 ksampie/s 

11.2 ksample/s 
one 1600 point 
spectrum/s 
4 Mbit/s 
4 Mbit/s 


TECHS 

TECHS 


Energy Spectrat 
cylinder 
cylinder 


0.5 to 50 eV (32) 
45° x 15° (8) 


320-ms scan 
32 x 8 spectra 


Abbreviations are (column 1) LP, Langmuir probe; DP, disk probe; LF, low frequency; DC, downconverter; and TECHS, thermal- 
electron capped hemispherical spectrometer and (column 2) NRL, Naval Research Laboratory; PL, Phillips Laboratory; and MSFC 
Marshall Space Flight Center; ksample is kilosample. 

* Parameters are as follows: for LP1 and LP2, electron density; for (8nfn) 1 and {8n/n)2, relative density; and for DPI and DP2 ion 
density. 


tParameters for all dc, LF, and ac experiments are dc and LF E fields; for DC1—DC4 they are Langmuir and pump waves, 
^Parameters are thermal electrons. Numbers in parentheses indicate number of channels. 


experiments, new wave modes were excited inside the by the presence of Br “ and O + in the chemically modified > 

negative-ion cloud even without the presence of a plasma [Scales et aL , 1993]. With the IFH experiment 

high-power radio wave [Ganguli et aL, 1992]. Enhanced the addition of an electromagnetic pump field added to the 

electric field fluctuations come from lower hybrid waves, complexity of the plasma wave structures in the negative-ion 

ion plasma waves, and ion cyclotron waves excited cloud. 


IFH Rocket Sensor Configuration 



Figure 2. Sensors and instruments on the IFH rocket. The chemical canister was located between the 
instrument section and the rocket motor. 
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The magnitude of the focusing by the chemically produced 
cavity was estimated to be 20 dB in the theoretical paper by 
Bernhardt and Duncan [1987]. The heating at the focus 
yielded channeling of the HF beam. 

The IFH experiment was designated as the CRRES AA 4 
rocket in March 1988. In situ instruments were delivered by 
Naval Research Laboratory (NRL), Phillips Laboratory, 
and Marshall Space Flight Center for integration into the 
payload in 1990. The launch of AA 4 occurred on May 30, 
1992, at 0411 Atlantic standard time (0811 universal time) 
from the launcher located near Vega Baja in Puerto Rico. 
The chemical payload consisted of 30 kg of CF 3 Br inside a 
pressurized tank heated to 340 K. The release occurred at 
0813:49.3 UT within 5 km of the center of the Arecibo HF 
beam. The radar track of the IFH rocket trajectory estab¬ 
lished the release location was 18.97°N latitude, 66.60°W 
longitude, and 283 km altitude. Using real-time trajectory 
information, the chemical tank valve was opened with a 
command signal so that the release was deposited 20 km 
below the reflection altitude of the 5.1-MHz HF transmis- 



Time (s) 


Figure 3. Electron density measured by the IFH rocket in 
four 10-s periods. The values are derived assuming that 
electron density is proportional to the measured current 
from the Naval Research Laboratory Langmuir probe LP2. 
In regions of very low density, such as phase 1 and the early 
part of phase 2, the negative ions may provide a substantial 
portion of the Langmuir probe current. Density fluctuations 
are evidence of (a) rocket spin, (b) microcavities, (c) spikes, 
and (d) heater-induced cavities. The rocket speed and alti¬ 
tude at the beginning and end of each period is indicated, 
along with the range of times after launch. 


30 MAY 1992 IFH LANGMUIR PROBE 



182.0 s 1289 m/s 298.70 km 

ELECTRON MICRO SPIKES 



(b) 



0 t-—-*-*-*------ 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 1.1 1.2 

Distance (km) 



Figure 4. Electron density details along several portions of 
the IFH rocket trajectory at (a) 170.2 s, (b) 182.0 s, and (c) 
197.0 s. The time, speed, and altitude for the start each 
segment is given along the top of each data sample. The 
discrete density steps in the data are due to the finite length 
for the digital word from the logarithmic amplifiers of the 
Langmuir probe. 


sions. The gas expansion and inertial motion caused the 
electron depletion to pass through the reflection altitude. 

Figure 1 illustrates the locations of the flight trajectory, 
heater beam, and ISR scan projected onto the ground plane 
containing the island of Puerto Rico. The CF 3 Br release 
occurred slightly to the east of the HF beam center. Data at 
630.0 nm from the Arecibo Fabry-Perot interferometer were 
analyzed to yield a thermospheric wind velocity of 40 m/s 
westward. The ionospheric hole created by the release 
drifted with this velocity into the center of the heater beam. 
By using postlaunch extrapolations for the rocket trajectory 
and commanded release, the ISR beam was positioned at the 
release point. After the ionospheric hole was well devel¬ 
oped, the ISR was scanned in azimuth to keep track of the 
westward convection of the ionospheric hole. 

The IFH rocket was fully instrumented to measure the 
plasma densities, electric fields, plasma waves, and suprath- 
ermal electrons expected to be detected in the modified 
plasma (Table 1). The placement of the sensors is shown in 
Figure 2. All of the booms were located 1 m or more ahead 
of the two chemical release valves. Upon release the instru¬ 
ments were surrounded by the CF 3 Br cloud. If T is initial 
temperature and m the molecular mass, the cloud initially 
expanded with a mean thermal speed (2 KTIm ) 1/2 = 200 m/s, 
keeping the rocket payload as its center of mass. After 
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BACKGROUND PROFILE 



5.1000 MHz Pump 



IE| (V/m) 


Figure 6. Computed standing wave in a horizontally stratified ionosphere with a localized electron 
depletion. 


electron attachment the negative ions became tied by gyro 
orbits to the magnetic field lines and the rocket passed 
through the top edge of the electron depletion. 

Both electron and ion densities were measured using 
probes on the IFH rocket. The Naval Research Laboratory 
provided a double Langmuir probe that was biased at a fixed 
voltage (+6 V) to collect electrons. The separation between 
the two probes was 1.26 m. Two disk probes biased to 
collect positive ions were mounted on the payload skin just 
aft of the E field booms. The disk probes, one small (1.5 
inches) and one large (3 inches), were provided by the 
Phillips Laboratory. 

Multiple electric field and plasma wave receivers were 
provided by the Naval Research Laboratory covering the 0- 
to 12-MHz frequency range. The electric fields were de¬ 
tected with booms deployed from the payload after launch. 
The spacings between sensors on the booms varied from 0.3 
to 3.4 m. Plasma waves near the HF pump frequency of 5.1 
MHz were detected with two radio frequency sensors with 
spacings of 5.5 and 11 cm. The radio frequencies are 
downconverted to a 150-kHz band and digitized with 12-bit 
words. Details of the downconverter are given by Haas et al. 
[1995]. 

The energy spectrum of suprathermal electrons between 
0.5 and 50 eV was to be detected with the thermal-electron 
capped hemispherical spectrometer (TECHS) instrument 
provided by Marshall Space Flight Center. The TECHS was 
mounted on the opposite side of the EF5 and EF6 booms. 
Unfortunately, after launch the voltage sweep was lost on 
the instrument and the energies of the detected electrons 
have not been determined. 

3. In Situ Measurements _ 

The data from the flight instruments can be divided into 
five phases (Figure 3). In phase 0, before the release, the 
electron density measurements showed both 3.4-s spin mod¬ 
ulation and fine scale irregularities (Figure 3a). At this time, 
the 5.1-MHz reflection altitude was 305 km. The irregulari¬ 
ties were probably generated by the heater because their 


amplitude grew as the rocket moved closer to the HF 
reflection height. The normalized fluctuations (A nln) in¬ 
creased from 3% at 270 km altitude to 1% at 283 km just 
before release. The low-frequency electric field data also 
show enhanced fluctuations during this period. These fluc¬ 
tuations may provide evidence for field-aligned irregularities > 
extending down from the reflection altitude. These irregular¬ 
ities could be the result of the constant ionospheric heating 
for more than 1 hour prior to launch. The A nln fluctuation 
level was less than \% on the downleg of trajectory in the 
same altitude range when the rocket was well away from the 
heated volume. During another launch from Puerto Rico, 
Kelley et al. [this issue] reported in situ measurements of 
small-scale irregularities down to 18 km below the 5.1-MHz 
reflection altitude. 

Before the rocket could cross the ambient reflection level 
for the 5.1-MHz HF waves, the electron attachment chem¬ 
ical was expelled from a heated tank. For the first 9 s (phase 
1) after the CF 3 Br release, the depressed electron plasma is 
pitted with narrow microcavities with sizes of <1 m (see 
Figure 3b), where size is assumed to be the rocket velocity 
times the measurement time. Since the rocket was moving at 
an oblique angle (123°) with respect to the magnetic field, the 
sizes of stationary, field-aligned structures would be smaller 
by a factor of sin(123°) = 0.839 than the scales given in 
Figures 3 and 4. A high-resolution sample of this data is 
plotted versus distance along the trajectory in Figure 4a. The 
microcavities were recorded by both Langmuir probes. 
Usually, the features smaller than the distance between the 
two probes were detected only at one of the probes. The 
microcavities larger than the 2-m probe separation were 
usually measured with both probes simultaneously. Strong 
electric fields saturated the E field instrument during this 
early time. 

During phase 2 the IFH payload entered the negative-ion 
cloud boundary layer where the electron density was 1 to 
10% of ambient (Figures 3b and c). The density fluctuations 
(A nln ~ 17%) were dominated by spikes with widths of 
about 7 m. A detailed spatial sample of these microspikes is 
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5.1 MHz Down Converter 
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Time (sec) 


Relative Power (dB) 
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^l a f® Spectrogram of the pump fields and associated Langmuir waves. The spectra is naturally 
divided into (1) a prerelease narrow line, (2) downshifted broadening after release, (3) a burst when passing 
hrough the HF reflection level 196 to 199 s after launch, and (4) a disappearance of the pump thereafter. 


illustrated in Figure 4b. In situ measurements showed elec¬ 
tric field reversals simultaneous with the microspikes and 
cavities. 

The transition between electron microcavities in phase 1 
to electron microspikes in phase 2 has been explained by 
Scales et al. [1994, 1995] using electrostatic simulations of 
the three-component plasma. A shear in the electron veloc¬ 
ity at the negative-ion/electron boundary layer seems to 
drive the instability that produces the irregularities. At early 
times, in the center of the electron depletion, the negative 
ions form density spikes that are neutralized by electron 
density cavities. The background positive-ion plasma re¬ 
mains relatively uniform. At later times, in the boundary 
layer, the electron spikes form as the negative-ion and 
positive-ion plasma evolves into density cavities. Unfortu¬ 
nately, the frequency response of the positive-ion disk probe 
measurements was too low to verify the computed variations 
in positive-ion density. 

The amplitude of density fluctuations was at a minimum 
(An//* < 7%) when the payload was between the negative- 
ion boundary layer and the HF wave reflection altitude. 
During phase 3 the rocket payload approached the new 
5.1-MHz reflection region (between 311 and 316 km altitude 


at times 21 through 30 s after release). As with phase 0, the 
irregularity fluctuation level increased as the rocket ap¬ 
proached the critical density of 3.23 x I0 5 cm -3 . High- 
resolution spatial plots of selected data are illustrated in 
Figure 4. The time, rocket speed, and altitude for the start of 
each data sample is given. The deepest cavities between 197 
and 198 s in Figure 3d show internal structures in greater 
detail in Figure 4c, where the distance along the trajectory is 
used as the horizontal axis. The two 40% cavities near 
1.1-km distance (317.4-km altitude) at the right side of Figure 
4c have radii of about 4 m. 

The chemical release at 283 km expanded over the altitude 
(290 km) where the HF wave reflected before the release. 
Consequently, any irregularities at that level are over¬ 
whelmed by the dissociative attachment of electrons. When 
the rocket passed through the new reflection level at the top 
of the electron density hole, the observed irregularities must 
have, been newly formed because the HF wave did not 
penetrate to this level before the release, 10 s earlier. The 
average radius of the cavities in this region were on the order 
of an O + ion cyclotron radius (4 m). Irregularities of this size 
have been detected with radio backscatter by Minkoff et aL 
[1974], Belenov et al. [1977], and Coster et al. [1985]. In situ 
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IFH ROCKET DATA NEAR 5.1 MHz REFLECTION 
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Plate 2. Detail of the electron density, Langmuir waves around 5.1 MHz and low-frequency ion acoustic 
waves near the HF reflection level. The Langmuir waves and ion acoustic waves seem to be trapped or 
guided by the density cavities. Spectra of low-frequency electric fields are measured between sensors EF1 
and EF4 of Figure 2. 


measurements of similar size structures have been reported 
by Kelley et al. [this issue] during a rocket flight through the 
Arecibo heater beam on June 9, 1992. 

After passing through the reflection level, the rocket 
entered the unheated plasma labeled phase 4 in Figure 3d. 
Here the electron density fluctuations decreased to values of 
A n!n < 1%. 

The chemical release and subsequent electron depletion 
modified the HF wave electric field. Figure 5 shows the 
changes in the 5.1-MHz electric field measured in situ 
between 169.0 and 169.5 s after launch. At this time the 
rocket velocity was 1411 m/s, with an angle of 17° with the 
vertical. The electric field measurements shows successive 
minima as the rocket passes through the nulls in the standing 


wave (or Airy) pattern of the reflected 5.1-MHz transmis¬ 
sion. The minimum distance between the nulls is expected to 
be Aj/2, where Aj = d(n x f x )\ c is the speed of light, n { is 
the refractive index in the magnetoplasma, and f x = 5.1 
MHz is the transmitter frequency. The plasma density just 
below release is = 2.6 x 10 n m -3 , the gyro frequency 
in the ionosphere over Arecibo is / ce = 1.07 MHz, and the 
propagation angle between a vertical wave vector and the 
magnetic field is 0 = 40°. With these parameters the refrac¬ 
tive index for the 5.1-MHz wave is n x - 0.530 and the 
wavelength in the plasma is A! = 111m. Dividing Aj/2 by the 
rocket velocity gives the scale length shown in Figure 5a. 
During the upleg of the flight the nulls in the 5.1-MHz wave 
measurements are greater than A t /2 (Figures 5a, 5b, and 5c). 
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3 \* Incoherent scatter ion line obtained by the Arecibo radar during the IFH experiment. The radar 
a ® e .^ ed ^ (1) reduction of electron density in the F layer, (2) sidelobe scatter from the 
rocket body , and (3) enhanced ion acoustic waves at the top of the F layer hole. The radar was operated 
in a spectral mode dunng the times of data gaps. 


After the release at 169.29 s the free electrons vanish and 
a horizontally stratified standing wave would have nulls 
spaced by A 0 /2, where A 0 = c//, = 58.82 m in free space. 
Also, the electric field amplitude should drop by a factor of 
(«i) =0.73 to maintain that same power density as in the 

unmodified plasma. This effect is illustrated by the one¬ 
dimensional computation of the standing wave at 5.1 MHz, 
reflecting above an electron density depletion in a horizon¬ 
tally stratified layer (Figure 6). The ionospheric profile 
represents a vertical cut through the ionosphere 3 s after the 
CF 3 Br release. The one-dimensional calculations for these 
fields do not account for the limited horizontal extent of the 
ionospheric hole and the bending of the HF wave fronts. 

The in situ measurements of the electric fields for the 
5.1-MHz wave (Figure 5) differ from the calculated fields 
(Figure 6) in several ways. The electric field amplitude 
increases by a factor of 3 after the release, and the nulls have 
spacings both greater and less than A 0 /2. The power density 
immediately after release increases by a factor of 16 or 12 
dB. This enhancement is attributed to focusing by the 
ionospheric hole. The erratic variations in the wave nulls 
result from the rocket passing through a time-varying inter¬ 


ference pattern established in the electron density cavity. A 
multidimensional model of these fields is being constructed 
to simulate this pattern. 

The frequency spectrum from the 5.1-MHz downcon- 
verter on the IFH rocket is shown in Plate 1. While the 
rocket payload was inside the ionospheric hole, the 5.1-MHz 
pump was broadened into a downshifted spectrum with a 
width of 1.3 kHz. This broadening started at the time of the 
release (169.3 s after launch). The intensities of the down¬ 
shifted waves were >10 dB above the prerelease level. The 
source of the broadening may have been scatter of electro¬ 
magnetic waves by the small-scale irregularities at the edge 
of the negative-ion cloud [Scales et al., 1994, 1995], 

The width and intensity of the waves returned to the 
prerelease level 26 s after release when the rocket had 
passed through the phase 2 irregularities. A localized burst 
of broadband HF noise (A f s 8 kHz) was next recorded 
when the payload transited the critical region of the iono¬ 
sphere during phase 3. Accurate determination of the HF 
reflection point is not possible from the electron density data 
because of modulation from the spin and precession of the 
payload. On the basis of the disappearance of the 5.1-MHz 
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Plasma Line, 30 May 1992, 04:11:00 




Plate 4. Incoherent scatter measurement of the downshifted plasma line at 430 — 5.1 MHz. The plasma line 
shows (1) the HF reflection layer before the release, (2) a brief focusing after release, (3) a new reflection height 
at the top of the ionospheric hole, and (4) a 20-dB increase in the plasma line after focusing occurs. 


Plasma Line, 30 May 1992, 04:11:00 
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Plate 5. Plasma line splitting during the 10 s after the release of CF 3 Br. The strongest backscatter from 
Langmuir waves is 10 dB stronger than the prerelease plasma line. The downshifted Langmuir waves 
illustrated by the in situ observations of Figure 6 may be the source of the scattered radar signal. 
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signals from the plasma wave receiver (Plate 2), the critical 
level was penetrated between 199 and 200 s after launch. 

A plot of the electron density irregularities, the spectral 
deviations from 5.1 MHz, and low-frequency electric fields 
shows evidence of Langmuir and ion acoustic waves coin¬ 
cident with the density cavities near the reflection level 
(Plate 2). These data are consistent with formation of field- 
aligned irregularities that guide Langmuir generated by para¬ 
metric decay of the pump electromagnetic wave. The mea¬ 
sured irregularities seem to be field-aligned ducts described 
by Muldrew [1978, 1988] that guide Langmuir waves. 

The width of the high-frequency spectral broadening near 
the reflection level is about 2 kHz. As will be shown later in 
Figure 7, the broadening in the Langmuir wave scatter of the 
430-MHz radar is on the order of 10 or 20 kHz. The 
apparently narrow in situ spectral measurements may be due 
to the presence of negative ions at the top of the ionospheric 
hole. The narrowness of the spectrum is not due to instru¬ 
ment instrumental which had a ±75-kHz bandwidth capabil¬ 
ity (Table 1). A more detailed discussion of the in situ wave 
measurements near the HF reflection region are given by 
P. Rodriguez et al. (Evidence of parametric wave interac¬ 
tions in the Ionospheric Focused Heating Experiment, sub¬ 
mitted to Geophysical Research Letters, 1995). 

4. Incoherent Scatter Radar Measurements 

Even though the 5.1-MHz HF transmitter was in operation 
continuously, no enhanced ion lines were recorded up to 450 
s after the launch of the IFH rocket. The trajectory of the 
rocket was measured by the sidelobes of the Arecibo radar. 
Backscatter by the thermal ion line showed the reduction in 
electron density following the chemical release. Both of 
these effects are shown in Plate 3 (left side). The azimuth of 
the radar was fixed at 13°, 300 s after launch. During this 
period, no enhanced scatter from ion acoustic waves was 
measured even though strong low-frequency electric fields 
were measured in situ (Plate 2). This may have been because 
the Arecibo radar beam was not aligned with the turbulent 
area inside the rapidly evolving ionospheric hole. After this 
time the azimuth was scanned from one edge of the iono¬ 
spheric hole to the other. 

Plate 3 (right side) shows the effects of focusing through 
the artificial hole. Because of a 40 m/s westward drift, the 
hole center moved to an azimuth of -5°, 500 s after release. 
Around this time a strongly enhanced ion line (EIL) was 
observed where the HF wave reflected at the critical density 
region. This region occurred where the pump frequency 
equaled the electron plasma frequency across the top of the 
artificial hole. The intensity of this EIL was the largest 
recorded during the May-July period of the El Coqui rocket 
campaign. This unusual intensification of the EIL was most 
likely the result of focusing by the chemically produced hole 
in the F region. 

The radar-downshifted plasma line (PL) went through a 
number a changes during the IFH experiment (Plate 4). 
Before the chemical release a weak PL was recorded near 
the HF reflection height of 290 km inthe F region. During 
the first 10 s following the release the plasma line was 
recorded at multiple altitudes between 285 and 300 km. The 
intensity increased by 10 dB in a path aligned with the rocket 
trajectory between 295 and 300 km. After this initial en¬ 
hancement the PL vanished, only to reappear at the top of 


the chemically produced cavity with an intensity comparable 
to the prerelease value. The absence of plasma lines when 
the instruments on the rocket were recording strong Lang¬ 
muir waves (Plate 2) is again attributed to the misalignment 
of the radar beam inside the active region of the ionospheric 
hole. 

The strongest enhancements in the PL occurred between 
280 and 430 s after release. The 10-km range spread at this 
time (Plate 4) may be the result of sidelobe smearing asso¬ 
ciated with the coded radar pulse. The actual range in 
altitude is probably similar to the 2-km spread shown from 
the strongest enhanced ion line in Plate 3. At 480 s after 
launch (310 s after release) the azimuth scan reversed 
directions. Both the plasma line and enhanced ion line show 
spatial symmetry around this time. This indicates that tur¬ 
bulence was excited at the HF reflection layer by focusing 
through a long-lived ionospheric lens. 

The plasma line 10 s after release was enhanced by 10 dB 
(Plate 5). After release at 169.3 s the HF reflection layer 
splits into a region along the rocket trajectory near 300 km 
altitude and a region near the original 290-km level. The large 
plasma line enhancement at 300 km altitude is coincident 
with the strong downshifted Langmuir waves recorded on 
the rocket (Plate 1). The transient disturbance displayed in 
Plate 5 may be associated with turbulence in the boundary 
layer of the negative ion cloud [Scales et al., 1994], 

The spectra of the plasma lines and enhanced ion lines 
were obtained during the data gaps shown as white vertical 
bars in Plate 4. A sample of the spectra during the period of 
strong enhancements 335 s after release (504 s after launch) 
is illustrated in Figure 7. The plasma line spectrum in Figure 
7a shows all of the characteristic features (i.e., decay line, 
cascade bump) of an unfocused plasma line at Arecibo. The 
enhanced ion line is easily distinguishable from the back¬ 
ground (thermal) ion line (Figure 7b). A typical feature of 
enhanced ion lines is that the upshifted and downshifted 
components are nearly symmetrical. This is the case for the 
focused enhanced ion line (Figure 7b). The only unusual 
features of the observed plasma or ion lines were their large 
intensities. 

Besides electromagnetic wave focusing, processes such as 
linear mode conversion [Mjplhus, 1990] could be responsible 
for enhanced coupling to Langmuir waves. If linear mode 
coupling were the source of the enhanced ion lines, one 
would expect asymmetries in the plasma line and ion line 
spectra. This is because the upgoing electromagnetic wave 
would be expected to mode convert into an upgoing Z mode 
which reflects and become a downgoing Langmuir wave 
[Mjplhus, 1990]. With a downgoing Langmuir wave, the 
downshifted plasma line and the enhanced ion lines should 
be absent. We have also ruled out direct mode coupling 
because the wave normals of the rays do not have the critical 
angle required for linear conversion. 

On the basis of ray tracing through a model ionosphere, 
the source of the enhanced turbulence has been attributed to 
focusing by the chemically produced cavity. Without the 
chemical release the pump beam reflects near 300 km, 
independent of ray launch angle (Figure 8a). In the early 
phase of the release the strong electron density gradients 
form a focal point inside the ionospheric hole. Using an 
electron density model that matches the ISR electron density 
profile 10 s after the CF 3 Br release, the focus is 8 km from 
the center of the hole, whereas the upper reflection boundary 
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Figure 7. Spectrum of the (a) downshifted plasma line and 
(b) enhanced ion line during the time of intense HF focusing. 


30 May 1992, IFH Airglow Emissions 
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Figure 9. (a) Green-line (557.7 nm) and (b) red-line (630.0 
nm) enhancements following the CF 3 Br release during the 
IFH experiment. The bulk of these enhancements can be 
explained by excitation of atomic oxygen after mutual neu¬ 
tralization of 0 + and Br“ in the chemically modified plasma. 
A small red-line increase is observed during the “focusing 1 ' 
period of strong enhanced ion and plasma lines shown in 
Plates 3 and 4. 


of the hole is 15 km from the center (Figure 8b). The hole 
evolves by the action of chemistry and plasma transport. At 
some point in the evolution, the HF focal point and the 
reflection boundary coalesce, yielding a region of large 
electric fields. This condition occurs at about 300 s after 


release. The large electric fields responsible for the enhanced 
radar backscatter occur because (1) the HF waves are 
focused onto a reflection contour of the electron density and 
(2) the group velocity goes to zero at the reflection level, 
causing an accumulation of the wave energy. The focusing 
processes are limited by diffraction [Bernhardt and Duncan, 
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Figure 8. Rays from the 5.1-MHz HF transmitters propagating through (a) the unmodified F layer, (b) 
the ionospheric hole 10 s after release, and (c) the hole at a later time when the focal point is at the HF 
reflection level. The electron density contours are derived from a spherical release model adjusted to fit 
density measurements obtained from the incoherent scatter radar. 
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1987] and by irregularities that may scatter the electromag¬ 
netic waves. Figure 8c shows a tube of rays focused on the 
upper boundary of the ionospheric hole 293 s after release. 
This is the time period when the unusual enhancements of 
ion acoustic and electron plasma waves were observed in the 
ISR data. 


5. Ground-Based Optical and Radio 
Observations 

A number of optical instruments were operated at the 
Arecibo Observatory during the IFH experiment. Photome¬ 
ters with 5° fields of view were pointed at the release location 
and recorded the 557.7- and 630.0-nm emissions. A low- 
light-level charge-coupled device (CCD) camera with a 60° 
field of view recorded 630-nm emissions from the release and 
HF focusing regions. A description of these instruments is 
given by Bernhardt et al. [1988]. 

An enhancement of airglow during the IFH experiment 
occurred immediately after the CF 3 Br release. Figure 9 
illustrates the 20 Rayleigh increase in 557.7-nm (green line) 
and the 4 Rayleigh increase in the 630.0 nm (red line) of 
atomic oxygen. These enhancements probably come from 
the excited atomic oxygen that was a product of mutual 
neutralization reaction (2). Bernhardt [1987] predicted that 
0( l D) should be the primary excited oxygen state from Br“ 
and 0 + mutual neutralization. On the basis of the observa¬ 
tions that the 557.7-nm intensities were 5 times larger than 
the 630.0-nm intensities, we conclude that O('S) was the 
primary product of the reaction 

Br" + 0 + -* Br( 2 P°)+ 0('S) + 6.065 eV (3) 
and that green-line and red-iine emissions came from 

0('S)-» 0('z>) + M557.7 nm) r, = 0.71 s (4) 

0( l D) —* 0( 3 P) + M630.0, 636.4 nm) t 2 = 147 s 

(5) 

where t x and r 2 are the radiative lifetimes of the states. 

The process described by (3), (4), and (5) is consistent with 
the observations. The red-line emission peaked 80 s after the 
maximum green-line emission. Also, the red-line intensity 
was 20% of the green-line intensity. Both of these effects can 
be attributed to the relatively long lifetime of the 0( X D) state 
which is formed by electronic transition from the shorter- 
lived 0( l 5) state. The integrated volume emission rate was 
reduced by diffusion of the 0( { D) atoms and by collisional 
quenching before radiation [Bernhardt et al ., 1989]. 

At the time of the strongly enhanced ion line, between 450 
and 570 s after launch, a small 1 Rayleigh enhancement is 
observed in the 630.0-nm (red line) channel of the photom¬ 
eter. This peak is coincident with the enhanced ion lines 
produced by focusing of the HF radio waves. Its magnitude 
is surprisingly small. Since HF-induced perturbations in the 
green line are typically 5% of the red-line values [Bernhardt 
et al ., 1989], a corresponding peak would be too weak to be 
detectable in the 557.7-nm channel (Figure 9a). The low- 
light-level CCD camera did not show any enhancements in 
red-line airglow. 

Previous experiments at Arecibo have indicated that ex¬ 
tremely strong enhanced ion lines are accompanied by larger 
(-50 Rayleigh) increases in red-line airglow [Bernhardt et 


al. , 1988, 1989]. This was not the case for the IFH experi¬ 
ment. We are currently investigating a number of explana¬ 
tions for the apparent weakness of heater-induced airglow. 
These include the effects of residual negative ions in the 
plasma and tilting of the HF beam from vertical. 

Using ground-based spectrum analyzers attached to wide¬ 
band HF antennas, observations of stimulated electromag¬ 
netic emissions (SEE) were attempted at Arecibo, Puerto 
Rico, and Providenciales, Caicos. No SEE was detected 
during the entire El Coqui campaign. This is not totally 
unexpected because previous experiments have demon¬ 
strated that SEE is more often observed at higher-latitude 
heating facilities [Thide et al. , 1989]. 

Los Alamos and NRL set up bistatic HF propagation links 
between Dominica and Providenciales, Caicos, during the 
IFH release and other CRRES rocket experiments. Propa¬ 
gation frequencies were chosen to reflect near the release 
points for chemicals. The CF 3 Br release produced a large 
Doppler shift in the HF wave passing through the disturbed 
regions. A manuscript describing the results of these exper¬ 
iments is in preparation (P. E. Argo, private communication, 
1994). 

6. Conclusions 

The IFH chemical release produced a large (>30-km 
diameter) hole in the F layer centered within 6 km of the 
5.1-MHz HF beam. The reactions between CF 3 Br and the 
ambient electrons yielded a turbulent negative-ion plasma. 
The action of the high-power radio wave on the negative 
ions, positive ions, and electrons produced microcavities 
with diameters of < 1 m and factor of 10 or greater reductions 
in the already depressed plasma density. In the boundary 
layer, between the negative ion and electron dominated 
regions, electron density spikes were recorded with the in 
situ Langmuir probes. These spikes may result from cavities 
in the negative ions that are filled by electrons to maintain 
charge neutrality. The negative-ion, positive-ion, and elec¬ 
tron simulation models of Scales et al. [1993, 1994, 1995] are 
being used to study this process. 

The in situ measurements of the electron density near the 
HF reflection region at the top of the ionospheric hole show 
electron plasma waves trapped or guided by cavities the size 
of the positive-ion gyroradius. The frequency spread of these 
Langmuir waves is 8 kHz or less. The structure observed at 
the reflection region may be associated with field-aligned 
cavities guiding Langmuir waves generated by the paramet¬ 
ric decay instability (PDI) as described by Muldrew [1978, 
1988]. Processes that can generate field-aligned irregularities 
by the thermal parametric instability have been summarized 
by Mjfllhus [1993]. Horizontal structures may be formed by 
the ponderomotive force in the peaks in the standing wave of 
the HF pump [Leyser and Thide , 1988]. 

From the in situ and ground-based observations we de¬ 
duce that the artificial ionospheric hole yielded 10- to 20-dB 
enhancements in the pump wave intensity by focusing. This 
degree of focusing is consistent with the predictions by 
Bernhardt and Duncan [1987]. The strongest focusing lasted 
for 150 s after the ionospheric hole had evolved so that the 
focal point was located on the reflection level at the top of 
the hole. The amplitudes of the ion acoustic waves and 
electron plasma oscillations were increased by more than 20 
dB during the period of the strongest focusing. The weak- 
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ness of the red-line airglow enhancements during this time is 
difficult to explain. Airglow induced by RF heating usually 
comes from surprathermal electrons colliding with ambient 
atomic oxygen. The negative ions trapped on the magnetic 
field lines below the HF reflection level may have scattered 
the suprathermal electrons before they could excite the 
oxygen. 

An experiment complementary to IFH used a barium 
release from a sounding rocket. This experiment (CRRES 
AA 2) produced an electron density enhancement in the 
powerful radio beam from the Arecibo HF facility [Djuth et 
al., this issue]. It is instructive to compare the results of the 
IFH and AA 2 radar measurements. Following the barium 
release of the AA 2 experiment, the intensity of the upshifted 
plasma line increased by about 12 dB and the downshifted 
plasma line vanished below the noise floor of the radar 
receiver. The downshifted and upshifted enhanced ion lines 
showed corresponding asymmetries. The measured asym¬ 
metric plasma lines may have been the result of ion cloud 
expansion or steep density gradients. Because an electron 
density enhancement defocuses an HF beam, focusing does 
not explain the A A 2 results. The source of the asymmetric 
radar spectra is not understood and should be a subject for 
future research [Djuth et al ., this issue]. 

Both the IFH and AA 2 experiments yielded large en¬ 
hancements in HF-induced Langmuir turbulence. The IFH 
experiment produced the largest increase in plasma line 
strength (20 dB), but AA 2 yielded the largest absolute 
plasma line intensity. A quantitative comparison of the two 
techniques is difficult because the intensity of the plasma line 
before the IFH release was much less than the intensity 
before the AA-2 release. It is an open question whether 
ionospheric holes or electron enhancements produce the 
largest effect on ionospheric heating. 

The IFH experiment has demonstrated that the release of 
an electron attachment chemical will form an artificial lens in 
the F region that may be used to increase the power density 
of any HF facility. The effective radiated power of these 
facilities can be increased by about 20 dB for periods of time 
longer than 2 min. Similar IFH experiments should be 
attempted in the future to give a temporary boost in the 
power levels available for ionospheric heating. This boost 
may yield phenomena that are not produced with current 
heating facilities. 
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Abstract. Observations indicate that the plasma sheet 
boundary layer (PSBL) becomes stressed during active 
times resulting in enhanced plasma flows, intense wave 
activity, and its minimum spatial width becoming on the 
order of the ion Larmor radius. We present simulations 
showing that the Electron-Ion-Hybrid (EIH) instability 
plays a key role during of the nonlinear relaxation of such 
a stressed PSBL. The EIH is a long wavelength mode 
(k v L E ~ 1 , where k y is the perpendicular wavelength 
and L e the gradient scale size), its spectrum is broadband 
(extending from below the lower hybrid frequency to the 
electron plasma frequency), and its onset can generate 
substantial perpendicular ion acceleration and anomalous 
viscosity leading to particle mixing across the PSBL. 

Introduction 

The plasma sheet boundary layer (PSBL) has long been 
recognized as one of the primary transport regions of the 
magnetosphere [Eastman, et at., 1984]. The PSBL is a 
low beta plasma which sustains magnetic field-aligned 
currents, high speed ion flows, large cross-field electric 
fields, and a significant component of ionospheric plasma 
[Frank et at. , 1981; Eastman, et al., 1984; Parks et al., 
1984; Cattell et a/., 1986]. Using the two ISEE space¬ 
craft, the typical spatial extent of the PSBL (during quiet 
times) has been determined to lie in the range of 10,000 to 
30,000 km, or 100 to 300 local ion Larmor radii, Pi [Parks 
et at., 1984]. More recently, a low-energy particle layer 
has been detected on the outer edge of the PSBL whose 
typical width is on the order of 500 km [Parks et at., 
1992]. During active times, however, the PSBL becomes 
stressed and its minimum width can become smaller than 
1 Pi [ Parks et at., 1984], Commonly occurring phenom¬ 
ena during which the PSBL can attain this width are sub¬ 
storms in their late growth phase during which the entire 
extent of the central plasma sheet, including the PSBL, 
becomes as narrow as 1 Pi [Mitchell et al. , 1990]. 

Most previous theoretical studies of the PSBL have ex¬ 
plored the role played by infinite, uniform, field-aligned 
beams on the generation of broadband electrostatic noise 
(BEN). Here, we concentrate on a different aspect of 
PSBL dynamics, i.e., on how its transverse structure 
evolves during active times. Our principal conclusion is 
that as the PSBL’s scale size approaches Pi , a class of 
instabilities can be excited by the strong velocity shear 
that is self-consistently generated during periods of high 
magnetospheric activity. These “modes can: (i) provide 
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dissipation, (ii) give rise to strong anomalous transport, 
and (iii) help to relax the stress build-up. This study com¬ 
plements efforts in global magnetohydrodynamic (MHD) 
modeling which have been successful in elucidating the 
mechanisms responsible for the increase of stress in the 
central plasma sheet but which fail to address the domi¬ 
nant physics governing the magnetotail’s relaxation inso¬ 
far as these processes are dominated by microturbulence 
which involve spatial (on the order of p t - or less) and tem¬ 
poral scale sizes not accessible to the MHD formalism. 

Equilibrium Model 

In a previous study [Romero et al L, 1990], a bound¬ 
ary layer equilibrium was constructed by assuming: (i) 
that the variation in pressure at the layer [Parks et al., 
1992] is caused by a density gradient, and (ii) that the 
magnetic field across this structure is uniform. We have 
recently presented an equivalent boundary layer equilib¬ 
rium formalism that is simpler to implement in numeri¬ 
cal simulations [Romero et al., 1992b; Romero and Gan- 
guli, 1993]. Here, we generalize the equilibrium model 
described in Romero and Ganguli , 1993, to apply to gen¬ 
eral PSBL conditions, i.e., we include self-consistently the 
spatial variation of the equilibrium magnetic field in this 
structure. This is motivated by observations [JVanib et al., 
1981; Parks et al., 1984] showing that the lobe magnetic 
field, typically 40 nT, is reduced in the central plasma 
sheet to about 20 nT. 

Since the present work deals with physical processes oc¬ 
curring at a boundary layer (i.e., in a region where plasma 
parameters vary significantly), the following convention is 
adopted: any reference to values of the plasma frequency, 
cyclotron frequency, or Larmor radius will be made with 
respect to the region of higher plasma density. 

A description of the equilibrium configuration and simu¬ 
lation setup has been given, for the case of a uniform mag¬ 
netic field, in Romero and Ganguli , 1993. Here, we adopt 
GSM coordinates and present the modifications required 
to incorporate effects due to a nonuniform magnetic field, 
B ( z ). At the boundary layer: (i) the ion density, m ( z ), 
varies strongly in the z (northward) direction, and (ii) the 
dominant component of B ( z ) is assumed to lie in the x 
(earthward) direction, i.e., B(z) = B 0 b(z) a x , where 
B 0 denotes the strength of the magnetic field, b(z) is 
a dimensionless function that describes its spatial varia¬ 
tion, and a* is a unit vector along the x axis. There de¬ 
velops an electron east-west E x B flow, V B (z), in the 
region of strong variation of the ion density. The shear fre¬ 
quency of the system can be naturally defined as follows: 
w s = Vq / where V 0 gives the peak value of V B ( z ), 
and Le is the scale size of variation of the flow (here, Le 
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also equals the density gradient scale size). Since during 
active times the PSBL’s minimum L e is on the order of 
Pm find that Vq ~ (0.1 ~ 0.2) V e , where V e denotes 
the electron thermal velocity [Romero et al, 1990]. Then, 
> n t * (z ) which implies that the unmagnetized limit 
can be taken in obtaining the ion equilibrium distribu¬ 
tion function. The PSBL’s temperature gradient (ignored 
here) will further increase the pressure gradient leading 
to larger values of u; s thus implying that our present esti¬ 
mates of velocity shear in the PSBL are conservative. In 
conformity with observations [ Parks et al, 1984], we as¬ 
sume that no mean ion flow takes place across the PSBL- 
lobe interface so that ion force balance is achieved via a 
north-south electric field E (z) = E ( z ) a 2 , where a* is 
a unit vector directed along the z axis. We choose the 
spatial variation of E (z ) as follows: 

E(z) = ^{ f U-z 0 )- f U + z 0 )} , ( 1 ) 


where £ = z - LJ 2, F{() = Sech 2 ((/L E ), 

N o = l— Sech 2 ( 2 z 0 /Le), L z gives the simulation’s 
length in the z direction, and z 0 is the distance sepa¬ 
rating the two regions in which the externally imposed 
electric field is either positive or negative. We choose 
zq Lg so that Nq & 1 . Then, the peak value 
of E(z) is ±E 0 , and occurs at L z /2 ± z 0 , respec¬ 
tively. The ion temperature is T{ and the ion density 
is given by m{z) = lViexp( (Ci / N 0 )£>(£)). Here, 
Ci = (2 Eo Le) / (Bo pi V {), Vi is the ion thermal veloc¬ 
ity, pi is the ion Larmor radius, N{ is a constant, D (£) = 
GU ~*o) - <?(£ + zo) y and G(C) = Tan h(C/L E ). 

Since the ions are unmagnetized, the electric field given 
in Eq.(l) causes an E x B electron flow in the y (east- 
west) direction. The equilibrium distribution function de¬ 
viates from being a simple drifting Maxwellian [ Ganguli 
et al , 1988a; Romero and Ganguli, 1993]. Expansion in 
terms of the small parameter p e / Le yields: 


F e 


ne(Zg) - 

Jv(J)(*V')*/2 \ V* J ’ 


where Z g is the electron guiding center (a constant of the 
motion), H c (z) is the spatially dependent electron cy¬ 
clotron frequency, w]_ = v\ + w\ j 77 ( 2 ), w y = v y - 
Ve ( z ) ) Ve(z) = E(z) / (B$b(z)) is the sheared 
electron E x B flow, V e is the electron thermal veloc¬ 
ity, and T}(z) = 1 4 - V£/fl e (z). We use a prime to 
denote taking the derivative with respect to z. It has 
been shown that w\ represents the particle kinetic en¬ 
ergy perpendicular to the ambient magnetic field and is 
conserved to better than second order in p e / L E [Romero 
and Ganguli , 1993]. Note that the presence of shear in 
the electron flow causes the distribution function to be 
anisotropic within the plane perpendicular to the equi¬ 
librium magnetic field. Finally, to initialize the system, 
the electron density is determined from the quasineutral¬ 
ity condition: n e (z) = n,*(z) ^i.e., it is assumed that 
the electric field given in Eq. (1) is maintained by an 
externally-imposed time-independent charge density. 

The net electron cross-field flow can be found by tak¬ 
ing the first moment of F e . The result is: U y = 
Ve(z)( 1 — ZiT e /T t '), where Z{ is the ion charge and 
T e is the electron temperature. Since the ions have been 


assumed to be stationary and the electric field to be as 
shown in Eq. ( 1 ), the use of Ampere’s law yields the fol¬ 
lowing self-consistent expression for the spatial variation 
of the equilibrium magnetic field: 


1 db 2 (z) 

2 dz 



where o; pe (z) is the electron plasma frequency, and 
fieo = ~€Bojrn e . 

Note that E ( z) and B (z) have been chosen so that 
the equilibrium ion density is symmetric about L t ) 2, 
the mid point of the simulation box. This implies that 
the present simulation contains two back-to-back bound¬ 
ary layers, each centered about the points L z /2 ± z 0 , 
respectively. So long as z 0 is chosen large enough (its ex¬ 
act length is to be determined a posteriori, but in practice 
tens of electron Larmor radii or Debye lengths will suf¬ 
fice), no correlations arise between the relevant physics at 
the two layers thus justifying the use of periodic boundary 
conditions in the present simulation. Their use implies 
that the pattern in the region 0 < z < L z is repeated in¬ 
definitely, while the lack of correlation between the layers 
implies that the results obtained for any one of the two 
layers is also applicable to its companion (mirror image). 


Nonuniform Magnetic Field Effects on the EIH Mode 


We consider in this section the linear stability prop¬ 
erties of the EIH mode in the presence of nonuniform 
electric and magnetic fields. To this end, we employ 
the formalism presented in Romero et al 1992a and 
consider the linear stability of the boundary layer de¬ 
scribed in the previous section. The equilibrium ion 
density, magnetic field, and electron cross-field flow 
profiles are characterized as follows: (i) n*(z) = 

N i0 - (ANi/2){l + Tanh (z/L E ))> (ii) b(z) = 
1 + (A b / 2 ) (1 + Tanh (z/fg)), and (iii) Ve (z ) = 
V 0 Sech 2 (z / Le)* Figure 1 shows the dependence of the 
growth rate of the EIH mode, 7 / on the normalized 
perpendicular wave number k y Ls « Two cases are consid¬ 
ered: One with A 6 = 0 and the other with A 6 = 0.5 (the 
magnetic field variation in this latter case is often encoun¬ 
tered in PSBL-lobe crossings [Frank et a/., 1981; Parks et 
al, 1984]). The parameters used to obtain these results 



k y L s 

Fig. 1 Linear growth rates of the EIH mode corresponding 
to a magnetic field variation across the boundary layer of 
0% (A 6 = 0 ) and 50% (A 6 = 0.5). 
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are: 6 = u pm /Q, = 1.0, o e =V 0 /(Cl r L E ) = 0.25, 
ANi/Nio = 0.8, and Mj/m e = 400 (M< and to. de¬ 
note the ion and electron masses, respectively). All of the 
quoted values are attained in the limit z —► — oo. 

The results presented in Fig. 1 imply that the inclusion 
of the variation of the equilibrium magnetic field for con¬ 
ditions representative of the PSBL-lobe interface results 
in: (i) an increase in the maximum value of the growth 
rate of the EIH mode, and (ii) no appreciable modification 
in the wavelength of the most unstable EIH mode. 

Nonlinear Simulations 

The nonlinear evolution of the system is investigated 
using an electrostatic, 2 - 1/2 D particle-in-cell (PIC) code 
first described in Romero et al, 1992b. The physical pa¬ 
rameters used here are: L z / Pi = L y /pi — pi / L e = 
*o /L b = 6.4, and p e /A D = w pc /n e0 = 1.2. At 
t = 0 , the system is in equilibrium, its length in the y 
direction is L y , w pe is the electron plasma frequency in 
the region of higher plasma density, and = K / Up* 
is the Debye length. The ion to electron mass ratio is 
400, T{ = 4T e , and the total number of particles in the 
simulation is 786 432. Since B (z ) is directed along the x 
axis, the waves reported in this study are flute-like, i.e., 
fc|| = 0 . We choose Eq such that u s = E 0 /(B 0 L e ) = 
10 . 8 o; lh (i.e., k =u? 5 /o; lh = 10 . 8 ). Finally, the elec¬ 
tric field is decomposed into two components: the first is 
doubly periodic in the two spatial dimensions, and the 
second is time-independent and given by Eq.(l). The 
time-independent field component represents the stress 
imposed on the system by the solar wind flow, while the 
time-dependent doubly periodic field component models 
the stress relief caused by the onset of the various mi¬ 
croinstabilities excited in the system. This latter field 
component is obtained by solving Poisson’s equation at 
each time step in a mesh containing 64 nodes in the z 
direction and 128 nodes in the y direction. 

The nonlinear evolution of the EIH mode has been de¬ 
scribed in considerable detail for the case of a uniform 
magnetic field [Romero et a/., 1992b; Romero and Gan - 
ffuliy 1993]. In this regime, the EIH mode causes: (i) 
the onset of long wavelength ( k y L E - 1 , L B » p e ) 
closed contours in the electrostatic potential (indicative 
of the formation of vorteces in the electron flow) when¬ 
ever k = w s /u> LH > 1 , (ii) considerable ion accelera¬ 
tion perpendicular to both the equilibrium electric and 
magnetic fields, (iii) a broadband spectrum extending in 
frequency from below the lower hybrid frequency to near 
the electron plasma frequency, (iv) the development of 
significant anomalous viscosity which decreases the mag¬ 
nitude of the cross-field electron flow and eventually lim¬ 
its the further growth of the instability, and (v) a smooth 
transition, as k is varied, from a regime dominated by 
the EIH mode (/c > 1) to one dominated by the lower 
hybrid drift instability (k < 1 ). These general features 
are preserved in character by including in the simulation 
the self-consistent variation of the equilibrium magnetic 
field (as described by Eq. ( 2 ) of this work) across the 
boundary layer. In what follows, we describe the nonlin¬ 
ear evolution of the transverse structure of the PSBL un¬ 
der stressed conditions and use parameters corresponding 
to PSBL plasmas: w pe /n e > I, a magnetic field varia- 



x/i-x 


Fig. 2 Time evolution of the sheared electron E x B flow 
showing that the EIH mode leads to substantial anoma¬ 
lous viscosity. 

tion (between the PSBL and lobe) of the order of 50%, 
and Ti/T e — 4 (this number can readily be further in¬ 
creased without affecting the principal physical results). 

First, we find that substantial anomalous viscosity de¬ 
velops due to the excitation of the EIH waves. This is 
shown in Fig. 2 where the E x B flow is shown at the 
three indicated times in the vicinity of the boundary layer. 
It is seen that the magnitude of the flow decays to less 
than half its original value in a time interval shorter than 
5 lower hybrid periods. In addition, the flow spreads in 
the region of low magnetic field to a distance of nearly 
2 pi in a time interval of about 20 lower hybrid periods. 
This decreases the value of u s thereby relaxing the stress 
build-up in the system. Details as to how one can quan¬ 
tify the EIH-induced anomalous viscosity can be found in 
Romero and Ganguli , 1993. We also note that the final 
flow profile shown in Fig. 2 extends between 1 and 2 pi 
and that its magnitude is larger than the ion thermal ve¬ 
locity. This implies that the state of the system is now 
susceptible to the Inhomogeneous Energy Density Driven 
Instability (IEDDI) [ Ganguli , et al , 1988a]. Further de¬ 
pletion of shear due to IEDDI waves may seed the system 
for the Kelvin-Helmholtz (w < fl^) instability unless a 



Fig. 3 Fourier transform of the time sequence correspond¬ 
ing to the dominant mode’s energy density. It is seen that 
the frequency spectrum of the EIH mode is broadband, 
extending from below the lower hybrid frequency up to 
the electron plasma frequency. 
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balance is reached between the external stress input and 
the local dissipation processes. 

It is also found that neither a spatially varying mag¬ 
netic field nor the condition iv pe / O c > 1 can change the 
broadband character of both the z and y components of 
the electric field of the EIH mode (as first reported in 
[Romero et ai, 1992b]). This is illustrated in Figure 3, 
which shows the Fourier transform of the time sequence 
corresponding to the dominant mode’s energy density. It 
is seen that this frequency spectrum is broadband, ex¬ 
tending from below the lower hybrid frequency, through 
the electron plasma frequency and even higher. We note 
that the peak in the power spectrum occurs in the vicinity 
of the lower hybrid frequency and that a relative power 
enhancement occurs near the plasma frequency. 

Another effect found in this study is the occurrence of a 
slight decrease in the wavelength of the EIH mode as the 
value of w pe / fl e is increased. This effect is in conformity 
with linear theory predictions [ Ganguli, et ai, 1988b] 
which also indicate that the wavelength of the fastest 
growing mode ceases to become smaller as u > pe / £l c 1- 
We find that for the present simulation the maximum fluc¬ 
tuating wave energy occurs at k y L e ~ 0.8, whereas for 
the simulations presented in Romero et al., 1992b (corre¬ 
sponding to u; pe /n e = 0.52), it occurs at k y Le ** 0.4. 
Nonetheless, the present results indicate that the mode 
retains its long wavelength character: k y Ls ~ 0.8 < 1. 

Discussion and Conclusions 

We have shown the EIH mode to be broadband in the 
absence of any cold plasma component and that the inclu¬ 
sion of the self-consistent variation of a PSBL-like mag¬ 
netic field does not affect this result. This implies that 
the broadband character of the waves observed in the 
PSBL may be ascribed to the the local nonuniformities of 
this system in conjunction with effects due to field-aligned 
beams. As described in the present work (see also Romero 
and Ganguli 1993), significant anomalous viscosity and 
resistivity develop due to the EIH mode. The anoma¬ 
lous viscosity leads to a rapid broadening of the steepened 
layer and leaves the system in a state such that an inverse 
frequency cascade is possible where the IEDDI [Ganguli, 
et aL, 1988a] and Kelvin-Helmholtz modes are succes¬ 
sively excited. The excitation of the EIH mode leads 
to substantial particle acceleration and mixing across the 
boundary layer [Romero et aL, 1992b]. This implies that 
unique distribution functions should be observed within 
this structure. Since this distribution of particles is accel¬ 
erated at lower altitudes where it triggers auroral activity, 
the mechanism described here is of interest to ionospheric 
studies as well. The EIH-induced anomalous resistivity 
may be of interest during fast reconnection processes in 
magnetic substorms. Finally, the results of this study 
point to the following conclusion: that the width of the 


PSBL results from a balance between the stress caused 
by the solar wind flow and relaxation processes caused by 
microinstabilities such as the one described in this work. 
The observed width of this layer is then clearly related to 
the level of magnetospheric activity. 
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Abstract 

A laser pulse, propagating nearly parallel to the surface of a planar semiconductor 
wafer, will generate electron-hole pairs. If the semiconductor is spatially biased with a 
static electric field of period Ao, the laser pulse acts as a fast switch and generates a 
periodic current. The rapid switching of the current generates radiation, which propagates 
along the surface and can be confined by a conducting wall placed parallel to the wafer 
The wavelength of the radiation can be tuned by adjusting Ao, the wafer-wall separation, 
and/or the carrier density. In the absence of collisional damping, Nq periods of the static 
bias electric field will generate N 0 periods of radiation. Under idealized conditions, the 
ma x i mum electric field of the radiation is equal to the applied static field and the ma ximum 
efficiency of converting the static electric field energy to electromagnetic energy is 30%. In 
practice for typical parameters, tunable electromagnetic radiation can be generated with 
wavelengths in the 50 ym to 500 ym range, pulse durations in the pico- or subpicosecond 
range, and peak powers on the order of 100 W. 
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I. Introduction 


Over the past few years, several methods for the generation of pico- and subpicosecond 
fax-infrared radiation by optical switching of biased semiconductors have been investigated 
[1-10]. Most of these investigations have involved a planar photoconductor (typically, GaAs 
or InP) which is ill uminat ed by ultrashort laser pulses. When the semiconductor is biased 
with a uniform static electric field, the photo-switching of the semiconductor produces a 
current transient which results in the generation of a single cycle of coherent radiation. For 
example, D. You et aL [7] report the generation of high power (~ MW) half-cycle pulses 
with durations < 0.5 ps and energies < 0.8 /zJ. This was achieved by ill umina ting a 3.5 
cm x 3.5 cm GaAs wafer, biased with an external field of 11 kV/cm, with a 120 fs pulse 
from a Ti:sapphire laser at normal incidence. 

Other photoconductor-based schemes have been investigated for generating many cy¬ 
cles of far-infrared radiation. For example, N.M. Froberg et al. [5] used a photoconducting 
antenna array to produce terahertz radiation pulses. This array was formed by deposit¬ 
ing 64 electrodes, of width 20 /zm and spaced 150 /zm apart, on a GaAs substrate. The 
electrodes were then used to bias the photoconductor with a periodic electric field of wave¬ 
length Ao- When illuminated with laser pulses incident on the substrate at an angle of <j> 
from the normal, radiation was produced over a wide range of angles and the wavelength 
of the radiation at an angle 9 from normal was found to be A ~ (sin 9 + sin 4>)\q. The 
frequency of the radiation could be adjusted by changing the angles <t> and 6 , and/or the 
biasing period Ao- This method was used to produce low power (~ nW) 500 GHz radiation 
in 20 ps pulses. 

Recently, an alternative concept for generating far-infrared radiation has been pro¬ 
posed by W.B. Mori et al. [11], which relies on the conversion of a periodic static electric 
field into radiation by a relativistic ionization front. In this device, a parallel plate ca¬ 
pacitor array is used to generate a periodic electric field within a gas. An intense, short 
laser pulse is injected in the gas, propagating parallel to the capacitor plates. As the laser 
pulse propagates, it ionizes the gas and produces free plasma electrons (photocamers). A 
current transient is generated along the relativistic ionization front, resulting in the gener- 


ation of electromagnetic radiation which propagates in either the direction of or opposite 
to the laser pulse. In the one-d imens ional (1-D) limit and in the limit where the ionization 
front is moving at the speed of light in vacuum c, radiation is generated with frequency u 
given by u/c = (k$ + k p )/2ko, where ko = 2ir/Ao, Ao is the period of the static electric held, 
kp = u p /c, Up = (4irn e e 2 /m e ) 1 / 2 is the electron plasma frequency and n e is the density 
of the plasma electrons. Furthermore, the number of cycles of output radiation is roughly 
equal to the number of periods of the static electric field. Hence, the frequency of the 
radiation can be tuned by adjusting the static field wavelength, Ao, and/or the electron 
plasma density, n e . Furthermore, the output pulse duration ran be controlled by adjus ting 
the number of periods of the static electric field. In principle, high peak powers (MW) 
can be obtained over a wide wavelength range (10 -100 fim) with varying pulse durations 
(1-10 ps). 

In the following, we propose and analyze a device which combines some of the features 
of photo-switched semiconductors [1-10] and of radiation conversion using a periodic ca¬ 
pacitor array [11]. This device will be referred to as a Photo-switched Periodically-biased 
Semiconductor (PPS). Radiation is generated in the PPS by applying a static, periodic 
electric field across the surface of a planar semiconductor (e.g., GaAs or InP). A laser pulse 
is injected into the device such that it propagates along and nearly parallel to the semi¬ 
conductor surface and perpendicular to the applied static field. As the pulse propagates it 
generates photocarriers within the semiconductor and, hence, a transient current develops 
in response to the applied periodic electric field. These current transients generate elec¬ 
tromagnetic radiation. A planar conductor, placed parallel to the photoconductor, ran be 
used to confine and enhance the generated radiation (see Fig. 1). 

In the one-dimensional (1-D) limit, it will be shown that radiation is generated with 
frequency u given by u/c = (fcg + k$)/2k 0 , where k 0 = 2tt/A 0 , A 0 is the period of the static 
electric field, k p — u p /c, u p — (4»rn n e 2 /m*) 1 / 2 is the effective 1-D plasma frequency, fi n is 
the effective 1-D photocarrier density, and m* is the effective mass of the photocarriers. In 
the absence of collisions, Nq periods of applied static electric field generate No periods of 
radiation. Furthermore, it will be shown that the maximum electric field of the radiation 
generated within the device is less than or equal to the amplitude of the applied static 



electric field. In the 1-D limit, the ma ximum efficiency of converting the energy in the 
static electric field into electromagnetic radiation is 30%. Such a PPS device may be 
capable of generating hundreds of watts of coherent radiation in the 50 — 500 fn n range, 
which raw be tuned by adjusting the period of the static electric field, the carrier density 
and/or the device dimens ions- The duration of the electromagnetic pulse can be controlled 
by adjusting the number of periods of the static electric field. In principle, one can choose 
how many cycles of radiation will be generated. Such a source of tunable, ultrashort pulse 
radiation would have various applications, including absorption spectroscopy, time-resolved 
studies in physics and chemistry, remote sensing and radar, and high-speed multiplexing. 

One can envision many possible configurations for a PPS device. In this paper, we 
will analyze the following simplified and idealized two-dimensional (2-D) configuration (see 
Fig. 1). Consider a single planar semiconductor, the surface of which lies in the y, z plane 
and is located at x = b along the x-axis. A static, periodic, bias electric field of the form 
E£ = Eq cos koz ey is applied in the y-direction, where ko = 2ir/Ao and Ao is the bias 
period. The device is of length L 0 is the z-direction, biased with N 0 = L 0 /X 0 periods of 
static electric field, and the photoconductor is assumed to be uniform and infinite (i.e., 
some length L y large compared to other characteristic dimensions) in the y-direction. To 
co nfine the generated radiation, a conducting wall is positioned at a distance x = a above 
and parallel to the semiconductor surface. A short laser pulse is injected between the 
conduction wall and the semiconductor, such that it propagates at the speed of light c in 
the positive z direction nearly parallel to the semiconductor and s kims along its surface. 
Photocarriers are assum ed to be generated within a penetration depth b (between x = 0 
and x = b) msid<» the semiconductor. For simplicity, the device is assumed to be symmetric 
about x = 0, i.e., conducting walls are located at x = ±a, the semiconductor is a thin slab 
of thickness 2b centered about x = 0 and laser pulses propagate along both surfaces of 
the s emi conductor slab. In principle, one can envision using more than one semiconductor 
slab, placed parallel to one another, with laser pulses injected between their surfaces. 
The 1-D limi t corresponds to many closely spaced semiconductor slabs. In the following, 
the effects of collisional damping within the semiconductor are included; however, other 
nonideal effects, such as fringe electric fields or nonuniform carrier densities, are neglected. 



II. Wave Equation and Current Response 


The generation of electromagnetic radiation by the photo-induced current is described 
by the wave equation 



1 d 2 \ 
<?dt 2 ) 


E = 


4ir dJ 


( 1 ) 


where E is the electric field generated by transients in the current density J. Prior to the 
injection of the laser pulse, a static electric field of the form E B = E 0 F(z) cos k 0 zey is 
applied to the semiconductor sheet, where Ao = 2ir/ko is the wavelength of the static field, 
Eo is the amplitude, F(z) — tt(z) — u(z — Lq), u(z ) is the heaviside unit step function and 
L 0 is the axial length of the device, i.e., F(z) = 1 for 0 < z < L 0 and F{z) = 0 otherwise. 
As the laser pulse propagates along the surface of the semiconductor, it generates carriers 
and a photo-induced current J within the semiconductor. 

The following simplified model for the photo-induced current will be assum ed The 
photo-induced current is given by J = —eunve y , where n n is the effective carrier density 


and v is the effective carrier velocity. The carrier density is determined approximately by 
dn n /dt = qal/fuoL, where I is the laser intensity inside the semiconductor, a is the ab¬ 


sorption coefficient, hui^ is the energy of the laser photons, and q is the quant um efficiency 
for converting photons into charge carriers, and the effects of diffus ion and recombination 
have been neglected. The laser pulse duration t b is assumed to be less than the char¬ 
acteristic response time of the device. Hence, the carriers axe assumed to be generated 
instantaneously by the laser pulse, n n = n^u{ct — z), where no = qalTL/ftiJL is the peak 
density, ct z — 0 gives the location of the laser pulse front, and the carriers exist in the 
region ct — z > 0 (behind the laser pulse). Furthermore, the carrier density is assum ed to 
be uniform within the penetration depth 0 < |x|< b, i.e., n„ = n 0 u(ct - z)u(b - |x|). 

Carriers which are produced in the presence of the electric fields E and E# obey the 
equation 

d gj, 

^(n„v) = - ~r(E + E b ) - cvn n v, (2) 

where m* is the effective mass of the carrier and cv is the effective c ollis ion frequency. 
Hence, the current response is given by 

{§t +a/ ) J =^J( e + e b), (3) 
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where w p = (A-Kn n e? fm*) 1 ^ 2 is the effective plasma frequency. On the right-side of Eq. 
(3), the electric field of the laser is neglected, i.e., it is assumed that the only role of 
the laser field is to generate the carrier population, u 2 = u>%Qu(ct — z)u(b — |x|), where 
Wpo = ( 47 rn 0 e 2 /m*) 1/2 . Note that the current induced by a static, uniform electric field 
Eq is given by J = Jq[1 — exp(—O')], where Jo = —erinfxEo is the steady-state current, 
H = ej(m*cu) is the carrier mobility, C = ct - z and 1/cu is the relaxation time. 

It is convenient to introduce the independent variables C = ct — z, z and x. Using 


these variables, the 2-D wave equation is given by 

(d 2 a 2 a 2 

l dx 2 dz 2 d0z) c d(, 


( 4 ) 


and the induced current is given by 

(^ + ") J = i^ (E+EB) ’ (6) 

where a; 2 = w 2 0 u(C)u(6 - |x|). It will also prove convenient to introduce the Laplace 
transform Q s (s) of the quantity Q(£) with respect to C> i- e -i Q* = Jo d(Q exp(—sC). 
Taking the Laplace transform of Eqs. (4) and (5) yields the wave equation 


d 2 d 2 n _ d sk 2 \ 
dx 2 + dz 2 2S dz s + v) 



kp ^ X -E 0 F(z) cos k 0 z, 
s 4* ^ 


( 6 ) 


where E(C = 0) = 0 has been assumed, k 2 (x) = /c 2 for |x| < b and k 2 (x) = 0 

for |x| > b, i.e., the charge carriers only exist within the semiconductor of thickness 2b. 
Within the region of the semiconductor, 0 < z < Lq, the device is periodic in z and the 
induced electric field can be written as the real part of E a = E,exp(ik 0 z). Hence, the 


wave equation becomes 



— fco — 2isko — 



s + u 


Eq. 


( 7 ) 



III. One-Dimensional Limit 


To gain understanding of the basic mechanism of radiation generation and the char¬ 
acteristics of the radiation (e.g., the wavelength, group velocity, pulse duration, etc.), it is 
insightful to solve Eq. (7) in the one-dimensional (1-D) limit. The 1-D limit is obtained 
by letting d/dx -» 0 and k p (x) -*■ k p in Eq. (7), where k p is the effective 1-D plasma 
wavenumber and is constant. The 1-D limit corresponds to a PPS device consisting of 
many thin semiconductor wafers placed closely together. In this case, the effective 1-D 
plasma wavenumber is given by k p ~ 6ik*/A, where S x is the wafer thickness and A is 
the separation between wafers. In effect, the laser pulse is propagating through a uniform, 
continuous medium producing photoconductors characterized by a plasma wavenumber 
k p . The 1-D limit is also directly applicable to the case of a photoionized gas [11], i.e., 
the laser pulse propagates into a gas with a periodic static electric field and ionizes the 
gas to produce a plasma with a plasma frequency ck p . Since the ionizing laser is assumed 
to propagate with velocity c, it is implicitly assumed that u>l > ck p , where u>i is the 
frequency of the ionizing laser. 

In the 1-D limit, the wave equation, Eq. (7), becomes 

[(2zsfc 0 + k 2 0 ){s + u) + ski] E * = ~kl E o- (8) 

Hence, E a = —klEo/D(s), where the 1-D dispersion relation is given by 

D(s) = (2 isk Q + k*)(s + v) + ski * (9) 


The inverse Laplace transform is governed by the zeros of D(s). Equation (9) can be 
written as D = 2ik Q (s — si)(s — S 2 ), where sx t 2 axe the zeros of D(s) given by 
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( 10 ) 


The inverse transform of E a is given by 


iklEp 

2 ko(si — 52 ) 


£(0 = 


[exp(s!C)-exp(s 2 C)]. 


( 11 ) 



Equations (10) and (11) can be analyzed in various limits. 

In the absence of collisions, v = 0, the zeros are si — i{k% + k p )j2ko and S 2 = 0. 
Hence, E = E exp(tfcoz) is given by 

E= <$rk) - exp(itoz) }- (12) 

The first term on the right of Eq. (12) represents the induced electromagnetic wave and 
the second term represents an induced static electric field. The electric field of the elec¬ 
tromagnetic wave can be written in terms of z and t as 

e = l*( wt “ » ( 13 ) 

(*p + *o) 

where the axial wavenumber and frequency are given by 

k z = (kl - kl)/2k 0 , (14) 

w/c = (kl + kl)/2k 0 , ( 15 ) 

respectively. Notice that u 2 /c 2 = fc* + which is the dispersion relation for electromag¬ 
netic r adiat ion propagating in a plasma with a plasma frequency ck p . Since the frequency 
of the radiation remains constant as the radiation exits the device, the wavelength of the 
generated radiation is A = 2xc/u>. Also notice that the electric field amplitude of the 
radiation is ma-rimum when k 2 k 2 and equal to the bias electric field amplitude Eq. 

Within the device, the axial group velocity v g and axial phase velocity v p of the 
radiation are related by v p /c = u>/ck x = c/v g . Hence, the axial group velocity is given by 

v g /c = (k 2 p - kl)/{k 2 p + k 2 ). (16) 

In the limit k 2 < fcg, the radiation wavelength is A = 2xc/uj ~ 4n/ko - 2A 0 and the 
group velocity is v g ~ —c, i.e., the wavelength is twice that of the static electric field and 
is moving in the negative z-direction (the direction opposite of the incident laser pulse) 
at approximately the speed of light c. In the limit k 2 p > k 2 , the radiation wavelength is 
A ~ 2A 0 fco/fcp < 2Ao and the group velocity is v g ^ c(l - 2k$/k 2 ), ie., the wave is moving 
in the positive z-direction (the direction of the incident laser pulse) at approximately the 
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speed of tight c. Notice that when k? = fc 0 , k s -*■ 0 and v g —► 0, i.e., the wave has a only 
time dependence with frequency u = cko and no energy leaves the device. 

The length L of the electromagnetic pulse generated by the device can be determined 
as follows. The incident laser pulse encounters the periodic static electric field at z = 0 
and t = 0, at which point the radiation begins to be generated. The time it takes the laser 
pulse to reach the end of the periodic structure (z = Lq) is given by T = Lq/c. During 
this time the “front” of the radiation pulse, which was generated at z = 0, has traveled a 
distance v g T — Lov g /c and is now located at z = Lov g fc. Since the “back” of the radiation 
pulse at time t = T is located at z = Lq, the total length of the radiation pulse is given 
by L = (1 — v 9 /c)Lq. Hence, 


2 k$L 0 

"«+*»• 


(17) 


or L = ckoLo/uj. Since the wavelength of the radiation existing the device is A = 27rc/u>, 
L — XLo/Xq. In terms of the number of periods of the radiation pulse, N = L/X, and 
the number of periods of the static electric field, Nq = Lq/Xq, N = Nq. In other words, 
a device consisting of Nq periods of a static, sinusoidal electric field of wavelength Ao will 
generate Nq periods of radiation of wavelength A = 2-kc/oj, where u is given by Eq. (14). 
Within the device, the pulse is traveling with a group velocity given by Eq. (16). For 
example, in the limit k 2 <C k 2 , v g ~ —c (the radiation is traveling opposite to the incident 
laser pulse), A ~ 2Ao and L ~ 2Lq. In the limit k? 2 > k$, v g ~ c(l — 2k^/kp) (the radiation 
is traveling in the direction of the incident laser pulse), A ~ 2Ao k^/kp and L ~ 2Z-o^oAp- 
The average intensity, or power flux, of the radiation within the device is given by 
I = (|S|), where S = c(E x B)/4tt is the Poynting flux and the angular brackets signify a 
time average. In the 1-D limit, S = (v g E 2 /4ir)e z . Hence, I = |v g ||E| 2 / 87 r, or 


c 

8ir(i|+^)3 0 


(18) 


The power exiting the device is P = IL x L y , where L x and L y are the x and y device 
dimensions. Notice that the intensity (power) is maximum when k 2 k% and is given 
by I ~ cE 2 /8tt. The total energy W in the radiation pulse is found by multiplying P by 
the pulse length L/c, Eq. (17), i.e., W = IL x L y L/c. In terms of the total energy in the 




static electric field initially stored within the device, Wo = (Eo/ 16 ir)L x L y Lo, the total 
pulse energy is given by 


W = 


(H + %)' 


(19) 


The energy conversion efficiency, rj = WfWo, is max imum when k 2 — (5+\/l7)fco/2, which 


implies A ~ (0.6) 2 Ao and W/Wq — 31%. 

The above results have assumed v = 0. In the limit of weak collisional damping, 
v (k% + fco)/2fco, the two roots axe given by 



( 20 ) 


and s 2 = -^/(fc 2 + fcg). The above results, Eqs. (12)-(19), still apply, only now the 
mode is damped in C, i.e., the electric field, Eq. (13), is multiplied by the damping factor 
exp (—(/Ld), where the damping distance La is given by LJ 1 = vk^/ik 2 + k%). In effect, 
this limits the length of the radiation pulse, L < La¬ 
in. the limi t of strong collisional damping, v (k 2 + A:q)/2A:o, the two roots are given 
by si ~ iko/2 — k 2 /4u and S 2 — —v. The electric field of the radiation is given by 


E — 


ikpEp 

2uko 


exp 




C + ik 0 z 


( 21 ) 


The frequency, axial wavenumber, and group velocity of the mode are u/c — ko/2, k z 
—ko/2, and v g ~ —c. Notice that in the strong damping limit, the amplitude of the electric 
field is reduced by the factor [(k 2 + k%)/(2kov)\ exp(-(/L d ) compared to Eq. (13), where 
the damping distance is La — 4 vk 2 . Hence the intensity I and the total pulse energy W are 
reduced by (k 2 + k$) 2 /(2kov) 2 , and the length of the radiation pulse is limited to L < La- 
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IV. Two-Dimensional Solutions 


The generation of radiation in 2-D can be described by solving Eq. (7) inside and 
outside the semiconductor. Within the semiconductor, |x| < b, the Laplace transform 
of the electric field is given by E a = E a i = F + Aicoskix, and outside, b < |x| < o, 
E s = E S 2 = A-2 sin £ 2(0 — x )i where 

k\ = —2ik 0 s — fco — skp/(s + v), ( 22 ) 

k% = —2ikos — k 2 0 , (23) 


j p = (k p /ki) 2 Eo/(s + u), and A \ t 2 are constants (independent of x). The functional forms 
of £ 31,2 have assumed the boundary conditions dE a /dx = 0 at x = 0 and E a = 0 at 
x = a, i.e., the symmetric solution. The coefficients A\^ can be found by requiring E a and 
dE s Jdx to be continuous at x = b. This gives 


E a 1 = F [l + D l k 2 cos ^ 2(0 — b ) cos fcjx], (24) 

E s2 = FD~ X kisiakib sin k 2 (a - x), (25) 


where the dispersion relation D(s) is given by 


D(s) = k\ sin k 2 {a — b) sin k\b — k 2 cos k 2 (a — 6) cos k\b. 


(26) 


The inverse Laplace transform of Eqs. (24) and (25) is determined largely by the 
zeros of D(s), i.e., s = s„ where D(s„) = 0. Near a zero, D ~ (s — s n )dDlds. Using 
standard theory of residues and assuming simple poles, the asymptotic behavior of the 
inverse transform of the electric field is given by 


e.=E 

n 

^=E 


k 2 bEo sin £ 2(0 — b) 
(s n + u)dD/ds 


cos fcixexp(s n C + ikoz), 


-• sin k 2 (a — x) exp(s n £ + tfcoz), 


(s n + u)dDfds 


(27) 

(28) 


where the right-side is evaluated at s = s n and the sum is over all zeros s n . For the modes 
of interest, s n can be written as s n = ik n —'y n , where is the damping rate, u n — ckn is 




the frequency, k z = fc» — fco is the axial wavenumber, and v g — <?k z /u n is the axial group 
velocity. 

In the limit i«a, the total power is dominated by the field E 2 in the region b < 
|x| < a. The intensity of the radiation I = c(|E x B|)/47r is given by J ~ c 2 |u p ||E 2 | 2 /87r 
and the power is P ~ L y J dxl. Hence, the power in the n th mode can by written as 


Pn 




coJLiy | fan ko j 

bkpEo 

Snkn 

(s n + v)dD/ds 


exp(- 27 n C). 


(29) 


In the absence of collisions ( 1 / = 0, 7 n = 0), the pulse length of the radiation is given 
by L n ~ (1 - v g /c)Lo, where v g = c 2 k z /u n = c(k n - k 0 )/k n is the axial group velocity. . 
Hence, L n ~ koLo/kn, i.e., a device consisting of N 0 — L 0 /Xq periods of bias field will 
produce a radiation pulse consisting of N — No periods of radiation, where N = L n /X, 
A = 27 Tc/u} n and u n = ck n . The total energy in the n th mode radiation pulse is given by 
W n ~ P n L n /c ~ (k 0 /k n )P n L 0 /c, where P n is given by Eq. (29) with j n = 0. 

To further evaluate the inverse Laplace transforms, Eqs. (27)-(28), it is necessary to 
find the zeros of D(s). Insight can be gained by noting that in either the limit k p -* 0 or 
the limit b —► 0, D = —k 2 cos k 2 a. In these limits, D = 0 implies k 2 — (2£ + l)7r/2a, where 
£ is an integer. Hence, the zeros of D(s) are given by s = s n , where s n = i{kl + kl)/2k 0 , 
k x = nn/2a, and n = 2£ + 1 is odd. This implies that radiation is generated in discrete 
modes, where the frequency of n th mode is u n = —is n . 

A more relevant limit can be analyzed in the limit of a thin current sheet 6 /a < 1 by 
assuming < 1- Then, 


D c; —kpb sin k 2 a — k 2 cos k 2 a , (30) 

where k 2 = sk 2 /(s + v). Notice that \k 2 b 2 \ < 1 is implied by \k lj2 b\ < 1 and that k p = k p 
in the absence of collisions (v — 0). The zeros of D(k 2 ) — 0 can be approximated by letting 
k 2 -k x + Sk x , and assuming \6k x a\ < 1. Analytical expressions for the quantities fc*.and 
Sk x can be found in various limits. Specifically, when (A) |fc 2 a6| < 1 and (B) \k 2 ab\ » 1. 

Consider the limit (A) \kjab\ < 1 . Notice that this along with |fc 2 & 2 | < 1 imply 
\k 2 b 2 \ b/a <C 1. In this limit, the zeros of D(k 2 ), Eq. (30), are given by k 2 = k x i+Sk x i, 



where k xX = mr/2a, n = 2£+1 is odd, and 8k x \ ^ bkp/k x ia. Using the definition of k%, 
the zeros of D(s) are given by s = s n , where 

r *ii l 1 ^ 2 

2s n = —u + ikt± (z/ - ikt ) 2 + —v(ko + **i) I > ( 31 ) 

and k t = (fcg + kl x + 2bkj/a)/2ko. Notice that this reduces to the 1-D limit when k xX = 0 
and 2 bkj/a = k p . Furthermore, dD/ds ~ {(-!)* ak 0 . Simplified expressions for the zeros, 
Eq. (31), can be found in the limits of weak, v <£. k t , or strong, i ' kt, collisions. The 
zeros can be written as s« = ik* - 7», where the mode frequency u n = ckn and damping 
rate 7 n are given by 


(kg + kl x + 2bkp/a)/2ko, for v < k t , 
(fcg + k* x )/2ko, for v > k t , 


(32) 


and 


f ubkp/akok n , for v <C k u 


7n= < 


(33) 


{ bknkp/aukoj for v > k t . 

The power in the n th mode can be written, in the limit \k p ab\ C 1, as 


caLy\kn — fco| 
8 xkn(kg + v 2 ) 



exp(- 27 „C), 


(34) 


where k n and 7 n are given by Eqs. (32)-(33) in the appropriate limits. Equation (34) 
indicates that the power in the various modes increases with increasing k p . In fact, when 
u = 0, the expression for the power becomes independent of k p for sufficiently large kp. 
However, Eq. (34) assumed that |kga&| 1, i.e., it is not valid in the large kp limit. 

Consider the limit (B) \k*ab\ » 1. Notice that this along with |kg& 2 | < 1 imply 
b/a <C \kpb 2 \ <C 1. In this limit, the zeros of Diki), Eq. (30), are given by k<i = k x 2 +6k x 2 , 
where k x 2 = £ir/a (l is an integer) and 6k x 2 — —k X 2 lkpab. Hence, s„ = ik n — 7 n , where 
the frequency io n = ck n and damping rate 7 „ are given by 


k n — (&o + k 2 2 )/2ko> 
7n = vk* 2 /abkok n kp. 


(35) 

(36) 



Furthermore, dD/ds ~ (~l) l iabk 0 k 2 /k X3 . The power in the n th mode can be written as 


Pn 


rv 


caLyk^j ~ fcol^o 
2**e?(ki 2 + * 2)3 


exp(- 27 „C)- 


(37) 


Since the axial wavenumber of the mode is * z = * n — *o> the axial group velocity is v g /c — 
(** 2 -*o)/(*^ 2 +*o)- The length of the radiation pulse is approximately L n ~ (l-v g /c)L 0 
which gives L n ~ 2*o-^o/(*x 2 + *o)> assuming L n < l/2 7 „. Neglecting collisions, ^0, 
the total energy in the n th mode is W n ~ P n L n /c , which gives 



8*0 *z21^X2 fe 0 I TT7 

*W(kl 2 + k*) 4 0 


(38) 


where Wo is defined as W 0 = aL y L 0 E$/Sx , i.e., the energy density of the electrostatic 

field multiplied by the device volume. As with the 1-D limit , W n /Wo is maximum when 

*x2 = (5 + Vl7)k%/2, i.e., when a/1 ~ 0.16A 0 . This corresponds to a wavelength A x = # 

2irc/u>i ~ 0.36Ao and a maximum efficiency of W„/Wo — (6.3/£ 2 )%. 
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V. Numerical Examples 


The analytic expressions presented in Sec. IV for the mode frequency u n = cfe„, 
the damping rate 7 „, and the power P n were based on solving the simplified dispersion 
relation, Eq. (30), in the limit \k p b\ 2 -C 1 . To verify the analytic theory, the zeros of 
the full dispersion relation, Eq. (26), were found numerically as a function of k 2 oc no, 
where n 0 is the density of charge carriers. The numerical solutions assumed a current 
layer thickness of b = 1 /zm, a conducting wall located at a — 100 /zm, a bias field period 
of Ao = 400 /zm, and a collision frequency cu given by v~ x = 100 /im. The effective plasma 
frequency u> p = cfep was varied over the range 1 cm -1 < kp < 10 5 cm -1 . 

The lowest order zero to Eq. (26), s = s lt is plotted in Fig. 2 , where s x = ik x - 
The mode wavenumber ki is given by the imaginary part of s lf which is plotted in Fig. 
2 (a). Notice that in the limit k p —► 0 , Eq. (32) predicts that fei ~ (k% + fc*i)/2Jfc 0 ~ 157 
cm -1 , which is in agreement with Fig. 2 (a). In the limit abk 2 > 1 (k p > 10 3 cm x ), Eq. 
(35) predicts that k\ ~ (k 2 +k 2 2 )/2ko ~ 393 cm -1 , again in agreement with Fig. 2 (a). The 
damping rate is given by the real part of si, which is plotted in Fig. 2(b). A maximum 
value of 7 i = 24 cm -1 ( 7 ^ = 420 /zm) is obtained at k p ~ 1.5 x 10 3 cm -1 . Away from 
this value, i.e., k p <C 10 3 cm -1 or k p ^$> 10 3 cm -1 , 71 rapidly diminishes as predicted by 
Eqs. (33) and (36). 

The real and imaginary parts of dD/ds, evaluated at s = sj, are shown in Fig. 3 (a) 
and (b), respectively. These quantities are important for determining the radiation power, 
as indicated by Eq. (29). It is useful to define a normalized power 

Pn = 

where the maximum power in the n th mode is given by P n = (caL y Eo/8ir)P n . The 
quantity Pi, evaluated at s n = iki — 71 , is plotted in Fig. 4 as a function of k p . Figure 
4 shows that the power achieves a maximum of Pi = 0.135 at a value of k p ~ 5 x 10 3 
cm -1 . At k p a 5 x 10 3 cm -1 , where the power is maximum, the mode frequency cki is 
given by ki = 375 cm -1 (a wavelength of Ai = 2n/ki = 168 /zm) and the damping rate is 


(fen - fco)Mj 

kn($n + v)dD/ds ’ 



7l ~ 6 cm -1 ( 7l _1 = 0.17 cm). In the limit k*ab > 1 (k p > 10 3 cm -1 ), theory predicts 

p _ 2^x2 ~ k o\ (40) 

1 a2(fc2 2 + fc 2)3» 

as indicated by Eq. (37). For the values used in Fig. 4 (a = 100 /an, k x \ = 314 cm -1 , 
k 0 = 157 cm -1 ), A ~ 0.156, somewhat greater (15%) than the numerical maximum. 

As an example, consider a device with a conducting wall at a = 100 /zm, a width 
of L y = 1 cm, and a GaAs semiconductor with a photo-induced current thickness of 
6 = 1 /zm. The applied static electric field has an amplitude of Eq — 10 kV/cm and a 
period of Ao = 400 /zm. The carrier mobility for GaAs is fin — 8500 cm 2 /V-s, which 
gives an effective collision frequency cu = e/m* fin oil fa/ = 0.32 ps or 1/v = 96 /zm, 
where m* is the effective mass of the carriers (m*/m e = 0.067 for GaAs). These values 
are nearly identical to those used in Figs. 2-4. A value of abk p = 25 is assumed, i.e., 
k p ~ 5 x 10 3 cm -1 , which is the value at which the power is maximum in Fig. 4. This 
corresponds to a carrier density of n n = 4.7 x 10 17 cm -3 (recall, k p = 4irn n e 2 fm c 2 ). 
From Figs. 2-4, k x ~ 375 cm" 1 , 7 i ^ 5.8 cm" 1 , and A = 0.135. This corresponds to 
a radiation wavelength of Ai = 2ir/fci ~ 170 /zm, a damping length of 7 r x ^ 0.17 cm, 
and peak radiation power of P\ ex 180 W. In the absence of collisions, a device consisting 
of No periods of static field produces N 0 periods of radiation. The radiation pulse length 
would be L = N 0 A. However, for this example, collisions limit the radiation pulse length to 
Jj < 7 ~*. This limits the number of radiation periods to N < ( 7 i A) -1 — 10, i.e., because of 
collisions, the device needs to consist of No < 10 static field periods. This gives a radiation 
pulse duration of L/c< 5.7 ps. The laser power absorbed in producing a carrier population 
of n n = 4.7 x 10 17 cm -3 is one the order of 500 kW. Hence, a laser pulse energy on the 
order of a few /zJ should be sufficient. 
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VL Discussion 

A PPS (photo-switched, periodically-biased, semiconductor) device has been proposed 
and analyzed as a compact source of short-pulse, tunable, far-infrared radiation. The anal¬ 
ysis assumed a simplified geometry, shown in Fig. 1 , which consists of a planar semiconduc¬ 
tor (in the y, z-plane) biased with a periodic electric field of the form E b = Eo cos koze y . A 
laser pulse is injected into the device, such that it propagates in the z-direction, skimming 
along the surface of the wafer. The laser pulse produces photocarriers and a transient 
current response, leading to the generation of far-infrared radiation. A conducting wall, 
placed parallel to the wafer at a separation distance of x = a, is used to confine the 
radiation. 

The PPS concept combines some of the features of radiation generation by optical 
switching of a biased semiconductor [ 1 - 10 ], and of radiation generation using an ionization 
front in a periodically-biased gas [ 11 ]. Notice that, in contrast to the present work, the 
work of Froberg et al. [5] used a biased field of the form Eg = Eq cos koze z , no conducting 
wall was present, and the semiconductor was illuminated at angles near normal to the 
wafer. Hence, the details of the mechanism for radiation generation are different. The 
work of Mori et al. [ 11 ] on ionization fronts in gases assumes a periodic bias field of the 
form Eb = Eq cos koze y , similar to the present work. The results of Sec. HI, describing the 
1-D PPS limit, can be applied directly to ionization of a periodically biased gas. Included 
for the first time are the effects of collisions. 

In the 1-D limit, radiation is generated with frequency u> = c(kp+ko)/2ko, wavenumber 
k z = (kp — fco)/2feo> and group velocity v g = c(k p — fcjj)/(^p + ^o)- Hence, the wavelength 
of the radiation A = 27 tc/oj can be tuned by adjusting the bias period Ao = 2ir/ko or the 
effective plasma wavenumber k p (i.e., via the carrier density n„ oe kp). In the absence of 
collisions, No periods of of bias field generates JV 0 periods of radiation. For k p kj), the 
electric field of the radiation is maximum and equal to the bias field Eq. The efficiency 
of converting the electrostatic field energy into radiation energy, 77 = W/Wo, is maximum 
when kp = (5+-\/l7)fco/2, which implies A ~ (0.6) 2 Ao and W/Wq — 31%. A finite collision 
frequency cv damps the radiation pulse and limi ts the pulse length £ to a length shorter 
than the damping length Lj, L < L& , where L* oc v~ l . 
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The 2 -D theory of a PPS device is presented in Sec. IV. Analytic solutions describing 
the char acteristics of the radiation pulse were obtained in the limit \k 2 b 2 \ < 1 . In 2 -D, 
radiation is generated in various modes characterized by the zeros of the dispersion relation, 
Eq. (30), s n = ik n — 7 », where n is the mode number, u n — ckn is the mode frequency, 
v g = c(k n — ko)/kn is the axial group velocity, and 7 « ^ XJ 1 is the damping rate. In the 
limit \k 2 b 2 \ < b/a < 1 , k n and 7 n are given by Eqs. (32) and (33), respectively, and the 
power in the n th mode is given by Eq. (34). As kj (proportional to the carrier density n n ) 
increases, the mode frequency and power increases. In the limit b/a < \k 2 b 2 \ «1,^. and 
7n are given by Eqs. ( 35 ) and (36), respectively, and the power in the 11 th mode is given by 
Eq. (37). Equation (38) implies the the energy conversion efficiency, W n /W 0 , is ma ximum 
when kl 2 = (5 + Vu)kl/2, i.e., when a/l a 0.16A o . This corresponds to a wavelength 
Ai = 2 irc/u>i ~ 0.36A 0 and a maximum efficiency of W n /Wo — (6.3/£ 2 )%. 

To verify the analytic solutions, the full 2 -D dispersion relation, Eq. (26), was solved 
numerically in Sec. V. In particular, the mode frequency ck n , damping rate 7 n , and nor¬ 
malized power, P n , Eq. ( 39 ), were plotted as a function of k p (proportional to the square 
root of the carrier density n n ) in Figs. 2(a), 2(b), and 4, respectively. For the parameters 
chosen (which are relevant to GaAs), a = 100 /un, 6=1 /zm, = 1 cm, Eq — 10 kV/cm, 
Ao = 400 /zm, and 1/v ~ 100 /zm, the normalized power for the fundamental (n = 1 ) was 
found to maximize at a value of k p ~ 5 x 10 3 cm " 1 (corresponding to a carrier density 
0 £ Un _ 4 7 x xo 17 cm -3 ). This gave a radiation wavelength of Ai = 170 /zm, a damping 
length of 7 f 1 = 0.17 cm, and a peak power of Pi = 180 W. The length of the radiation 
pulse is limited by collisions L < t^ 1 , which corresponds to a pulse duration L/c <, 5.7 ps. 
The length of radiation pulse can be controlled by adjusting the number of bias periods N 0 
and/or the damping rate 7 n . The wavelength of the radiation can be adjusted by adjusting 
the bias period A 0 , the carrier density, and/or the device dimensions. 

This analysis indicates that a PPS device should be capable of generating peak radia¬ 
tion powers in the hundreds of watts and radiation wavelengths in the 50 - 500 /zm range. 
The pulse durations can be ultrashort, < 10 ps, and, in principle, the device can provide 
control over the number of cycles of radiation generated. Such a source of radiation might 
have applications in the areas of far-infrared spectroscopy [ 6 ], the study of atomic (e.g., 



Rydberg) states [12], the characterization of materials (dielectrics, semiconductors, and 
superconductors) [13,14], and remote sensing. 
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Figure Captions 

Fig. 1 . Schematic of a 2 -D PPS device. A semiconductor wafer of thickness 26 lies in 
the y, z-plane. A conducting wall is placed parallel to the wafer at x — a. A 
periodic bias electric field of the form E& = Eq cos koze y is applied to the wafer, 
where A c = 2x/fco is the bias period, and z is the distance along the axis of laser 
propagation. 

Fig. 2 . Numerical solution to the 2 -D dispersion relation, Eq. (26), for the parameters 
6 = 1 /zm, a = 100 /zm, Ao = 400 /zm, and u~ l = 100 /zm. The lowest order 
zero si = ik\ — 71 is plotted as a function of k p . (a) shows the imaginary part of 
si, i.e., the mode frequency u>i = cfci, and (b) shows the real part of si, i.e., the 
damping rate 71 = TJ 1 . 

Fig. 3. The (a) real and (b) imaginary parts of dD/ds , evaluated at s = si, versus k p , 
for the parameters of Fig. 2 . 

Fig. 4. The normalized power, Pi, Eq. (39), evaluated at s = si, versus k p , for the 
parameters of Fig. 2 . 
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One-Dimensional Intense Laser Pulse Solitons in a Plasma 
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Abstract 

We develop an analytical framework for the nonlinear dispersion relation 
between the group velocity and laser amplitude of a class of one-dimensional 
isolated envelope solitons for modulated light pulse coupled to electron plasma 
waves, numerically ivestigated by Kozlov et al. [1] and later by Kaw et al. [2]. 

The principal feature of these large amplitude solitons, viz. that the group 
velocity has a discrete spectrum, is derived analytically. 

In this letter we develop the analytical basis for the existence of a class of one dimensional, 
isolated soliton solutions for short intense laser pulse coupled to electron plasma waves, 
previously obtained numerically first by Kozlov et al. [1] and confirmed by Kaw et al. [2]. 
The nonlinear effects due to high laser intensity i.e., the reduction of electron density through 
the ponderomotive force and the relativistic increase in the electron mass [3] overcome the 
natural dispersion of an electromagnetic wave in a plasma. The group velocity of these 
solitons is related to the laser amplitude and frequency. At low intensity the well-known 
envelope soliton solution [4] is recovered. The principal features of these solitons are as 
follows: 

(1) The solitons are classfied by the integer N which is the number of nodes of the envelope 

of the laser vector potential. An eigenvalue, 0 < s 2 < 1 related to its nonlinear group 
velocity, is associated with each soliton. 

(2) The N = 0 soliton [4] is the continuum limit of this class of solitons. In this limit 



A = 1 — s 2 -C e 2 = ul/u 2 C 1 where u e is the plasma frequency and u is the 
laser frequency; A « ^efio/mc 2 « ^(eA 0 /mc 2 ) 2 where 4>o and A 0 are the maximum 
electrostatic and vector potential, respectively. 

(3) As the laser vector potential amplitude is increased, the continuum of eigenvalues A 
corresponding to N = 0 is restricted by a certain value Doe 2 where Do = 0.012. The 
first axisymmetric soliton with N = 1 occurs when A = D x t 2 where D\ = 0.495. The 
amplitude of the soliton also becomes quantised. Unlike the N = 0 soliton which can 
have arbitrary amplitude limited only by e<j>o/mc 2 « e 2 « 1, the N = l soliton exists 
only with a particular amplitude. 

(4) In the large N limit, A « 0.3(e) 8 ^ 5 (NiT/2) 4 ^ and e<po/mc 2 « t 2 (Nir/2) 2 . The shift 
in the nonlinear group velocity from the linear group velocity is given by A/2. The 
amplitude and group velocity of the solitons with N > 1 are discrete. This provides 
the analytical basis for the conclusion arrived at by Kozlov et al. [1] and Kaw et al. 
[ 2 ]. 

(5) Unlike the well-known N = 0 soliton the width q of the N 1 solitons (in units of 
c/up ) increases with soliton amplitude i.e. q oc {e4>o/mc?Y^ 2 . 

The analysis is based on Maxwell’s equations and the relativistic pressureless cold fluid 
equations for the electrons while assuming the ions to be completely immobile because of 
the short duration of the laser pulse. In previous work the nonlinear equations for laser 
propagation have been developed by many investigators [5]. We begin our treatment by 
taking the one-dimensional limit of the three dimensional equations formulated by Chen 
and Sudan [6], which are identical to those obtained by Bulanov et al. [7], viz., 

zA r + A cc + A^ r + ^1 — —^ A = 0, (1) 



1 + |A| 2 

$ 2 



( 2 ) 







2 



Here ( — z vt,r — t, where v is the linear group velocity at the laser frequency u>/2i r; A = 
eA Isfamc? is the normalised transverse vector potential of the laser, 4> = 1 +e^/mc 2 where 0 
is the actual electrostatic potential and e = u e /u <C 1. The time variations in the coordinate 
£ frame are much slower than when the laser pulse is described in the laboratory coordinate 
z. The axial coordinates z and £ are normalized to the laser vacuum wavelength Ao/ 27 t, the 
time t by u. Note that the term A Ct neglected in Eqn. (35) of Ref. [6] is included here 
because it is crucial in the present context and furthermore because it allows the system of 
equations (1) and (2) to be represented in the Hamiltonian formalism. 

We now restrict our treatment to a circularly polarised wave of amplitude A and take a 
stationary solution of the form 


^(C» r) = a(C)exp[i(s - 1)(C - 2r)], 

*(o = m, 


( 3 ) 

( 4 ) 


where a is real and s is a real valued parameter; it will turn out that 1 - s « A/2 is the 
shift in the nonlinear group velocity from the linear value. Substituting (3) and (4) in (1) 
and (2) and allowing for a coordinate rescaling q = eC, we obtain 


= 


2 1 dV 

-pa = - —— , 
2 da ’ 


(5) 




IdV 
2 d<}> ’ 


( 6 ) 


with p 2 _ s 2 1 /4> and V = <p + 1 /(j> — a 2 (s 2 — 1/0). These equations agree precisely with 
those of Kaw et al. [2] in the limit e 2 <C 1; note that s 2 = A 2 /(l - 0 2 ) in the notation of 
Kaw et al. [2j. 

Equations (5) and (6) are equivalent to those that describe the dynamics of a particle 
in a two-dimensional potential well V (a, 0) with the peculiarity that it has mass 2 in the 

0-coordinate and —2c 2 in the a-coordinate. The energy E of such a particle is a constant of 
motion that is given by 



The kinetic energy component — e 2 a 2 is negative because of the negative mass in the a- 
coordinate. We seek a bounded solution of Eqns. (5) and (6) such that 

0 = 1, <f> q = a q = a = 0 at q = ± oo. (8) 

These boundary conditions determine E — 2. 

We may solve the set (5) and (6) by taking advantage of the wide discrepancy in the 
equivalent masses 2, -2e 2 . It is clear that we may employ a quasi-static 6 in (5). Once (5) is 
solved for a implicitly (because 0 is still unknown) we substitute for a in (6) and then solve 
(6) for 0 to complete the solution. We recognize that (5) is isomorphic to Schrodinger’s 
equation for a particle of momentum p, energy s 2 , in the potential well 1/0. Let 0 have a 
maximum at q = 0, i.e., 

6 = 00, 09 = o at <7 = 0, (9) 

and let 0 fall off monotonically to unity at |^| —> oo. We assume symmetry about q = 0 for 
0, i.e. 

4>{~q) = <P(q), ( 10 ) 


with the turning points determined by setting p = 0 at q — ±qo, i.e. 


s 2 = l/0(±<7o) < 1, 


( 11 ) 


since 0(±^o) exceeds unity. 

Furthermore, because e 2 1 the WKB solution of (5) takes the form: 

a(q) = sin Q jT pdq + a j + 0(e 2 ); 0 < q < q 0 , 


( 12 ) 


where a is a real constant and a — 7r/2 or 0 for symmetric and antisymmetric solutions 
respectively. Because 6(~Q) = 4>(q) we only consider the range 0 < q < oo. Substituting 
(12) in (7) and setting E = 2 we obtain to lowest order in e 2 , 




for 


- Qo < q < Qo. 


(13) 


2-tfj + tf+i-ay* 2 -!, 

Employing (9) in (13), we obtain to lowest order in e 2 , 


and 


a ‘-(* + s- 2 ) / iFJ' 


* v A. / ,/S^tj: 


(14) 


<£o 

It can be established that the WKB solution within | ± < 7 0 | is valid for 


(15) 


e 2 «: 4>o — 1 < e 


-2 


(16) 


However, we notice that F{<f>) defined by (15) has two roots 0 O and 0 , with 1 < s 2 ^ < s 2 ^. 
The turning points ±q 0 are just outside ±q lt where <j> x = 0 (± 9l ). Thus 0 2 becomes negative 
in the domain of integration in ( 12 ). A more careful analysis is therefore needed for the 
region q ~ Ql to oo, where the WKB solution ( 12 ) is no more valid. Now Eqns. ( 5 ), ( 6 ), and 
(7) with E = 2 may be combined into one equation in terms of Z(0) = 0 2 + (0 + 1/0 _ 2) = 
c 2 a 2 + (s 2 - 1 / 0 ) a 2 , where - 0 = 1 / 0 , 


\2 _ Q a q _ 4 Z^[Z + (S 2 - 0)Zg] 

0 4 0 2 e 2 0 4 0+1/0-2-Z ’ 

and a 2 = —Z$. Equation (17) must be solved with the boundary conditions 


(17) 


Z = Z^ = 0, at 0=1, (18) 

and Z = Z 0 = (1 - 0o) 2 /0 o and either Z il = 0orZ<, = Z O /( 0 O - s 2 ) at 0 = 0 O . The former 
condition = 0 leads to antisymmetric solution for a(q) and the latter condition is for 
symmetric solutions. These boundary conditions lead to the requirement that two relations 

between 0 O , s 2 and N (the integer which determines the number of zero’s of a) must be 
satisfied for TV > 1. 

The WKB solution ( 12 ) satisfies (17). It can be shown that the parameter s is close to 
unity, so that in the vicinity of the turning point q 0 , as well as in the whole “outer” range 


5 



qo < q < oo, <j> is also close to unity. In the limit <j) = 1 + 8, ^ < 1, s 2 = 1 - A, A <C 1, (17) 
reduces to 


Z s [Z-Z s (8-A)]= t 1 (Z-6 2 )Z> s , 


(19) 


and we have a 2 ~ Z s , Z « 6 2 + 6 %. In the region 6 <C A the asymptotic solution of (19) 
can be shown to be 

4A ... a 2 (q ) 


d(q) 


Z « P6 2 , 

a 2 0 (q) 


P = 14 —y > 4> — l = 8 

e 2 


2 P 


1 - 


16PA 


ao(q), ao{q) = Cexp 


\/A 


(9 ~ <?o) 


( 20 ) 


The conventional WKB solution of (5) for the “outer” range 8 < 1/s 2 — 1 would formally be 
ao(q) with a preexponential factor a |p| -1 ^ 2 similar to (12). However, the actual solution (20) 
contains another factor in front of a 0 (q) which is oc |p| 1/4 . This factor is of crucial importance 
to satisfy the identity Z = e 2 a 2 + (s 2 — 1 /4>)a 2 . In the “inner” region 8 — A ~ (ea) 4/5 the 
asymptotic solution of (19) that matches the WKB solution (12) is 


a 


t 


4 (8 - A) 


sin 20 


and 


a « asin0/(<5 — A) 


- A l 1 / 4 


( 21 ) 


with 8 q = — \/Z — 8 2 and 6 = 0 O + \ fl[ V8 — A d8/8 q \ 8\ = S\ — l\ <p\ is the second zero in 
the expression F{4>) discussed earlier. 

Prom a careful matching [8] of the solutions (20) and (21) in the intermediate region 
8 — A ~ {<za) A P which includes the WKB turning point q = qo, we can show that A is an 
unambiguous function of <bo, given by 


A = 1 - s 2 w 0.3(ea) 4/5 , (22) 

where cx(4>o) is given by (14) and may be approximated by a = [(<po — l) 3 /(po] 1/4 by setting 
s 2 « 1. By matching the phase from (12) with 6 from (21) we evaluate the WKB phase 
integral § pdq, 
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( 23 ) 



where s 2 is given by (22), 6 q is given by (15), and integer N is the number of zeroes of a. 
The relation (23) differs from the standard WKB phase integral by the value of the phase 
shift ktt/2 « 0.5. The difference is due to the fact that the “energy” level of the Schrodinger 
Eqn. (5) determined by the parameter s is rather close to the separatrix <f>=l. 


The integral in (23) is very insensitive to contributions from the region <f> « The 

principal contribution comes from the region </> ~ 0 O and evaluating this contribution we 
obtain, 


\j4*0 l 


l - 


0.3 (ea) 4 ' 5 




(24) 


(<f>o ~ 1) J 

with K « 0.3 obtained numerically. We arrive at the important conclusion that in the range 
of <f> 0 given by (16), the mutually coupled quantities s 2 = 1 - A and 4> 0 = 1 + 6 0 become 
quantised. The soliton width is given by q « dq « 2 f+> d<f>/<t> q « 3(0 O - 1) 1/2 + 4tt/ 3 
which increases with amplitude unlike the N = 0 case. 


To summarize, from (14), (22), and (24), we obtain (a) A = 1 - s 2 ~ 0.3e 8/5 (Nn/2 ) 4 / 5 
and (b) fa « 1 + e (Nn/2) 2 . The relative spacing 4> 0 between these discrete levels of <f> 0 is 
io ~ ty/fi - 1. The relations (a) and (b) for A and * provide the quantitative basis for 
the discrete spectrum of N » 1 solitons. The existence of such discrete solitons was first 
demonstrated by Kozlov et al. [1] through numerical simulations and confirmed by Kaw et. 
al [2] also by numerical means. 


The above solution is valid under condition (16) and e 2 < A < 1, when we automatically 
have N » 1. On the other hand, the standard envelope solution for a low amplitude soliton 
is obtained in the opposite limit A < e 2 , when P « 1 in (20) and we have 


Z zz in the entire range — oo < q < c 
This leads to the following approximate equation from (5) and (6), 


(25) 


e 2 a 2 + a 2 (^-Aj =0, 


(26) 
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with the solution: 


a = 2v // Asech 



> 


6 = 


2 


and 



6\q=0 = 



(27) 


T his shallow well limit is not covered by the WKB solution (12) because N = 0, i.e. a 
vanishes only at q = ± oo and nowhere else. In this limit the eigenvalue A = 1 - s 2 « d 
forms a continuum which depends on the soliton amplitude do- 

As the amplitude So of the soliton is increased from unity, the continuum of eigenvalues 
A corresponding to a nonoscillatory level (N — 0) for a is restricted by a certain value [8] 
of A = Doe 2 where D 0 = 0.012. The first antisymmetric soliton with N = 1 occurs [8] when 
A = Die 2 where D\ = 0.495. The amplitude of the soliton becomes quantised. At N 1, 
with = <^> 0 — 1 e 2 and A given by (22), we have the WKB solution (12). 

To conclude, we have obtained one-dimensional soliton solutions for arbitrary amplitude 
for intense laser pulses propagating in a uniform plasma by asymptotic analysis. In the large 
N limit we observe that the relation between the normalised nonlinear shift in the group 
velocity 1 — s, as a function of laser frequency e -1 is determined by (22) where a ~ 4>o f° r 
(f>o » 1; therefore 1 — s « A/2 « O.15e 4/5 0o /5 - Thus the shift decreases with higher laser 
frequency. For fixed N, (po oc e 2 from (24) i.e. the amplitude decreases with the increase in 
laser frequency. Both these conclusions verify the Kaw et al. [2] simulations. 
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Results are presented from particle-in-cell simulations of the electron flow launched from a plasma 
opening switch (POS) into a magnetically insulated transmission line (MITL) as the POS opens. The 
opening process of the POS is treated by removing plasma from a fixed anode-cathode gap with an 
opening time of r rise . To be similar to opening switch experiments at Physics International, the 
simulations were performed with the same inductance Z, MIXL between the POS and load. When 
^MiTtAise is lar g e compared to the POS flow impedance, this inductance effectively isolates the 
POS from the load during the opening process and the POS voltage is insensitive to changes in the 
load impedance. Analysis and simulations show that the peak load power is maximized when the 
load impedance is equal to the POS flow impedance. In contrast to previous theories and simulations 
of magnetically insulated flows, a large amount of electron flow in the MITL is concentrated near 
the anode. This is a result of the high effective impedance imposed on the POS by the inductive load 
which causes a significant electron current loss in the POS. As a result, many electrons lose 
insulation on the load side of the POS gap and those that do flow into the MITL have been 
accelerated to nearly the full POS potential. Electrons then ExB drift on equipotential lines close 
to the anode as they enter the MITL and flow toward the load. Current losses in the MITL are 
observed due to the proximity of the electron flow to the anode. Some electrons flow from the MITL 
directly into the load and are registered as load current while others ExB drift back toward the POS 
along the cathode surface. This is possible because the electron flow launched into the MITL from 
the POS is large enough to cause sufficient positive image charges on the cathode so that the electric 
field points out of the cathode surface. 


I. INTRODUCTION 

The plasma opening switch (POS) is the key component 
for compact terawatt inductive-energy-store pulsed-power 
systems. 1 In the closed state, the POS must conduct megam- 
pere currents for times approaching 1 /is. During this time 
electrical energy is converted into magnetic energy and 
stored in the primary storage inductor. To achieve high out¬ 
put powers, the POS must open on a time scale short com¬ 
pared the conduction time and deliver the magnetic energy to 
a particle-beam-diode or imploding-plasma load. Consider¬ 
able advances have been made in understanding the conduc¬ 
tion and opening phases of the /us-conduction-time POS; 2 
however, much less is understood about the power flow out 
of the POS as the switch opens into the magnetically insu¬ 
lated transmission line (MITL) that connects the POS and 
load. 

There are currently two classes of opening switches be¬ 
ing investigated for pulsed-power applications. One class re¬ 
lies on applied magnetic fields in the POS to control the 
conduction and opening processes. 3 A second class of open¬ 
ing switches uses no external fields in the POS and relies on 
JXB forces in the plasma and gap formation processes to 
control the conduction and opening processes. 2 Since no ap¬ 
plied magnetic fields were used in the simulations, the results 
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of this article apply primarily to opening switches with no 
applied magnetic fields; however, the results of this article 
may also apply to opening switches in which the self- 
magnetic field is much larger than the applied fields at the 
time the switch opens. 

A simplified circuit for an inductive-energy-store (IES) 
pulsed-power system is shown in Fig. 1. In referring to Fig. 
1, I c and I L are the generator and load currents, C TC is the 
power supply capacitance, L s is the storage inductance, 
Lmitl is the inductance between the POS and load, and Z L is 
the load impedance. Switch opening can be accompanied by 
a large inductive voltage as magnetic energy flows past the 
POS and into the load circuit. This produces large electric 
fields in the POS that can result in a large fraction of the 
current switched into the load circuit to exist as vacuum elec¬ 
tron flow. To fully understand the coupling of energy be¬ 
tween the POS and the load, it is important to understand the 
distribution and nature of this electron flow. This article ex¬ 
amines the flow of magnetic energy between a current 
charged inductor into an uncharged MITL as the POS opens. 
Simulations were performed with the particle-in-cell (PIC) 
code, magic, 4 to analyze POS experiments on the Decade 
Prototype Module 1 (DPMI) 5 at Physics International. The 
general electron flow pattern observed in the simulations is 
presented along with predictions of the division of current 
between the vacuum flow and the conductor boundaries. 
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FIG. 1. Simplified circuit of an IES system. 


It should be pointed out that both the experiments and 
simulations were performed with the same large inductance 
L mitl between the POS and load. This large MITL induc¬ 
tance effectively decouples the POS from the load during the 
opening process. In this case the POS voltage is limited by 
the generator current I G and the gap size that can be 
achieved in the POS and is insensitive to changes in the load 
impedance. For this reason this regime of POS operation has 
been termed switch limited. 6 All the results presented in this 
article apply to POS operation in the switch-limited regime. 
This type of POS operation should be contrasted to the re¬ 
gime where the POS and load are closely coupled so that, for 
small values of load impedance, the POS voltage is limited 
by the load impedance. This regime of POS operation has 
been called load limited. 6 The general characteristics of the 
electron flow in the load-limited regime will be the focus of 
a future article. 

Other authors have considered vacuum electron flow in 
MITLs introduced by large vacuum impedance 
mismatches. 7 ' 8 Reference 7 used a fixed gap with both the 
current and voltage initially zero. Reference 8 uses a static 
model to predict the electron flow pattern launched by the 
POS into the MITL. The simulations presented here differs 
from this work in that the generator current (7 C =1.2 MA) 
flows in the primary circuit at f = 0. In addition, a dynamic 
POS model is used where the POS starts in the closed state 
and evolves into the open state as plasma is removed from a 
fixed anode-cathode gap. 

The remainder of the article is organized as follows. A 
short description of the DPMI experiments is presented in 
Sec. II. A brief overview of the POS model used in the PIC 
analysis is presented in Sec. Ill, and the nature of the elec¬ 
tron flow out of the POS is described in Sec. IV. The effect of 
varying the load impedance and MITL inductance on the 
power transfer between the switch and the load is discussed 
in Sec. V. The main conclusions of the article are summa¬ 
rized in Sec. VI. 

II. DPMI EXPERIMENTS 

The primary energy source for the DPMI experiment 
charges a 0.75 /iF water capacitor C TC to an initial voltage 
of approximately 700 kV. During the conduction phase, the 
capacitor discharges through the POS as current and mag¬ 
netic energy build up in the 250 nH primary storage inductor 
L s . The quarter cycle of the L s C tc discharge is 680 ns and 
the peak current is approximately 1.2 MA. A schematic of 



FIG. 2. Schematic of the DPMI POS and load geometry. 


the DPMI POS and load circuit geometry is shown in Fig. 2. 
Plasma is introduced into the POS prior to the main pulse by 
a set of eight cable guns spaced around the azimuth of a 
coaxial transmission line. 9 The cable guns are powered sepa¬ 
rately from the main power pulse and the initial plasma den¬ 
sity in the switch is controlled by varying the delay between 
the plasma guns and the main pulse. The location of plasma 
in the switch region is controlled by two masks which limit 
the axial extent of the plasma introduced into the MITL. 
Plasma from the cable guns flows into the POS through a 2.5 
cm opening between the masks as shown in the figure. The 
mask on the generator side (upstream) of the POS had a 
radius of r = 7.5 cm while the mask on the load side (down¬ 
stream) was placed at r = 10 cm. The load circuit in the 
DPMI experiment consists of either a 60- or 120-cm-long 
MITL terminated by an electron-beam-diode load. The cath¬ 
ode radius in the downstream MITL was r c =4.5 cm and the 
anode radius was r a = 17.2 cm giving a vacuum impedance 
of Z o = 80 ft. 

Current and voltage monitors upstream of the POS were 
used to measure the generator current and the switch voltage. 
On most shots only the switch voltage, the generator current, 
and load current was measured; however, on a few shots a 
series of anode current monitors were used to measure the 
current in the MITL at several axial locations. The first of 
these current monitors was placed on the mask just down¬ 
stream of the POS with additional anode current monitors 
spaced every 15 cm along the MITL. Another diagnostic 
used in these experiments consisted of a series of wires that 
protruded 2.5 cm through the anode of the MITL. The first of 
these wires protruded from the downstream mask with addi¬ 
tional wires placed 15 cm apart and halfway between the 
anode current monitors. The damage patterns on these wires 
were used to detect the presence of high-energy electrons 
near the anode in the MITL. 

Typical wave forms for the generator current, switch 
voltage, and load currents are shown in Fig. 3 for a 60-cm- 
long MITL terminated by a pinched electron-beam-diode 
load with an operating impedance of approximately 5 ft. 
During the 600 ns that the POS is closed, no current flows in 
the load circuit and magnetic energy is stored in the primary 
storage inductance. As the switch opens, current flows into 
the load and an inductive voltage of about 2.7 MV is gener¬ 
ated. The difference between the generator and load currents 
I L after the switch opens represents current loss from either 
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The generator current, POS voltage, and load current wave forms 
for DPMI with approximately 1.2 MA of conducted current and opening 
into a 60 cm, 80 Cl transmission line terminated by a pinched-beam diode 
with a 5 ii operating impedance. 


nox,,' * Schema,ic of ,he P0S > Mm, and load regions used to simulate 
DPMI. The anode surfaces marked with X signify space-charge-limited 
emission of C ions and the entire cathode surface is a space-charge- 
limited electron emitter. & 


current across the POS or from vacuum electron flow to the 
anode in the MITL. For this shot the current loss at peak load 
power is approximately 350 kA out of approximately 800 
kA. Since this current loss is nearly as large as the net cur¬ 
rent delivered to the load, substantial gains in system effi¬ 
ciency can be achieved by reducing these current losses. In 
subsequent sections of the article the loss mechanisms pre¬ 
dicted by simulations are presented. 

III. SWITCH MODEL 

Because of the relatively large densities expected in the 
DPMI experiments (n>10 15 cm' 3 ) 10 and fairly long con¬ 
duction times (r c >300 ns) used in the DPMI experiment, it 
is not practical to model the entire conduction and opening 
phases of the POS with a PIC code. Data taken on the 
HAWK accelerator at NRL suggests that the POS opens by 
the formation of a vacuum gap in the plasma that allows 
magnetic energy to flow past the POS and into the load 
circuit. Gap formation in the low density («<10 13 cm -3 ) 
short-conduction-time (r c <50 ns) POS has been studied ex¬ 
tensively with both PIC 11 - 13 and fluid 1415 codes. These simu¬ 
lations show the formation of a localized two-dimensional 
sheath and associated current channel that penetrates the 
plasma along the cathode. Behind the current front, the mag¬ 
netic field is high and electrons are magnetically insulated in 
a vacuum gap which forms in the wake of the sheath. Open¬ 
ing occurs in these simulations when the current channel 
reaches the load end of the plasma and the gap extends along 
the entire length of the plasma. Recent PIC simulations 16 of 
the end of the conduction phase in a high-density (n&10 15 
cm ) POS show similar behavior to the low-density simu¬ 
lations and suggest that the POS opens by erosion even in 
regimes where MHD distortion of the plasma may control 
the conduction process. 2,17 ' 19 

Since the purpose of this article is to study the vacuum 
electron flow that accompanies the opening process and not 
in the details of the conduction process, a dynamic gap open¬ 
ing model was used to approximate the final stages of POS 


opening observed in PIC simulations of the gap formation 
process. A schematic of the POS, MITL, and load models 
used in the simulations is shown in Fig. 4. The model as¬ 
sumes that the plasma distortion and redistribution that takes 
place during the conduction phase has already occurred and 
that the POS plasma carries the entire generator current at 
t-0. In the POS model, a 2.5-cm-Iong, 0.35-cm-high switch 
gap is assumed to exist between the anode and cathode. The 
last 1.5 cm length of the switch gap is bridged with plasma 
so that the POS gap is initially very conductive. The plasma 
density of the prefill plasma was chosen to be 10 14 cm -3 and 
the ions in the plasma prefill were taken to be 10 6 times more 
massive than the proton mass with an initial velocity suffi¬ 
cient to clear the switch gap in 30 ns. Because of the artifi¬ 
cially high ion mass, the prefill ions are not affected by elec¬ 
tromagnetic forces during the opening process. This allows 
for control over the switch opening process in the simula¬ 
tions. As the prefill ions clear the gap, magnetic energy flows 
past the switch and into the downstream MITL. 

The portion of the anode that would be high-density 
plasma in the experiment is modeled as a conducting bound¬ 
ary and treated as a space-charge-limited C ++ ion emitter. 
The entire cathode surface in the MITL is modeled as a 
space-charge-limited source of electrons. To achieve quiet 
start conditions in the simulation, the POS must carry the 
generator current at r=0. One way to accomplish this is to 
initially distribute the current in the POS plasma to carry the 
generator current. Since it is difficult to self-consistently de¬ 
termine this distribution a priori, an alternate method was 
adopted in the simulations. An enlarged view of the POS gap 
is shown in Fig. 4. The first 1 cm of the gap is treated as 
region of time varying conductivity so that the generator 
current initially flows here. The conductivity of this region 
drops in time to produce a resistance rise of 2 fl/ns. As the 
conductivity region becomes more and more resistive, more 
and more current is transferred to the prefill plasma. It is 
found that nearly all the generator current flows in the prefill 
plasma within the first few ns so that the POS impedance is 
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FIG. 5. A comparison of the generator current, POS voltage, and load cur¬ 
rent predicted by simulation (dashed line) with that measured on DPMI 
(solid line). 
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quickly dominated by the charged particle dynamics in the 
switch gap. 

The water capacitor and the primary storage inductor 
(not shown in the figure) are approximated by lumped circuit 
elements using short one-dimensional transmission line sec¬ 
tions and matched to the 2D simulation region across the 
left-hand-side boundary. The currents and voltages in the 
transmission line along with the electric and magnetic fields 
in the 2D region prior to the POS are preloaded at r=0 to be 
consistent with I G = 1.2 MA. The switch is assumed to be 
closed at t = 0 so that the electric and magnetic fields down¬ 
stream of the POS are initially zero. A static conductivity 
model in the load region was used to simulate a resistive 
load. 

IV. ELECTRON FLOW AND CURRENT TRANSFER 

The simulation results described in this section were per¬ 
formed with a 60-cm-long MITL with a vacuum impedance 
of Z o = 80 ft. For comparison with experimental data, the 
load impedance for the results presented in this section was 5 
ft; however, because the large MITL inductance causes the 
POS to operate in the switch-limited regime, the general 
electron flow pattern for load impedances between O^Z^S 
ft and MITL lengths of 30, 60, and 120 cm (downstream 
inductances 80, 160, and 320 nH) is very similar to that 
presented in this section. 

In this geometry, the switch voltage along with the gen¬ 
erator and load currents were measured in the experiment. A 
comparison of the measured generator current, switch volt¬ 
age, and load current with that predicted by the PIC simula¬ 
tion are shown in Fig. 5. This figure shows good agreement 
between the measured electrical parameters and the predicted 
voltages and currents from the simulation. The small differ¬ 
ences between the measured and simulated load currents 
early in time occur because of the initial high impedance 
phase of the pinched beam diode used in the experiments 
which was instead modeled by a constant 5 ft load in the 
simulations. 


FIG. 6. (a) Electron positions predicted by the simulation at r = 30 ns. (b) 
C ++ positions predicted by the simulation at r = 30 ns. 

The electron and emitted C T " ion positions at f = 30 ns 
are shown in Figs. 6(a) and 6(b). Figure 6(a) shows a signifi¬ 
cant fraction of the electron flow launched in the MITL is 
concentrated near the anode where the electrons ExB drift 
parallel to the anode conductor. As the electrons approach 
the vertical anode plate the electron orbits bend 90° and con¬ 
tinue to ExB drift toward the load region. Damage produced 
on the wires protruding from the anode over several shots is 
shown in Fig. 7. Notice that the first few wires are relatively 
undamaged. This may be the result of plasma in the MITL 
which can shield the wires from the high energy electrons. 
The remaining wires show a large amount of damage indi¬ 
cating the presence of high-energy electrons near the anode. 
This agrees qualitatively with the electron flow pattern ob¬ 
served in the simulations. 

POS opening is also accompanied by the introduction of 
a large amount of negative charge into the MITL. This 
causes positive image charges to appear on both the anode 



FIG. 7. Damage on the series of wires protruding through the anode along 
the length of the MITL on DPMI. 
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FIG. 8. Time histories of the anode /, and cathode I c currents predicted by 
simulation just downstream of the POS region (solid line) and near the load 
(dashed line). For comparison the generator current I c is also shown. 


and cathode surfaces. As a result, the electric field on the 
cathode surface is reversed (i.e., points out of the surface) 
and electron emission from the cathode is suppressed. If 
plasmas were formed on the electrode surfaces, the fields on 
both electrodes would favor ion emission. In this work no 
ion emission was allowed from either the anode or cathode 
in the MITL and hence the effect of ion flow in the MITL 
was not considered. 

Field reversal on the cathode also allows some of the 
electrons that approach the cathode in the load region to 
ExB drift back along the cathode surface toward the POS. 
This electron flow pattern is very different than that pre¬ 
sented by either parapotential 20 or quasilaminar 21 theories of 
MITL flow. Since these theories assume that the electric field 
is zero on the cathode surface, they do not treat the case of 
field reversal on the cathode. In addition these theories are 
time independent and apply only to situations where varia¬ 
tions in the MITL occur gradually so that the electrons re¬ 
main in a quasistatic equilibrium. Both of these conditions 
are violated in these experiments. Consequently many previ¬ 
ous MITL theories have not been very useful for understand¬ 
ing the type of flow observed in the simulations. 

Electrons which encounter the anode boundary along the 
length of the MITL are removed from the simulation and are 
registered as anode current loss. Electrons which encounter 
the cathode boundary along the length of the MITL are re- 
trapped and removed from the simulation. These electrons 
add to the cathode boundary current and are registered as an 
increase in the cathode boundary current. If electrons fol¬ 
lowed the ExB guiding center trajectory, no electrons could 
encounter the anode or cathode boundaries since the electric 
field must be perpendicular to the conductor. Because of 
their finite gyroradius and other drift motions, the actual 
electron orbit is more complicated and it is possible for elec- 
trons to encounter the conductor boundaries. 

Figure 8 shows the time history of the generator current 
along with the anode and cathode boundary currents just 
downstream of the POS (z=30 cm) and near the load (z 
= 80 cm). The difference between the generator current and 



Time (ns) 


FIG. 9. Time histories of the anode I A and cathode currents l c near the load 
(solid line) and the net current flowing to the anode within the load region /, 
(dashed line). 


the anode current just downstream of the POS indicates cur¬ 
rent loss in the POS. For this simulation it is seen that nearly 
350 kA out of 850 kA is lost in the POS at t =50 ns. The 
amount of vacuum electron flow launched by the POS into 
the downstream MITL is given by the difference between the 
anode and cathode currents just downstream of the POS. The 
vacuum electron flow in the MITL near the POS at t =50 ns 
is approximately 250 kA. Therefore, 250 kA of the 500 kA 
transferred into the downstream MITL is in the form of 
vacuum electron flow; however, as indicated by the differ¬ 
ence between the anode and cathode currents at the load, the 
amount of vacuum electron flow at the load is substantially 
smaller than the vacuum electron flow near the POS. This 
reduction in vacuum electron flow occurs as a result of losses 
at the anode and retrapping at the cathode. In Fig. 8 the 
amount of current loss in the MITL is given by the difference 
between anode currents near the POS and near the load. The 
amount of retrapped current is given by the difference be¬ 
tween the cathode current near the load and the cathode cur¬ 
rent near the POS. It is important to note that, in general, the 
current lost in the POS and the amount of vacuum electron 
flow in the MITL depends on the load impedance. 

In addition to the current flowing in the resistive load, a 
significant fraction of the vacuum electrons that approach the 
load region flow directly into the load and are registered as 
load current. Because of field reversal on the cathode, some 
of the electrons that approach the load region can also ExB 
drift back along the cathode surface towards the POS. Figure 
9 shows the time histories of the anode and the cathode cur¬ 
rent at z=80 cm (0.7 mm upstream from the vertical anode 
plate). The dashed curve in Fig. 9 is the total current in the 
load determined by a current monitor on the vertical anode 
plate at the cathode radius. The difference between the load 
current and the cathode current is the net vacuum electron 
current flowing into the load from the MITL. The difference 
between the anode and load currents represents the net elec¬ 
tron flow to the anode plate outside the cathode radius. Be¬ 
cause electron flow from the MITL into the load requires an 
axial field for the electrons to radially ExB drift, the amount 
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Time (ns) 

FIG. 10. Time histories of the magnitude of the vacuum electron current 
flowing in the positive (/^) and negative (/") z directions at z = 50 cm 
(dashed line). For comparison the anode ( I A ) and cathode (7 C ) boundary 
currents at r = 50 cm (solid line) arc also shown. 


of vacuum electron flow into the load from the MITL de¬ 
pends on the load impedance. 

Figure 10 shows the time histories of the magnitude of 
vacuum electron current flowing in the positive and negative 
z directions (the dashed curves) at z = 50 cm along with the 
anode and cathode boundary currents (the solid curves). The 
positive going flow is produced by those electrons ExB 
drifting along the anode surface and the negative going flow 
is produced by the electrons ExB drifting back along the 
cathode surface toward the POS region. Notice that the nega¬ 
tive going flow is a substantial fraction of the net current and 
cannot be neglected. Furthermore, notice that net electron 
flow predicted by the difference of the anode and cathode 
boundary currents is actually the difference between the 
positive and negative going flows. 

From the ion positions shown in Fig. 6(b), we see that an 
ion space-charge cloud evolves off of the anode emission 
surfaces. This positive space charge is quickly neutralized by 
electron flow from the POS region forming a quasineutral 
plasma that moves down the MITL at about 0.3 cm/ns. To 
explore the effect of this plasma on the electron flow pattern, 
simulations were done with ion emission turned off every¬ 
where except in the POS gap. These simulations showed 
that, even without the plasma in the MITL, electron flow 
patterns were similar to that presented here; however, in the 
experiment it is possible for plasma to be pushed into the 
MITL during the conduction and opening processes with a 
distribution that is different than what is shown here. This 
plasma could be responsible for shielding the first few wires 
from electron damage (see Fig. 7). 

Experimental data from the series of anode current 
monitors along the length of the DPMI MITL are shown in 
Fig. 11. This data was taken with a 120-cm-long MITL ter¬ 
minated by a short-circuit load. A similar plot for a 120-cm- 
long MITL simulation terminated by a 2.5 H load is shown 
in Fig. 12. In general, the highest of the anode currents in 
Fig. 12 was measured closest to the POS. Each successive 
anode current monitor in Fig. 12 shows a decrease in anode 
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FIG. 11. DPMI data from the series of anode current monitors shown in 
Fig. 2. 

current due to vacuum electron current losses to the anode. 
Although the conduction currents and the load impedances 
are somewhat different. Figs. 11 and 12 show similar current 
losses in the POS and MITL. 

V. DISCUSSION AND ANALYSIS 

In this section a plausible explanation for the electron 
flow pattern observed in the simulations is presented and the 
role of different load impedances and MITL inductances is 
explored. The maximum radial extent of the electron flow in 
the POS gap can be estimated from the critical current for¬ 
mula and expressed as 20,22 

£>eff<f) = K 8500(rj w (f)-l) 1/2 r f // c (t), (1) 

where y sw (t) = 1 +eV sw (t)/mc 2 , V sw is the switch voltage, e 
is the magnitude of the electron charge, m is the electron rest 
mass, c is the speed of light, and k is an empirical factor. It 
has been shown that, for voltages in the 1-3 MV range, 
ac=1.6 gives good agreement with experiment and will be 
used here. 23 Note that if k== 1 then Z) eff is an expression for 
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FIG. 12. Anode current predictions from simulation at axial locations simi¬ 
lar to the DPMI data shown in Fig. 11. 
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FIG. 13. A comparison of the POS gap size predicted from the critical 
current formula (solid line) with the dynamic gap formed between the re¬ 
ceding plasma and the anode (dashed line). 


FIG. 14. A comparison of the POS flow impedance predicted from the 
simulation (solid line) with half the vacuum impedance of the dynamic cap 
(dashed line). 


the Larmor radius of an electron with a speed consistent with 
the full anode potential. A plot of D tff using F sw and I G from 
the simulation is shown in Fig. 13. For comparison the 
dashed curve shows the time-dependent gap D(t), opened up 
between the plasma and the anode as the heavy ions are 
removed from the simulation. This figure suggests that, when 
the POS operates in the switch-limited regime, electrons are 
critically insulated during the entire opening process. Fur¬ 
thermore, Eq. (1) shows that, in the switch-limited regime, 
the POS voltage is limited by the primary storage current and 
the size of the POS gap. However, in the load-limited regime 
it is possible for electrons to be better insulated in the POS 
gap since the POS voltage is not limited by POS gap but 
limited by the load impedance. 

Another concept that has been used to describe vacuum 
electron flow in a POS or MITL is the flow impedance. 3 For 
the POS, flow impedance is given by 


V 

-7 POS_ sw 

flow (Ic-I 2 cd) V2 ’ (2) 


where I CD is the cathode boundary current just downstream 
of the POS. The flow impedance of the POS is a time- 
varying quantity that is related to the amount of vacuum 
electron flow in the POS. When the POS is closed Z^=0 
since 7^=0. In this case, the entire generator current flows 
across the POS and nearly all the POS current is carried by 
the plasma electrons. It can be shown that, when there is very 
little electron flow in the POS (i.e., /«,->/<-), z££ is 
bounded above by the vacuum impedance of the POS 
gap. 3,24 

From the definition of flow impedance it can be shown 
that the fractional change in the POS flow impedance is re¬ 
lated to the fractional change in the cathode current down¬ 
stream by 


A4o°w _Mco 

—yPOS t 

** flow 1 CD 




I CD I 2 co 

l CD I 2 c ’ 


(3) 


where the last expression is valid in the switch limited re¬ 
gime where IcD^h- This last equation shows that, when 
I CD is small compared to / c , Z^ is insensitive to changes 
in the cathode current downstream of the POS. This feature 
makes Z^ insensitive to changes in the load impedance in 
the switch-limited regime. Conversely, relatively small 
changes in Zjj^ can lead to large increases in I CD . For ex- 
ample, when Iqd = 250 kA and 7 C =850 kA, a fractional 
increase of 5% in produces an increase in the cathode 
boundary current to 7 C£) = 380 kA. 

By assuming electromagnetic pressure balance at the an¬ 
ode and cathode, it can be shown that, when the electron 
flow uniformly fills the POS gap (critically insulated or satu¬ 
rated flow), the POS flow impedance is given by 25 

*555(0 = 0.5Z 0 (f) = 30 ln[ 1 +D(t)/r c ]=30D(t)/r c , 

(4) 

where Z 0 (t) is the vacuum impedance of the time-dependent 
gap. Equation (4) shows the relationship between the POS 
flow impedance and gap size in the switch-limited regime. A 
comparison of Zg^ calculated from the voltages and cur¬ 
rents in the simulation and Eq. (4) is shown in Fig. 14. From 
this figure it can be seen that the POS flow impedance rises 
from zero to approximately 2.5 ft during the gap opening 
process and remains fairly constant once the gap is fully 
open. Although this figure shows good agreement between 
Eq. (4) and the simulation, the discussion following Eq. (3) 
showed that small differences in can lead to large 
changes in the cathode current downstream of the POS. Em¬ 
pirically it is found that a value of 0.53Z 0 (r) produces better 
agreement with the simulation. 

The effective impedance of the inductive region between 
the POS and the load can be defined as 

7 _/ dljdt L M itl 

Z eff“^MITL J - -> (5) 

1 L T rise 

where r rise is the time scale for the rise in the load current. If 
r rise approximately the 30 ns opening time of the POS, 
then, for the Z, M itl = 160 nH simulation results presented 


2654 J. Appl. Phys., Voi. 76, No. 5, 1 September 1994 


Swanekamp et a/. 







FIG. 15. A plot of the peak load power vs load impedance for MITL induc¬ 
tances of 80 nH (O) and 160 nH (0). 


here, Z eff =5.3 fi. Therefore, the MITL inductance imposes 
an impedance on the POS that is large compared to the flow 
impedance of the POS. When the impedance of the series 
combination of Z eff and Z L is large compared to Z^, the 
POS operates in the switch-limited regime. In the switch- 
limited regime a significant amount of electron current is lost 
in the POS. As a result, many electrons lose insulation at the 
load end of the POS gap and those that do flow into the 
MITL have been accelerated to nearly the full POS potential. 
If electrons then ExB drift along equipotential lines as they 
enter the downstream MITL, electron flow from the POS 
would be concentrated near the anode as seen in the simula¬ 
tions. 

To examine power flow when Z eff is comparable to 
maximum POS flow impedance a second series of simula¬ 
tions was done with Imitl“ 80 nH. This reduces Z eff to ap¬ 
proximately 2.65 ft. The POS voltage predicted with the 
shorter MITL is very similar to that shown Fig. 5. The elec¬ 
tron flow pattern, Z) eff , and Z^ were also very similar to the 
results shown in Figs. 6(a), 13, and 14, respectively. This is 
expected since the POS flow impedance rises from zero and 
hence is smaller than Z eff during the opening process and the 
POS still operates in the switch-limited regime. 

Figure 15 shows the peak load power for the two MITL 
inductances as a function of load impedance. Even though 
the POS operation is very similar for the two MITL induc¬ 
tances, Fig. 15 shows that the peak load power is signifi¬ 
cantly enhanced by reducing the MITL inductance. This in¬ 
crease in peak power at lower MITL inductance is the result 
of the improved current coupling from the POS to the load. 
This improved current coupling is produced by reducing 
both current losses in the POS and vacuum electron flow in 
the MITL. 

To better understand the reduced POS losses as MITL 
inductance decreases consider an ideal opening switch that 
opens to an infinite impedance into a short-circuit load. If the 
capacitor voltage does not change significantly as the switch 
opens, then magnetic flux is conserved during the opening 
process and the final current in the MITL can be expressed as 




MITL 


'Cm 


( 6 ) 


where I Ci is the current flowing in the storage inductor prior 
to switching. Equation (6) shows that reducing the MITL 
inductance results in higher MITL currents and reduced POS 
losses. 

Figure 15 also shows that the power coupled into the 
load from a POS has a maximum at an optimum load imped¬ 
ance. The load power can be written as 

Pl = VJl, 0) 

where V L is the load voltage. Since maximum load power 
occurs at peak load current for a resistive load, there is no 
inductive correction between the POS and load and the peak 
load power can be expressed as 

Pr=&C-IiD) m lL, ( 8 ) 

where Eq. (2) has been used to substitute for V L = V r sw . If it 
is assumed that all the vacuum electron flow from the POS is 
lost before the load, then IcD = h anc * the power coupled to 
the load can be written as 

(9) 

Since the load current depends on the load impedance, Eq. 
(9) is a function of Z L . If it is assumed that Z^w anc * /g at 
peak load power are weak functions of Z L , then the load 
current which maximizes Eq. (9) is given by I L =l C /V1. Sub¬ 
stituting this result into Eq. (9) gives 

max(Pr k )=zK. (10) 

Since P L is also equal to Z L l \, Eq. (10) shows that the peak 
load power is maximized when the load impedance is equal 
to the POS flow impedance. Although more simulations need 
to be done to determine the exact impedance that maximizes 
peak load power, it is pretty clear from Fig. 15 that the op¬ 
timum load impedance predicted from simulations is close to 
Zfi^. It should be noted that Eqs. (9) and (10) are conserva¬ 
tive estimates of the load power since higher load powers can 
be obtained if vacuum electron flow is either retrapped in the 
cathode along the MITL or flows directly into the load. 


VI. SUMMARY AND CONCLUSIONS 

An approximate model of the opening process of a 
plasma opening switch was used in a PIC code to study the 
vacuum electron flow into the downstream MITL as the POS 
opens. To be similar to opening switch experiments on 
DPMI at Physics International, the simulations were per¬ 
formed with a large amount of inductance between the POS 
and load. When L MIXL /r rise is large compared to the flow 
impedance of the POS, this large inductance causes the POS 
to operate in the switch-limited regime. In the switch-limited 
regime, the POS voltage is insensitive to changes in the load 
impedance and is controlled by the generator current, the 
cathode radius, and the dynamic POS gap size. It is antici¬ 
pated that the load-limited regime can be accessed by reduc¬ 
ing L Mrri/^rise which would reduce the POS voltage and 
could result in better insulated electron flows in the POS and 
MITL. This will be the subject of future work. 
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In contrast to previous theories of magnetically insulated 
flows, there is a large amount of electron flow in the MITL 
concentrated near the anode. This is a result of the high 
effective impedance imposed on the POS by the inductive 
load. As a result, many electrons lose insulation at the load 
end of the POS gap and those that do flow into the MITL 
have been accelerated to nearly the full POS potential. Elec¬ 
trons then ExB drift on equipotential lines near the anode as 
they enter the MITL. In addition to current losses in the POS 
gap, current losses are also observed in the MITL due to the 
proximity of the electron flow to the anode. As electrons 
approach the resistive load, some electrons flow directly into 
the load and are registered as load currents while others 
ExB drift back toward the POS along the cathode surface. 
This is possible because the electron flow launched into the 
MITL from the POS is large enough to cause sufficient posi¬ 
tive image charges on the cathode so that the electric field 
points out of the cathode surface. Some of the electron flow 
near the cathode surface is retrapped in the cathode boundary 
and registered as an increase in the cathode current. The net 
vacuum electron current in the MITL is the difference be¬ 
tween these two oppositely directed flows. 

Another series of simulations with the MITL inductance 
reduced by a factor of 2 show a significant increase in the 
peak power that is delivered to the resistive load. In addition, 
the peak power delivered to the load has a maximum at an 
optimum load impedance. Analysis and simulations show 
that the optimum load impedance is approximately equal to 
the flow impedance of the POS. 

ACKNOWLEDGMENTS 

Discussions of these results with Dr. Cliff Mendel, Dr. 
Phil Spence, Dr. Eduardo Waisman, and Dr. Bruce Weber 
were very valuable and greatly appreciated. Dr. Larry Lude- 
king is gratefully acknowledged for his technical assistance 
with the MAGIC code. Simulation results were obtained using 
the magic code under the AFOSR-sponsored magic User’s 
Group. This work was supported by Defense Nuclear 
Agency. 

1 See S uest editorial and articles in special issue on fast opening vacuum 
switches, IEEE Trans. Plasma Sci. PS-15, 629 (1987). 


•R. J. Commisso. P. J. Goodrich. J. M. Grossmann, D. D. Hinshelwood, P. 
F. Ottinger, and B. V. Weber, Phys. Fluids B 4, 2368 (1992). 

3 C. W. Mendel, M. E. Savage. D. M. Zagar, W. W. Simpson, T. W. Grasser, 
and J. P. Quintenz. J. Appl. Phys. 46. 3731 (1992). 

J B. Goplen, L. Ludeking, D. Smithe, and G. Warren, magic User’s Manual. 
Mission Research Tech. Report No. MRC/WDC-R-282. 

' C. McDonald, P. Sincemy, and L. Schlitt, in Proceedings of the 8th IEEE 
Pulsed Power Conference. San Diego, CA, edited by R. White and K. 
Prestwich (IEEE. New York, 1991), p. 675. 

P. J. Goodrich, J. R. Boiler, R. J. Commisso, D. D. Hinshelwood, J. C. 
Kellogg, and B. V. Weber, in Proceedings of the 8th IEEE Pulsed Power 
Conference , San Diego, CA. edited by R. White and K. Prestwich (IEEE, 
New York, 1991), p. 515. 

7 R. I. Lawconnell and J. M. Neri, Phys. Fluids B 2, 629 (1990). 

8 C.-K. Ng and R. N. Sudan, J. Appl. Phys. 69, 137 (1991). 

J. R. Goyer, D. Kortbawi, F. K. Childers, and P. S. Sincemy, J. Appl. Phys 
74,4236 (1993). 

IU B. V. Weber (private communication). 

" E. M. Waisman, P. G. Steen, D. E. Parks, and A. Wilson, Appl. Phys Lett 
46, 1045 (1985). 

I2 J. M. Grossmann, P. F. Ottinger, J. M. Neri, and A. T. Drobot, Phys. Fluids 
29, 2724 (1986). 

I3 J. M. Grossmann, P. F. Ottinger, and R. J. Mason, J. Appl. Phys. 66, 2307 
(1989). 

14 R. J. Mason, M. E. Jones, J. M. Grossmann, and P. F. Ottinger, Phys. Rev. 
Lett. 61, 1835 (1988). 

15 R. J. Mason, P. L. Auer, R. N. Sudan, B. V. Oliver, C. E. Seyler, and J. B. 
Greenly, Phys. Fluids B 5, 1115 (1993). 

J. M. Grossmann. S. B. Swanekamp, P. F. Ottinger, R. J. Commisso, D. D. 
Hinshelwood, and B. V. Weber, Proceedings of the 10th International Con¬ 
ference on High Power Particle Beams, San Diego, 1994. 

W. Rix, D. Parks, J. Shannon, J. Thompson, and E. Waisman, IEEE Trans. 
Plasma Sci. PS-19, 400 (1991). 

18 D. Hinshelwood, B. V. Weber, J. M. Grossmann, and R. J. Commisso, 
Phys. Rev. Lett. 68. 3567 (1992). 

^ Weber, J. R. Boiler, R. J. Commisso, P. J. Goodrich, J. M. Gross¬ 
mann, D. D. Hinshelwood, J. C. Kellogg, P. F. Ottinger, and G. Cooer- 
stein, in Proceedings of the 9th International Conference on High Power 
Particle Beams, edited by D. Mosher and G. Cooperstein, Washington, 
DC, May 25-29, 1992, NTIS document No. PB92-206168, p. 375; copies 
can be ordered from the NTIS, Springfield, VA 22161. 

20 J. M. Creedon, J. Appl. Phys. 46, 2946 (1975). 

21 R. V. Lovelace and E. Ott, Phys. Fluids 17, 1263 (1974). 

22 P. F. Ottinger, S. A. Goldstein, and R. J. Meger, J. Appl. Phys. 56 774 
(1984). 

^R. J. Barker and S. A. Goldstein, Bull. Am. Phys. Soc. 26, 921 (1981). 

■ 4 C. W. Mendel, D. B. Siedel, and S. E. Rosenthal, Laser Particle Beams 1, 
311 (1983). 

23 S. E. Rosenthal, IEEE Trans. Plasma Sci. PS-19, 823 (1991). 


2656 J. Appl. Phys., Vol. 76, No. 5,1 September 1994 


Swanekamp et a/. 



Appendix AA 

Gap Formation Processes in a High-Density Plasma Opening Switch 




Gap formation processes in a high-density plasma opening switch 
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A gap opening process in plasma opening switches (POS) is examined with the aid of numerical 
simulations. In these simulations, a high density (n c = 10 14 -5X10 15 cm"* 3 ) uniform plasma initially 
bridges a small section of the coaxial transmission line of an inductive energy storage generator. A 
short section of vacuum transmission line connects the POS to a short circuit load. The results 
presented here extend previous simulations in the n e =10 12 -10 13 cm” 3 density regime. The 
simulations show that a two-dimensional (2-D) sheath forms in the plasma near a cathode. This 
sheath is positively charged, and electrostatic sheath potentials that are large compared to the 
anode-cathode voltage develop. Initially, the 2-D sheath is located at the generator edge of the 
plasma. As ions are accelerated out of the sheath, it retains its original 2-D structure, but migrates 
axially toward the load creating a magnetically insulated gap in its wake. When the sheath reaches 
the load edge of the POS, the POS stops conducting current and the load current increases rapidly. 

At the end of the conduction phase a gap exists in the POS whose size is determined by the radial 
dimensions of the 2-D sheath. Simulations at various plasma densities and current levels show that 
the radial size of the gap scales roughly as Bln e , where B is the magnetic field. The results of this 
work are discussed in the context of long-conduction-time POS physics, but exhibit the same 
physical gap formation mechanisms as earlier lower density simulations more relevant to 
short-conduction-time POS. © 1995 American Institute of Physics. 


I. INTRODUCTION 

Inductive energy storage (EES) is considered a lower 
cost, smaller size alternative pulsed power technology com¬ 
pared with conventional capacitive energy storage. 1 An inte¬ 
gral part of an EES system is the plasma opening switch 
(POS), which bridges the anode-cathode (A-K) gap of a 
section of transmission line as the storage inductor charges 
with current. In its simplest form, the POS consists of a 
plasma injected between the electrodes of this line. More 
complex designs incorporate external applied magnetic 
fields. 2 During the conduction phase of the POS, the plasma 
conducts all of the generator current, allowing none of it to 
pass to the load. During the opening phase of the POS, an 
increasing fraction of the generator current is allowed to pass 
to the load. Several physical mechanisms have been pro¬ 
posed to be responsible for the conduction and opening 
phases of POS operation. These mechanisms include the 
magnetohydrodynamic (MHD) displacement and deforma¬ 
tion of plasma by JXB forces, 2 ** 6 the penetration of mag¬ 
netic field by electron-magnetohydrodynamic (EMH) 
effects 7,8 or anomalous resistivity, 9 and electrostatic gap 
formation. 10 ” 13 Any of these mechanisms may be active sin¬ 
gly or in concert during either the conduction phase or open¬ 
ing phase depending on the experimental regime. This paper 
focuses primarily on electrostatic gap formation processes 
near a cathode. This mechanism is considered primarily in 
the context of long-conduction-time (about 1 /is) POS, al¬ 
though the scaling results are applicable to short-conduction¬ 
time (=S100 ns) POS. 


a) Science Applications International Corporation, McLean, Virginia. 
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Although the work presented in this paper is motivated 
by the long-conduction-time POS, its main contribution to 
POS understanding is the extension of earlier PIC simula¬ 
tions, motivated by short-conduction-time POS experiments, 
by more than 2 orders of magnitude in density to 5X10 15 
cm” 3 . The applicability of the present results to long- 
conduction-time experiments remains to be demonstrated, 
pending observations that confirm or disprove them. The pa¬ 
per describes in detail a new 2-D model for gap formation 
including the dynamics of a potential hill. The concept of a 
preformed gap at the time of POS opening is also introduced 
that may explain experimental observations concerning in¬ 
ferred gap sizes. And finally, density and magnetic field scal¬ 
ing for the preformed gap size and the maximum potential 
associated with the potential hill are derived that can be com¬ 
pared with experimental observations. These scaling results 
agree with the scalings of the earlier, lower density simula¬ 
tions. What follows in this section of the paper is (1) a re¬ 
view of long-conduction-time POS investigations which 
have motivated this work, (2) a discussion of terminology 
which will be used in the paper, and (3) a discussion of the 
proposed model and results from the simulations based on it 
that contrasts them with previous models in order to high¬ 
light significant differences. These differences must be com¬ 
pared with future experiments to determine the validity of 
these models. 

Recent results on the HAWK generator 14 at the Naval 
Research Laboratory (NRL) suggest that the POS conduction 
phase in these experiments is dominated by MHD (i.e., mag¬ 
netic pressure or JXB) effects. 4 ” 6 The evidence supporting 
this conclusion consists of experiments investigating the 
scaling of the conduction current with plasma density at vari¬ 
ous cathode radii, plasma lengths, and current rise times. 5,6,15 
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FIG. 1. Plasma density contours at the beginning (a) and end (b) of the 
conduction phase of a long-conduction time POS. A blowup of the density 
saddle is shown in (c). Typical experimental dimensions are shown. The 
generator is on the left, the load is on the right. 


The experimental conduction current can be predicted with 
simple scaling laws based on center of mass motion under 
the action of magnetic pressure forces. Typical long- 
conduction-time POS experiments on HAWK have plasma 
densities of several times 10 15 cm“ 3 with currents rising to 
0.7 MA in 1 jjls. Simulations of the POS using the two-fluid 
code ANTHEM 16 demonstrate the deformation of plasma by 
JXB forces and suggest the following picture of the conduc¬ 
tion phase. Shown in Figs. 1(a) and 1(b) are density contours 
of the plasma at the beginning and end of the conduction 
phase. During the conduction phase, a current channel devel¬ 
ops along the generator edge of the plasma. As magnetic 
pressure displaces and distorts the original plasma column, 
this current channel moves toward the load. The current 
channel front acts like a piston displacing the plasma. Both 
radial and axial displacement of the plasma occurs because 
of the radial variation of magnetic field resulting from cylin¬ 
drical geometry and because of radial density gradients in the 
initial plasma fill. 5,6 The magnetic pressure is largest near the 
cathode where the plasma density is also largest because of 


stagnation at the surface. The current channel can also pen¬ 
etrate into the plasma by resistive diffusion and EMH effects, 
but for the parameters of interest here, MHD displacement 
dominates. 15 

At roughly the point where the current front reaches the 
load edge of the original plasma fill region, the POS is ob¬ 
served to open. 6 Interferometric measurements along an axial 
line-of-sight confirm that there is a rapid drop in the axial 
line-integrated density at a certain radial location just as the 
POS opens. 5 This suggests that the plasma has been thinned 
out along a large fraction of that line of sight, if not along all 
of it. The radial location of this thinned density region is 
determined by the radial gradients in both the magnetic field 
and density and lies somewhere in between the two elec¬ 
trodes. Interferometric measurements also show that on ei¬ 
ther side of the thinned region, the plasma density rises as 
the line of sight moves radially in either direction toward the 
electrodes. 5 This observation suggests that gap opening in 
the long-conduction-time POS does not occur at the cathode 
as may have been the case in the short-conduction time 
POS. 13 Diagnostic measurements of the line integrated den¬ 
sity in two-dimensional (2-D) snowplow models, 17 2-D an¬ 
them simulations, 5,15 and MHD simulations 18,19 show results 
similar to those above. ANTHEM simulations indicate a den¬ 
sity “saddle” in the plasma at the end of the conduction 
phase, as shown in Fig. 1(b) and in detail in Fig. 1(c). Since 
the density in the POS is lowest in the saddle, this is where 
gap formation is assumed to occur. 

While an MHD code can be used to simulate most of the 
conduction phase of a long-conduction-time POS, a particle- 
in-cell (PIC) code is better suited to simulate the last stages 
of the conduction phase if the underlying physics of POS 
behavior changes from being dominated by MHD effects to 
being controlled by electrostatic gap opening processes. In 
this paper, PIC simulations of the gap formation process are 
performed by examining a very small fraction of the total 
plasma volume [Fig. 1(c)]. Cylindrical geometry with azi¬ 
muthal symmetry is assumed. The simulation plasma is 
meant to represent the plasma in the density saddle generated 
by magnetic pressure forces during the conduction phase. 
This plasma region thus represents the final volume of 
plasma carrying the generator current just before POS open¬ 
ing. Radial dimensions of the simulation are chosen to be at 
least twice the radial gap size that develops in the simulated 
plasma, and axial dimensions are chosen to be many times 
wider than the current channel width that develops in the 
simulated plasma. For simplicity, uniform density profiles in 
r and z are chosen in the simulation because the expected 
gap sizes are a fraction of the dimensions of the saddle re¬ 
gion. Nonuniform density profiles will be tested in future 
work. The dense plasma on the cathode side of the density 
saddle in Fig. 1(c) is modeled as a space-charge-limited 
source of electrons in the simulations and will be called the 
“effective cathode.” In the simulations a radius of 4.5 cm is 
chosen for the effective cathode rather than the 6.5 cm radius 
of the density saddle depicted in Fig. 1(b). Either choice is 
representative of typical HAWK experimental parameters. 

The simulations show the development of a 2-D, local¬ 
ized, magnetized sheath in the POS plasma. It is localized 
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because it occupies a limited region near the effective cath¬ 
ode that is a small fraction of both the axial and radial di¬ 
mensions of the original POS plasma fill region. It is consid¬ 
ered magnetized for two reasons; one is that electron orbits 
in the sheath are bent by the magnetic field after being ac¬ 
celerated across some fraction of the sheath potential. The 
other reason is that two-fluid simulations of the POS show 
that the development of a localized 2-D sheath (rather than a 
1-D sheath along the entire axial length of the plasma) is 
related to the v XB force on the electrons. 20,21 

Scaling properties of the sheath potential and size with 
magnetic field and density are examined here and compared 
with simple analytic estimates. In addition, the self- 
consistent process of POS gap formation is studied. The term 
“gap” will be used to refer to a region largely evacuated of 
plasma electrons and ions. A good example of a gap is a 
region bounded radially above by a plasma, below by an 
emitting cathode, and in which emitted electrons are either 
magnetically insulated, or their drifts are laigely in the axial 
direction. (Radial drifts and electron current loss from the 
cathode to the plasma may occur.) The term “sheath” will 
refer to a region still populated by ions, but locally non- 
neutral and across which current is carried by ions and elec¬ 
trons that are accelerated by electrostatic forces. In a sheath, 
the emission of electrons and their subsequent motion are 
strongly influenced by the presence of the local ion space 
charge. Examples of sheaths are a region of bipolar Child- 
Langmuir flow, 22 or a region of space-charge-limited elec¬ 
tron emission from a cathode in a uniform ion 
background. 23,24 

The simulations show that a gap forms in the wake of 
the 2-D sheath while the POS is still in the conduction phase 
(i.e., before current is diverted to the load). To avoid confu¬ 
sion with load-driven gap formation processes which may 
occur during POS opening, and because the gap forms dur¬ 
ing POS conduction, this gap will be referred to as the “pre¬ 
formed” gap. While the 2-D sheath is limited in axial length, 
the axial length of the preformed gap grows and becomes as 
long as the POS plasma fill region as the 2-D sheath mig rate 
toward the load. The preformed gap exists along the effective 
cathode between the generator side of the POS fill region up 
to the location of the 2-D sheath. Electrons emitted in the 
preformed gap do not radially cross the gap because they are 
magnetically insulated. Some ions are radially accelerated 
into the preformed gap from the plasma toward the effective 
cathode. The presence of this sparse population of ions in the 
preformed gap makes it hard to precisely determine the ra¬ 
dial location of the plasma-gap boundary, but the size (radial 
extent) of the preformed gap is roughly one to two times the 
radial size of the 2-D sheath. The size of the preformed gap 
scales with plasma density and magnetic field in the same 
way as the 2-D sheath. 

The simulations described here suggest a picture that 
differs from previous models of gap formation. 10,13,25-27 
These models were essentially one dimensional in that uni¬ 
formity in the axial direction was assumed, while gap open¬ 
ing occurred in the radial direction. The NRL model 10,13,27 
was originally applied to the short conduction time (=£100 
ns) POS and assumed that during the conduction phase an 


equilibrium Child-Langmuir bipolar sheath developed at the 
cathode and grew in axial length as the generator current 
rose. Current in the bipolar sheath was carried in the radial 
direction. The end of the conduction phase was determined 
by the point when the sheath extended along the entire axial 
length of the POS plasma. At the end of the conduction 
phase, the current carried by the sheath was larger than it 
could carry in equilibrium and the now axially uniform 
sheath grew in radial size. Subsequent modeling of this 
sheath growth showed that it can be very rapid at high sheath 
potentials. 12 If radial sheath growth proceeded beyond a cer¬ 
tain point, the sheath size became large enough that the mag¬ 
netic field could produce significant electron orbit bending 
within the sheath. Following the nomenclature of the present 
paper, the sheath becomes a gap at this point. The gap was 
uniform in z and grew rapidly in radial size by enhanced ion 
erosion as long as the current remained near the critical 
current. 10 In enhanced erosion, plasma ions are rapidly ac¬ 
celerated into the gap by the additional electron space charge 
in the gap produced by electron flow at the critical current. 
Goyer developed a variation on the NRL model by finding 
conditions for which the end of the conduction phase is de¬ 
termined by the formation of a magnetically insulated gap 
rather than by the bipolar sheath limit. 25 Parks et al. devel¬ 
oped a model similar to the enhanced erosion model in 
which the ion current density is determined by energy and 
momentum conservation 26 In addition to being 1-D, all of 
these models assumed that sheath and gap voltage are equal 
to the POS voltage (the voltage measured across the A-K 
gap in the POS region). To the extent that the POS voltage is 
inductively coupled to the load voltage, the load influences 
gap growth in these models. Finally, these models assumed 
that during periods of rapid gap growth the electron flow in 
the gap is critically insulated, i.e., that the gap size, gap 
voltage, and magnetic field are related by the critical, or satu¬ 
rated current formula. 28 In a critically insulated gap, electron 
orbits extend across the entire gap so vacuum electron flow 
fills the gap. 

In contrast to 1-D models, 2-D simulations of the end of 
the conduction phase show that a localized 2-D sheath forms 
during the conduction phase. This sheath migrates axially 
toward the load, creating a magnetically insulated preformed 
gap in its wake. Previous simulations of the entire conduc¬ 
tion phase of a short-conduction-time POS showed similar 
sheath and gap development, and indicated that the axial 
migration of the 2-D sheath is not determined by equilibrium 
bipolar sheath physics. 29 Those simulations differ from the 
present in that the densities were 2 to 3 orders of magnitude 
smaller and the current was not constant but rose in time. 
More recent simulations of Gamble I 30 short-conduction- 
time POS experiments 4 with electron densities of 
0.5-1.75X10 13 cm -3 , current rises of 250 kA in 80 ns, and 
with a plasma of axial length 10 cm, showed the 2-D sheath 
migrating from the generator to the load side of the POS 
plasma in 20-30 ns. This migration time is roughly consis¬ 
tent with the conduction times of experiments run at the 
same densities as those simulated. These results, and results 
from the present simulations, show axial penetration of mag¬ 
netic field is limited to the site of the potential hill and that 
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the full generator current is not carried at the load side of the 
POS early in the conduction phase of the POS. Rapid pen¬ 
etration of magnetic field along the cathode and current con¬ 
duction to the load end of the POS are assumed in a model of 
the type of POS that incorporates external applied magnetic 
fields. 2 The resulting magnetic field pressure in the radial 
direction is assumed to open a gap in the POS along the 
entire cathode. In contrast, the present simulation and 
Gamble I simulation results show gap formation that is lo¬ 
calized to the site of a potential hill which migrates relatively 
slowly toward the load. In addition, the gap formation 
mechanism is the electrostatic acceleration of ions predomi¬ 
nantly toward the cathode, rather than the J X B acceleration 
of ions toward the anode. 

In the present simulations the radial size of the pre¬ 
formed gap remains fairly uniform in z and constant while 
the POS conducts current. Since the preformed gap is created 
before current is diverted to the load, it is concluded that the 
radial size of the preformed gap is independent of the load. 
In addition, 2-D simulations show that the electrostatic po¬ 
tential measured in the sheath is much larger than the POS 
voltage measured across the A-K gap. Electron orbits in the 
preformed gap behind the sheath are confined close to the 
cathode, so that electron flow fills only a small fraction of the 
gap. This demonstrates that the preformed gap is strongly 
insulated (unsaturated), and not just critically insulated. The 
preformed gap exists before the beginning of the POS open¬ 
ing phase, and thus represents the smallest gap that can form 
in the POS, since the presence of a nonzero impedance load 
(or large inductance in the load transmission line) could re¬ 
sult in further gap growth during the POS opening phase. A 
nonzero impedance load will increase the POS voltage and 
could produce electron flows that are more saturated than the 
strongly insulated flows seen in these short-circuit load simu¬ 
lations. This saturated flow can cause further opening of the 
gap by enhanced erosion. 10 Thus the final gap size, meaning 
the gap size after the POS is fully open, could be larger than 
the preformed gap. In fact, for large enough load impedances 
(or large downstream inductances), it may be sufficient to 
model gap growth from the preformed to the final gap by 
assuming that the gap is critically insulated and that the POS 
voltage and gap voltage are the same. These possibilities will 
be the subject of future work. In the present simulations, 
where the load is a low inductance short circuit, the final gap 
and the preformed gap are of the same size, and both are 
strongly insulated. 

In Sec. II, the design of the simulations is described. 
These are the first high density (up to 5X10 15 cm“ 3 ) simu¬ 
lations of the POS extending previous results at lower den¬ 
sities (<2X10 13 cm -3 ). Results of the simulations are also 
discussed in Sec. II, including descriptions of the formation 
of the 2-D sheath and preformed gap. In Sec. Ill scaling 
relations, in terms of electron density and magnetic field, are 
derived for the magnitude of the potentialln the sheath and 
the radial size of the sheath. The scaling relations are then 
compared with simulation results. Finally, conclusions drawn 
from this work are discussed in Sec. IV. 
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FIG. 2. Schematic diagram of the simulation region. The effective cathode 
radius is 4.5 cm. The plasma ions consist of CT + , but a massive ion species 
is introduced near the anode to prevent gap opening there. 

II. SIMULATION SETUP AND RESULTS 

A schematic diagram of the numerical simulations is 
shown in Fig. 2. A section of transmission line is connected 
to a series LC circuit designed to mimic the primary energy 
source (generator) in a typical long-conduction-time POS ex¬ 
periment. The A-K gap of a portion of the axial length of the 
transmission line is filled with plasma. A carbon plasma is 
used, with the carbon ions doubly ionized. 27 On the load side 
of the POS, the transmission line is terminated with a short 
circuit (a conductor connects the anode and cathode of the 
transmission line). 

Typical dimensions used in the simulations are shown in 
Fig. 2. Because these simulations are motivated by the long- 
conduction-time POS problem and only the final stages of 
the POS conduction phase are being modeled, the simulation 
is started by preloading the generator circuit and transmis¬ 
sion line on the generator side of the POS with the full gen¬ 
erator current. Since the focus of this paper is on the gap 
formation processes in the POS at the end of the conduction 
phase rather than on the interaction of the POS with a load, 
the POS-to-load distance is kept short. 

As described in Sec. I, the simulation represents a small 
subregion of the original POS plasma volume [see Figs. 1(b) 
and 1(c)]. An emitting cathode boundary condition (the ef¬ 
fective cathode) is used at the lower boundary of the simu¬ 
lation and models the dense plasma on the cathode side of 
the subregion. A modification of a conducting anode bound¬ 
ary condition is used at the upper boundary of the simulation. 
This modification consists of placing a small layer of immo¬ 
bile ions near the conducting anode surface. The actual an¬ 
ode in an experiment is far removed from the simulation 
region. Therefore the boundary condition at the upper sur¬ 
face of the simulation region should represent a continuation 
of the plasma rather than a conducting surface. Experiments 
and ANTHEM simulations show that the plasma at the anode 
side of the density minimum being simulated has a positive 
radial density gradient. 5 Simulations of such a plasma show 
axial penetration of the magnetic field and current into the 
plasma (by EMH effects) with electron currents in the radial 
direction. Simulations of a conducting anode on the other 
hand, also allow axial penetration of the magnetic field and 
current, but with the current in the axial direction near the 
anode. 31 ' 34 This axially directed current produces a radial 
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TABLE I. Simulation setup and results* Rows 2-6 are input parameters, while rows 7-9 are simulation results. 
Input parameters shown are the density, current, magnetic field at the cathode, radial anode-cathode spacing, 
and axial plasma length. Results are the maximum sheath potential, radial sheath size, and an estimate of the 
preformed gap size. These results are dependent on the input density and magnetic field (current) only, not on 
the geometric parameters of rows 5 and 6. The cathode radius in all cases is 4.5 cm. 


Case 

1 

2 

3 

4 

5 

n e (X 10 14 cm“ 3 ) 

10 

10 

10 

1 

50 

/ (MA) 

1.2 

0.6 

2.4 

1.2 

1.2 

BCXI^G) 

5.33 

2.66 

10.66 

5.33 

5.33 

A A -k (cm) 

0.5 

0.5 

1.0 

2.5 

0.28 

l (cm) 

1.0 

1.5 

1.0 

3.0 . 

0.5 

<p( MV) 

0.2 

0.06 

0.5 

1.2 

0.03 

d 2D (cm) 

0.07 

0.05 

0.15 

0.7 

0.01 

dpp (cm) 

0.1 

0.1 

0.15 

0.7 

0.02 


JXB force on the plasma that opens a gap near the anode. 
For this reason the behavior of a conducting anode boundary 
is unlike the behavior of the dense plasma on the anode side 
of the density minimum. To make the conducting anode 
boundary condition behave more like the appropriate plasma 
boundary, a massive ion species is introduced in the region 
immediately adjacent to the simulation boundary. The mas* 
sive ion plasma still allows the magnetic field to penetrate, 
but prevents gap formation at the anode boundary because 
the ions do not move. The intent here is to remove the pos¬ 
sibility of extraneous gap opening at this boundary so that it 
will not obscure the gap function physics on the cathode 
side. In addition, the upper simulation boundary is placed far 
enough from the effective cathode and cathode potential hill 
that the upper boundary condition has no effect on the pro¬ 
cesses being studied in this paper. 

The results reported in this paper are obtained using the 
2^-D electromagnetic particle-in-cell (PIC) code MAGIC 35 in 
cylindrical geometry. A series of numerical simulations is run 
at various plasma densities and current levels. Simulation 
input parameters are shown in Table I. The anode-cathode 
spacing, A a _ k , and plasma length, /, are varied somewhat 
both to reflect the different gap sizes expected when the den¬ 
sity and magnetic field are varied, and to keep the problem 
numerically tractable. However, the effective cathode radius, 
r c , is kept the same and the results reported here are inde¬ 
pendent of the geometrical variations used. 

To illustrate the main features of the simulations, the 
case of a 10 15 cm -3 plasma carrying 1.2 MA is used as an 
example. Shown in Fig. 3 is a series of snapshots in time of 
contours of 27rr£//z, 0 in increments of 100 kA (/hq is the 
permeability of free space). These contours represent sur¬ 
faces of constant enclosed current and are referred to as cur¬ 
rent streamlines. In Figs. 3-5 the initial plasma fill occupies 
the region 0.5 cm^z^l.5 cm and the load is at z=2.5 cm. 
Figure 3 shows current flowing in a wedge-like pattern near 
the effective cathode and that the wedge migrates axially in 
time. The radial extent of the wedge, that is the radial dis¬ 
tance between the effective cathode and where the current 
flows axially back toward the generator in the plasma above 
the cathode, is about 1-2 mm. This distance can be associ¬ 
ated later with approximately twice the radial size of the 
electrostatic sheath that develops in the plasma (see Fig. 5). 


The POS begins to open at about 3 ns. At about 3.5 ns, the 
POS allows half the generator current, or 600 kA to reach the 
load. At about 4 ns, the POS is fully opened. Notice that at 
f=3 ns there are very few current streamlines in the gap 
between 4.5 cm<r<4.6 cm for z<1.3 cm. This indicates 
that electrons emitted in the gap are well insulated before the 
POS opens. After opening, the streamlines also show little or 
no vacuum electron current launched on the load side of the 
POS. Because there is little or no vacuum flow launched near 
the POS, these simulations demonstrate that a gap can form 
in the plasma that is significantly larger than the minimum 
necessary to magnetically insulate the electron flow before 
and after opening. Here, strongly insulated flow after open¬ 
ing is due to the proximity of the short circuit load to the 
POS. 

In Fig. 4, a series of particle snapshots shows the posi¬ 
tions of the carbon ions at various times during the creation 
of the preformed gap. The snapshots show the removal of 
ions from a region of plasma near the effective cathode. 
Electron particle snapshots are very similar to the ion plots 
and are not shown. For ease of viewing only one in ten of the 
simulation ions is plotted in Fig. 4. The development of a 
preformed gap (or region of low ion density) along the ef¬ 
fective cathode in the POS region is seen. Ions are acceler¬ 
ated across the preformed gap from the plasma to the effec¬ 
tive cathode. Referring back to Fig. 3, little or no electron 
current exists in the gap on the generator side of the 2-D 
sheath. Electrons emitted into the preformed gap from the 
effective cathode are thus strongly magnetically insulated 
until they reach the region of large radial current density (see 
Fig. 3) at the load side of the gap. In order to understand the 
process that creates this preformed gap, the potentials that 
develop in the plasma will be examined. 

Figure 5 shows a series of time snapshots of the electro¬ 
static potential contours that develop in the POS plasma just 
before POS opening. The minimum contour level is 75 kV 
with increments of 25 kV between contour levels. The devel¬ 
opment of a localized 2-D sheath near the cathode is seen. 
These contours should be compared with the current stream¬ 
lines of Fig. 3. Electrostatic potential contours are shown 
because the voltages that develop in the plasma during the 
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FIG. 3. Current streamline contours. The minimum contour level is 100 kA 
and the increment between contour levels is 100 kA. The initial plasma fill 
is between 0.5 cm=sz=si.5 cm. The figure shows the penetration of a wedge- 
like current structure near the effective cathode. 


conduction phase are predominantly electrostatic in nature— 
the inductive contribution is negligible. Notice that large po¬ 
tentials and potential gradients develop near the main elec¬ 
tron emission site at the effective cathode where the large 
current densities exist (see Fig. 3). The POS voltage (the 
A-K voltage in the POS region) is very close to zero while 
the POS is in the conduction phase (r^30 ns). In contrast, 
the sheath floats to potentials up to about 200 kV. These 
potentials are positive, indicating the presence of non- 
neutralized ion space charge. Because the electron emission 
site and the region of ion space charge are non-neutral and 


FIG. 4. Ion particle positions at various times. Only one in ten of the total 
number of simulation ions is shown. The opening of a gap and the progres¬ 
sive increase in its axial length is seen. 

because of its limited axial and radial extent, this phenom¬ 
enon is collectively referred to as the 2-D sheath. Just on the 
generator side of the main emission site, the potential con¬ 
tours form closed concentric loops that indicate a local maxi¬ 
mum. This portion of the 2-D sheath has been referred to as 
the potential hill. 11 Near the potential hill, large electrostatic 
electric fields draw electrons from the effective cathode, and 
also accelerate ions out of the hill, mostly toward the effec¬ 
tive cathode. The electrostatic fields also allow current- 
carrying electrons to EXB drift around the hill after they are 
accelerated radially across a fraction of the 2-D sheath. As 
ions are accelerated out of the hill, a region evacuated of 
plasma is left behind (see Fig. 4). The potential hill migrates 
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FIG. 5. Electrostatic potential contours before POS opening. These isopo¬ 
tential contours are shown in increments of 25 kV between contours with 
minimum contour level of 75 kV. Comparing with Fig. 3, the development 
of a potential hill immediately on the generator side of the main emission 
site is seen. The potential reaches a maximum of 200 kV at t= 3 ns. 


toward the load as new ions are uncovered on the load side 
to replace those accelerated out of the potential hill on the 
generator side. In this way, both the potential hill region and 
emission site migrate toward the load, leaving a preformed 
gap in their wake. For the cases examined in this paper, there 
is a rough correlation between the gap size, defined as the 
radial extent of the evacuated region, and the sheath size d 2D , 
defined as the radial distance between the effective cathode 
and the sheath potential maximum. By examining Figs. 4 and 
5 before opening (r<3.0 ns) it is found that, for this particu¬ 
lar case, the potential maximum is about 200 kV, the sheath 
size is about 0.7 mm, and the gap size is roughly 1 mm. 
Radial electric fields near the potential hill are close to 2-4 
MV/cm and current densities of emitted electrons of about 
0.8 MA/cm 2 are seen. 

The preformed gap size and potential hill are indepen¬ 
dent of the load because they form before the POS has any 
information about the load. As noted before, as the POS 
opens, further gap growth by enhanced erosion is possible 
especially in the case of nonzero impedance or large induc¬ 
tance loads. However, in this paper only the case of a short- 


circuit load is considered and, on the time scales considered 
here (few ns), no further gap growth is seen as the current is 
diverted to the load. Another consequence of the short-circuit 
load is that very little or no vacuum electron flow is launched 
downstream of the POS after it is opened. The effect of non¬ 
zero load impedance on further gap opening as well as power 
flow to the load 36 will be the subject of future work. 

The transition from the end of the POS conduction phase 
to the beginning of the POS opening phase in these simula¬ 
tions occurs when the 2-D sheath reaches the load end of the 
POS and is accompanied by a rapid rise in the load current. 
The opening transition can be best understood in terms of the 
rapid removal of the remaining ions out of the preformed 
gap. When the potential hill, or 2-D sheath reaches the load 
end of the POS, a block of ions still fills the radial extent of 
the gap at the load end. This block is small in axial length 
compared with the axial length of the POS. Initially there is 
enough ion space charge to allow electrons to flow across the 
gap so that no current reaches the load. As these ions are 
removed by the large electrostatic forces in the potential hill, 
insulation of the electron flow begins. Eventually all these 
ions are removed and the electron flow is magnetically insu¬ 
lated in the gap. 

In the simulation described above, the size of the pre¬ 
formed gap and the maximum potential that develops in the 
2-D sheath was found at one particular POS plasma density 
and current. To determine the scaling of the 2-D sheath po¬ 
tential, the sheath size, and the preformed gap size with den¬ 
sity and current, a series of numerical simulations were run 
with different plasma densities and currents at fixed effective 
cathode radius. At the current level of 1.2 MA, three differ¬ 
ent electron densities, 10 14 , 10 15 , and 5X10 15 cm“ 3 , were 
used for the initial plasma fill. For an initial plasma with 
electron density of 10 15 cm -3 , three different current levels 
were simulated, 600 kA, 1.2 MA, and 2.4 MA. The results of 
these simulations are shown in Table I. In each case, the 2-D 
sheath size that forms during the gap opening process is re¬ 
corded, together with the maximum potential that develops 
in the sheath structure near the effective cathode. A rough 
estimate of the preformed gap size, d ?Fy that develops in the 
plasma is also shown. The 2-D sheath size is much easier to 
identify than the preformed gap size because the location of 
the sheath potential maximum is well defined (see Fig. 5) 
while the boundary between the preformed gap and the 
plasma above it can only be approximated (see Fig. 4). Scal¬ 
ing of the sheath size and sheath potential with density and 
magnetic field are compared to simple analytic estimates in 
the next section. 

III. SCALING RELATIONS 

Attempts to understand the fundamental physical mecha¬ 
nisms underlying the formation of potential hills and some of 
their properties have been made in earlier work. 11,20,21,37 
Some qualitative similarity exists between the potential hills 
seen here and the 1-D potential structures found in simula¬ 
tions of plasma-filled diodes (PFD), 38-41 although the mag¬ 
netic field plays a more important role in the development of 
the 2-D potential hills. For simplicity, it is assumed in the 
following discussion that potential hills are magnetized 
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sheaths that develop near plasma/electrode interfaces. An ap¬ 
proximate scaling law for the magnitude and radial size of 
these sheaths can be derived from the following 1-D analy¬ 
sis. 

In this analysis, it is assumed that the ion background 
density at the electron emission site is roughly uniform. This 
is justified by the observation that as soon as a substantial 
number of ions are accelerated out of the sheath at one axial 
location, the sheath migrates axially into a region where ions 
have not yet moved. So even though ions are eventually 
accelerated, it is assumed that the sheath forms on a time 
scale short compared to the ion response time. Assuming 
space-charge-limited emission of electrons in a uniform, sta¬ 
tionary background of ions, a relation between the plasma 
ion density, n t , sheath potential, <p, and electron current den¬ 
sity, j e , can be found by a simple modification of the tech¬ 
nique developed by Child. 42 Poisson’s equation is integrated 
once in the relativistic limit using the boundary condition 
that the electric field vanishes at both ends of the sheath, 
yielding 


I e<plmc 2 \ 1/2 

+ e 9 lmc l l ' (1) 

where Z, e , c, and m are the ion charge state, electron 
charge, speed of light, and electron mass, respectively. For 
the purposes of deriving simple scaling relations and because 
the relativistic correction to Eq. (1) is not large for the cases 
considered in this paper, the nonrelativistic limit of the equa¬ 
tion above will be used. This relation is 


j e = 


rijZe 


lecp\ 1/2 

T7l ) 


( 2 ) 


where the term a v is a multiplier of the formula. A value of 
a 9 < 1 will be used later because empirically, electron mag¬ 
netization prevents electrons from achieving the maximum 
sheath potential. Notice that the term under the square root is 
the velocity of the electron beam accelerated in the full 
sheath potential, so Eq. (2) (with 0^=1) implies that the 
beam electron density after acceleration is half the original 
plasma electron density, n e ~n{Z. In the nonrelativistic limit, 
Poisson’s equation can be integrated once more to yield the 
following modification of the Child-Langmuir formula: 23,24 


77* 



2£\ 1/2 * 3/2 

m / d 2 


(3) 


where d is the radial sheath size and the multiplier a 9 is used 
as it was in Eq. (2). The current density in Eq. (3) (with 
a 9 =l) is 97 t 2 /16 times larger than the unipolar and about 
three times larger than the bipolar Child-Langmuir formu¬ 
las. Note that equating Eqs. (2) and (3) and solving for d 
yields an expression for the sheath size that scales like the 
Debye length with an effective temperature given by ecp . 

If it is assumed that the beam electrons carry all of the 
current and that the axial width of the current channel scales 
as the collisionless skin depth associated with the beam den¬ 
sity, then 



FIG. 6. The scaling of the maximum sheath potential as a function of the 
normalized parameter 5X10 4 B 1 fn e is shown. This parameter is the right- 
hand side of Eq. (6) with multiplication factors set=1.0. Simulation results 
of the potential are plotted, together with a straight-line fit of the data. 


._ l_ _ / nb \ 1/2 _f£_ 

Je 2irr c {a w c/to Pb ) \irmj 2a u ' 


(4) 


where B is the magnetic field at the effective cathode, n b is 
the beam density of the electrons in the current channel, <o pb 
is the plasma frequency associated with the beam, and is 
a multiplier of the collisionless skin depth. A value of a w > 1 
will be used because current channel widths seen in simula¬ 
tions are typically a few collisionless skin depths. Eliminat¬ 
ing j e from Eqs. (2) and (4), and assuming n b ^ZnJ2 [con¬ 
sistent with Eq. (2)], we find in Gaussian units that. 


B l 


<P S 


&irn b eaial ’ 
or in mixed units, B (G), <p (MV), n b (cm -3 ), 
5.OX 10 4 B 2 


<p(MV) s 


~a r ^ 

CD (p 


(5) 

( 6 ) 


The last approximation is obtained by again assuming that 
the plasma electron density, n e ^2n b . 

An estimate of the radial size of the 2-D sheath, d 2 d» can 
be made by assuming that the 2-D sheath scales as a multi¬ 
plicative factor, a D , times the 1-D sheath size from Eq. (3). 
A value of a D > 1 will be necessary to obtain agreement with 
simulation results. Combining Eqs. (2), (3), and (5) to find 
the 1-D sheath size in terms of B and n e , the following is 
obtained: 


d2o x ‘a D d=3.TX 10® ——— — . (7) 

n e 

The scaling relation derived from the 1-D analysis above 
for the voltage and sheath size are now compared to the 2-D 
simulation results. In Figs. 6 and 7, simulation results for the 
potential and sheath size are plotted, together with straight 
line fits of the data. An analytic expression for the straight 
line fit is given in each figure. The horizontal axis parameter 
in Fig. 6 corresponds to the right-hand side of Eq. (6) with 
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FIG. 7. The scaling of the 2-D sheath size as a function of the normalized 
parameter 3.7X 10® Bln t is shown. This parameter is the right-hand side of 
Eq. (7) with multiplication factors set= 1.0. Simulation results of the sheath 
size are plotted, together with a straight-line fit of the data. 

the multiplication factors set to 1. The horizontal axis param¬ 
eter in Fig. 7 corresponds to the right-hand side of Eq. (7) 
with the multiplication factors set to 1. Figure 6 demon¬ 
strates that the simulation data fits the scaling relations of Eq. 
(6) with the product 1. Checking with simulations, it 

is found that values of q^O.3, and a w *3 are typical. A 
value of a v < 1 may be a manifestation of the magnetization 
effect on the electrons since electron orbit bending in the 
magnetic field prevents them from penetrating to the core 
(maximum potential) of the potential hill region. (If they 
could reach the core, they would neutralize the ion space 
charge and the potential hill would cease to exist.) Assuming 
a^a^l, Fig. 7 demonstrates that the good agreement with 
simulation can be found with a D «3.5. Earlier MASK PIC 
code 43 simulations of the POS 29 in the lower density regimes 
ofn,=4X10 12 —10 13 cm 3 and with magnetic fields compa¬ 
rable to those used here obtained results that agree with the 
general scaling laws shown in Figs. 6 and 7 to within 20%. 

It should be noted that the simple analytic model de¬ 
scribed above is not unique. Arguments based on the as¬ 
sumption that the electron current density is related to elec¬ 
tron EXB drift can be used to derive the same scaling for the 
potential. Another method based on magnetic and electric 
pressure balance 44 can also be used to arrive at the scaling, 
<p^B 2 /n. These analyses, together with the model presented 
here, provide some confidence that basic plasma physics 
principles apply, but do not illuminate the fundamental 
physical origin of potential hills. 

IV. CONCLUSIONS AND DISCUSSION 

In a series of simulations of a POS coupled to a low 
inductance transmission line terminated with a short-circuit 
load, the formation of a gap in the plasma near the effective 
cathode is observed. This gap is associated with the devel¬ 
opment and migration of a localized 2-D sheath in the 
plasma during the POS conduction phase. The process of 
sheath formation and ion evacuation out of the sheath occur 
before information about the load or downstream transmis¬ 


sion line is available to the POS plasma, so that development 
of this preformed gap in the POS is independent of the load. 
The simulation results also differ from previous models of 
sheath and gap formation in that the sheath potential can be 
much larger than the POS voltage and that the preformed gap 
that forms is strongly insulated during the conduction phase. 
This suggests that the description of the initial gap formation 
process in previous models is not appropriate. Previously it 
was assumed that the gap forms during the POS opening 
process effectively starting with zero radial size at the end of 
the conduction phase. These simulations suggest that a pre¬ 
formed gap has formed at the end of the conduction phase, 
so that during POS opening a gap of nonzero size already 
exists. Because of the voltage that a load imposes on the 
POS, further gap growth can occur by the interaction of the 
POS with a nonzero impedance load if the electron flow in 
the gap is not strongly insulated. 

Scaling of the sheath and preformed gap with density 
and magnetic field shows that the maximum potential that 
develops in the sheath scales as <p (MV)=4X10 4 B 2 /n e , 
while the sheath size scales as d 2D (cm)*=10 9 B/« (> , where B 
is in G and n e is measured in cm -3 . The preformed gap size 
is up to a factor of two larger than the sheath size and scales 
similarly. These simulations show that when the POS is 
closely coupled to a short-circuit load, the vacuum electron 
flow launched by the fully opened POS is negligible and that 
the final gap is significantly larger than the critically insu¬ 
lated gap. The final gap is the same size as the preformed gap 
because of the proximity of the short-circuit load to the POS. 
The preformed gap represents the minimum gap size of the 
opening POS since POS/load interactions can drive this gap 
to larger sizes during opening by processes such as enhanced 
erosion. 

The results presented here extend previous short- 
conduction-time POS simulations in the n =10 12 -2X10 13 
cm density regime to the higher density regimes of 
10 I4 -5X 10 i5 cm -3 expected in long-conduction-time experi¬ 
ments. In the short-conduction-time POS simulations, the 
axial length of the POS plasma was 10 cm, the current rises 
to 250 kA in 80 ns, and the 2-D sheath structure migrated 
axially through the plasma on a time scale of 20-30 ns. 
These low-density simulations also showed the development 
of a 2-D sheath and a preformed gap. Scaling of the gap size 
and sheath potentials with magnetic field and density was the 
same as that reported here. 

For long-conduction-time POS experiments, a concep¬ 
tual model is presented describing the transition of POS dy¬ 
namics from the MHD-dominated conduction phase to the 
erosion-dominated opening phase. The simulations described 
here are intended to model the end of the conduction phase 
after MHD redistribution of the plasma. An assumption is 
made in this paper that the dense plasma at the cathode side 
of the density saddle in Fig. 1(c) can be modeled as a cath¬ 
ode (the effective cathode). More work is needed to verify 
this assumption. In future work the final stages of the POS 
conduction phase will be simulated using a density profile 
like that shown in Fig. 1(c), with a smaller density in the 
middle of the POS and much larger densities near the elec¬ 
trodes. These simulations could reveal problems with the ef- 
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fective cathode assumption. For example, gap opening may 
always occur at the actual cathode, not in the radial middle 
of the POS. Experimental observations seem to contradict 
this, and the scaling results of this paper suggest that a gap at 
the actual experimental cathode would be too small to hold 
off much voltage because of the large plasma density there. 

. In experiments, an inferred gap size 6 can be defined from 
the POS voltage and generator current at the time of peak 
load power by using a critical, 10 or saturated 28 current for¬ 
mula relating these three parameters. However, when the 
electron flow in the real gap is well insulated (unsaturated), 
the inferred gap size is related more closely to the electron 
gyro radius, or the electron sheath size within the gap, than 
the gap size itself. 45 Experimental studies on HAWK have 
been made of the parametric dependence of the inferred gap 
size on the load impedance. 6,46 In the switch-limited 
regime, 6,46 where the POS voltage is limited by the POS 
rather than the load, the inferred gap size is weakly depen¬ 
dent on the load impedance. In the load-limited regime, 6,46 
where the POS voltage is limited by the load impedance, the 
inferred gap size increases from a minimum size as the load 
impedance, Z L , is increased from 0 ft. As the load imped¬ 
ance increases further, the value of the inferred gap reaches a 
peak at the transition between the load and switch-limited 
regimes. For the POS parameters studied on HAWK (e.g., 
r c =2.5 cm, /=8 cm, conduction current 7=0.65 MA, con¬ 
duction time r=0.85 /zs), the inferred gas rises from a mini¬ 
mum of about 0.5 mm for a short-circuit load to about 3 mm 
for Z L >1.5 ft. The nonzero minimum inferred gap at zero 
load voltage results from the inductive voltage drop between 
the POS and the load (POS to load inductance **25 nH). 
Because the inferred gap size could be interpreted either as 
the real gap size or as the electron gyroradius within a larger 
gap, the inferred gap is a lower bound on the true gap size. It 
is therefore possible that in the load-limited regime, the true 
gap size remains close to its switch-limited value (i.e., it does 
not fall from 3 to 0.5 mm) as the load impedance decreases. 
This would suggest that the true gap size is only weakly 
dependent on the load impedance in the load-limited regime. 
The simulation results presented here provide one possible 
explanation of this interpretation by suggesting a mechanism 
for the formation of a gap that is independent of the load in 
the limit of low load impedances. 

Experimental values of the inferred gap 6,46 described 
above depend on the load impedance but seem insensitive to 
the effective density 6 during the POS conduction phase or to 
the corresponding conduction current. This is true despite a 
variation in the effective density from n <r =10 15 to 9X10 15 
cm" 3 (this corresponds to a variation in the conduction cur¬ 
rent from about 0.4 to 0.8 MA). During the conduction 
phase, the plasma is redistributed by JXB forces so that the 
plasma density in the region of opening at the time of open¬ 
ing could be considerably different from the effective density 
during conduction. The relationship (if any) between these 
two densities remains to be established. Neither of them has 
yet been directly measured. The axially line-averaged density 
throughout POS conduction and opening has been measured, 
but the effective axial length of the plasma during conduc¬ 
tion is inferred from the aperture limiting the axial length of 


the plasma injection region. The effective axial length of the 
plasma at opening is unknown. In Fig. 1, the plasma length 
as predicted by anthem when the POS is close to opening is 
almost an order of magnitude less than the initial plasma 
length. Using this, and assuming that the line-averaged den¬ 
sity at opening drops roughly 2 orders of magnitude from its 
value during conduction, 5,6,15 it can be estimated that the 
density at opening is on the order of /z c =10 l4 -10 15 cm” 3 . 
For assumed densities at opening in the range n € - 10 l4 -10 15 
cm” 3 , and with corresponding conduction currents ranging 
from 0.4-0.8 MA, the scaling relation of Fig. 7 (assuming 
the gap size= d 1D and that r c =5 cm) predicts preformed gaps 
ranging from 2.0-0.4 mm, respectively. This range of gap 
sizes gives an estimated range of preformed gaps that might 
be predicted by simulations; they should not be interpreted to 
suggest a gap size dependence on conduction density or con¬ 
duction current. Such a dependence would only hold if the 
density at opening were related to the effective density dur¬ 
ing conduction. If the simple estimates made above are valid, 
the predicted results from the scaling relation of Fig. 7 are 
reasonably close to the inferred gaps from experiments (d 
=0.5 mm at Z L =0 ft, <7=3 mm for Z L > 1.5 ft). 

Future work will study the relation between the effective 
density during conduction and the density at opening, the 
nature of the electron flow launched from the POS with more 
realistic load geometries, the effect of nonuniform density 
profiles and nonzero impedance loads on gap formation, and 
the validity of the effective cathode assumption. The scaling 
of the preformed gap with B and n e found here suggests that 
improvements in POS performance (i.e., larger gaps) would 
be obtained either with greater thinning of the plasma at the 
end of the conduction phase and/or with higher magnetic 
fields. It remains to be seen whether these parameters can be 
controlled independently in actual experiments, where ex¬ 
periments at higher magnetic fields (currents) also require 
higher injected plasma densities to obtain the appropriate 
conduction time. 
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Abstract 

Particle-in-cell (PIC) simulations are used to study the penetration of magnetic field into plasmas 
in the electron-magnetohydrodynamic (EMHD) regime. These simulations represent the first 
definitive verification of EMHD with a PIC code. When ions are immobile, the PIC results 
reproduce many aspects of fluid treatments of the problem. However, the PIC results show a 
speed of penetration that is between 10% and 50% slower than predicted by one-dimensional 
fluid treatments. In addition, the PIC simulations show the formation of vortices in the electron 
flow behind the EMHD shock front. The size of these vortices are on the order of the 
collisionless electron skin depth and are closely coupled to the effects of electron inertia. An 
energy analysis shows that one-half the energy entering the plasma is stored as magnetic field 
energy while the other half is shared between internal plasma energy (thermal motion and 
electron vortices) and electron kinetic energy loss from the volume to the boundaries. The 
amount of internal plasma energy saturates after an initial transient phase so that late in time the 
rate that magnetic energy increases in the plasma is the same as the rate at which kinetic energy 
flows out through the boundaries. When ions are mobile it is observed that axial magnetic field 
penetration is followed by localized thinning in the ion density. The density thinning is produced 
by the large electrostatic fields that exist inside the electron vortices which act to reduce the 
space-charge imbalance necessary to support the vortices. This mechanism may play a role 
during the opening process of a plasma opening switch. 



I. Introduction. 


Magnetic field penetration into plasma is one of the most fundamental issues studied in 
plasma physics. Although the results of this paper are presented in the context of the plasma¬ 
opening switch (POS), the results have a wide range of other applications including space 
plasmas, fast Z-pinches, charged particle beam propagation in plasmas, 5,6 and basic laboratory 
experiments . Much of the early work on this subject was performed within the realm of 
magnetohydrodynamic (MHD) theory where ions move under the influence of JxB forces and 
magnetic field is convected with the ion fluid. 8 In this case, the characteristic ion speed is given 

by the Alfven speed, V A = B / (47tnjmj ) l/2 , where B is the magnetic field strength, n; is the ion 
density, and m; is the ion mass. If the plasma is collisional, magnetic field can penetrate due to 
resistive diffusion at a rate given by V D = c 2 ri / (4 icL d ) , where c is the speed of light, r| is the 
resistivity (arising from either classical or anomalous collisions), and L D is the characteristic 
diffusion length. Recent theoretical studies have shown that magnetic field can penetrate into 
initially unmagnetized plasma on a time scale faster than either the Alfven speed or resistive 
diffusion. This penetration results from the addition of the Hall electric field in Ohm’s law in 
ideal MHD theory. In this case the magnetic field is convected with the electron fluid with a 
characteristic speed given by V H = cB / (47tn e eL H ), where n e is the electron density, e is the 
magnitude of the electron charge, and L H is the characteristic scale length for Hall penetration. 
The ratio of the ^Alfven speed to the Hall speed can be written as V A /V H =L H /(c/(Dpj), where 
<Opi=(47tZnie7mi) ,/2 is the ion plasma frequency and c/tOpj is the collisionless ion skin depth. 
Therefore, Hall penetration is faster than magnetic field convection due to ion motion when the 
characteristic Hall length is small compared with the ion collisionless skin depth. Similarly, it 
can be shown that Hall penetration is faster than resistive diffusion provided v< Q e L D /L H where 

v is the collision frequency, Qe=eBo/m e c is the electron cyclotron frequency, and me is the 
electron rest mass. 

This paper presents the first verification of Hall penetration using the particle-in-cell 
(PIC) method. The stimulations are performed using the MAGIC code developed at Mission 
Research Corporation. “ Many of the earlier studies of Hall penetration were performed with a 
fluid approach with various approximations. 13,14,15,16 Some of the approximations that are 
necessary to close the fluid equations, such as the form for the pressure tensor and the equation of 
state, make solutions of the fluid equations questionable. In addition, much of the past work 
required a small amount of collisionality to remove singularities. However, even this small 
amount of collisionality can lead to difficulties. For example, a small amount of collisionality 
can lead to unphysically large plasma heating for the drive currents expected in a POS. The PIC 
method can provide answers to these questions since it is a collisionless, kinetic approach, that 
requires no assumptions regarding the pressure tensor or plasma equation of state. When there 
are no collisions, it would be interesting to understand how energy is partitioned between 
magnetic field energy and internal plasma energy. 

Previous PIC simulations of gap formation in the POS have shown evidence of magnetic 
field penetration and vortices in the electron flow during the gap formation process. 17 However, 
because several competing mechanisms associated with ion motion occur simultaneously, it has 
been difficult to verify that this penetration is connected to the Hall effect. Vortices ’in the 

electron flow have also been predicted analytically 18,19,20,21 and observed with the two fluid code 
Anthem . 




The PIC results presented in this paper show that vortices in the electron flow accompany 
magnetic field penetration and these vortices are a natural consequence of the electron inertia. 
These vortices are similar in many aspects to the vortices observed in PIC simulations of vacuum 
electron flow in magnetically insulated transmission lines (MITL). 23 Much of the theory 
developed in Sec. II applies to vacuum flow in MITLs as well. 

The outline of the paper is as follows. In Sec. II a brief discussion of the fluid treatment 
of Hall penetration is presented as well as some of the key results from the fluid approach. In 
Sec. HI results are presented from several PIC simulations that show magnetic field penetration 
into the plasma. It is shown that the observed penetration agrees very well with the fluid 
description in many aspects. However, the PIC simulations also show paramagnetic vortices in 
the electron flow and the penetration speed is slower than that predicted by the fluid theory. 
Section IV presents a detailed discussion of the partition of energy in the plasma between 
magnetic energy, thermal and directed electron energy, and energy loss to the boundaries. 
Because the main concern of the paper is the regime where Hall penetration dominates (Lh « 
c/cflpj), the ion mass is taken to be infinite for much of the paper. However, the role of ion motion 
is addressed in Sec. EH by comparing simulation results for a case where ions can move with the 
case where ion mass is infinite. 

II. Fluid theory of magnetic field penetration into plasmas due to the Hall electric field. 

In this section, the theory of magnetic field penetration into a plasma is presented using a 
fluid approach. To get a solution to these equations it is necessary to make several questionable 
assumptions regarding the form of the pressure tensor, the role of displaceriient current, and the 
importance of electron inertia. As the basic equations for magnetic field penetration are 
developed, the key assumptions of the fluid approach are highlighted and compared with the 
physics contained in the PIC approach. In addition, the main results of the fluid theory are 
developed for comparison with the PIC simulations presented in the next section. 

The geometry considered in this paper is that of the plasma opening switch shown in 
Fig. 1. In this geometry, a plasma of axial length / is placed between the anode and cathode of a 
coaxial transmission line. Current (Iq) is driven through the plasma in the form of a transverse 
electromagnetic (TEM) wave that is applied from the left boundary. In the analysis presented 
below azimuthal symmetry is assumed and only the TM mode set is retained with field 
components E r (r,z,t), E z (r,z,t), and Be(r,z,t). 

The evolution of the electron fluid is governed by the continuity and momentum balance 
equations which are given by 
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where y = (l-V e / c ) is the relativistic mass factor, V e is the electron fluid velocity, P is 
the pressure tensor, and J is the current density. In fluid treatments it is common to neglect the 
off diagonal terms in the pressure tensor and treat the pressure as a scalar. Since the PIC method 
allows for orbit crossings, no assumption regarding the form of the pressure tensor is needed. 
PIC simulations of the POS have shown that the off diagonal terms can be important in regions 
of the plasma where there is magnetic field penetration. 24 
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In this last equation D / Dt = a / 3t + V e • V is the convective derivative, p is the scalar pressure 
£VeBe/meC is the electron cyclotron frequency, and C0e=(Vx Y V e ) e is the electron fluid vorticity 
l scalar P ressure “ a function of the density, then the first term on the right hand side of Eq 
(4) is zero. If collisions are also ignored, then Eq. (4) describes the constancy of I7n e r along an 
e ectron trajectory, where T- (Oe-Q e is the generalized electron vorticity. For example the 
electrons m the plasma prefill are initially unmagnetized and at rest so that their initial 
generalized vorticity is zero. As magnetic field penetrates into the plasma these electrons seek 
regions of the plasma that keep their generalized vorticity zero along their trajectory 

The appearance of vorticity in solutions to the fluid equations is a direct consequence of 
e ec ron inertia. In much of the previous work on Hall theory, electron inertia is ignored. This is 
equivalent to assuming that electrons are ExB drifting and results in the neglect of the fluid 
vorticity (coe-0) in Eq. (4). When electron inertia is ignored, Eq. (4) can be written as 25 

D.feO = n 

Dt(n e r 2 J ’ (5) 

?! P' ess " re u and coIlision terms have been dropped. Equations (4) or (5) apply regardless 
f the details of the ion motion. Therefore, they are appropriate not only to electron flows in 
plasmas but also apply to vacuum electron flows in magnetically insulated transmission lines. If 
there !s ion motion, then the electron density will evolve in a complicated manner as ions 
redistribute themselves. If the electron fluid remains in quasi-equilibrium, then Eq. (5) implies 

at the electron fluid will evolve to keep r£Vn e r 2 constant along the electron trajectories as the 
ion density evolves in time. 

assumf* 1 ? (EMHD) it is customary to ignore ion motion and 

assume that he plasma is space charge neutral (n^ZnO. This simplifies the fluid equations 
cause the electron density is constant and determined by the initial ion distribution. With these 
assumptions, an equation describing Hall penetration can be derived by expanding the convective 
envaive m q. (5) and using Ampere’s Law (displacement current is neglected) to eliminate 

the electron fluid velocity (V e = V x B). This equation can be written as 


0B e 

crB 0 ( 

at 

47ie 


VrB e xV- 


1 




Zn ; r^ 


= 0 




( 6 ) 


^r^coitoum? 26 ^ SOlUti ° n t0 Eq ' (6) PrCdiCtS 3 Sh ° Ck W3Ve f ° r rBe WhiGh P r °P a § ates the 

As a special case of Eq. (6), consider the situation where the ion density is independent of 
z li e. ni(r,z)-nj(r)]. In this case the Znjr 2 contours are parallel to the z axis and shock 
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propagation is expected to occur in the z direction. For this special case, Eq. (6) can be 
expressed as 13 

3B e cBq dB 9 

——---- = 0 (7) 
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where 


L H =^(l/Znir 2 )d(Znjr 2 )/dr 


( 8 ) 


is the characteristic length for Hall penetration. The penetration speed of the shock front can be 
expressed as 13,27 


V H (r) = a C( rBe) 

H 47tZ ni erL H 


(9) 


where a is a constant on the order unity that depends on the time dependence for the applied 
current, Io(t)=crBe(r,z=0,t)/2. Two cases of practical importance include the constant applied 
current and the linearly rising current for which ot=l/2 and 3/8 respectively. 

It is important to note that magnetic field will penetrate only in regions of plasma where 
the Hall speed is positive. When Vh ^ 0, Eq. (7) predicts evanescent waves that do not 
propagate. Furthermore, if the plasma is initially magnetized then expulsion of magnetic field is 
expected in regions where Vh ^ 0. 15,22 For a POS in negative polarity (-rBe>0), Eq. (7) predicts 
magnetic field penetration in regions where dfZnjr^/dr > 0. Exclusion of magnetic field is 
expected in regions where d(Zn;r 2 )/dr < 0. In positive polarity (rBe>0) the regions of penetration 
and exclusion are reversed. In general it can be shown that magnetic field penetration occurs in 
the BxV(Zn;r 2 ) direction. 16 
HL Simulation Results 

Since Hall penetration dominates ion motion when Ln/fc/tOpi) « 1, ion motion is 
assumed negligible in the majority of this section by taking ions to be infinitely massive. The 
role of ion motion will be addressed later in this section by comparing the infinitely-massive-ion 
case with a case where the ions can move. 

One of the fundamental weaknesses of the PIC method is the so called “grid” instability 
that produces numerical plasma heating. This instability saturates when 11 

?i D ~Ax/7t , (10) 

where Ax is the grid size, A,D=(kBT e /47m e e 2 ) 1/2 is the plasma Debye length, kg is the Boltzmann 
constant, and T e is the electron temperature. Artificial plasma heating from the grid instability 
severely limits the plasma densities that can be accurately simulated with the PIC method. To 
limit the numerical heating to 10-100 eV, grid sizes of 0.005 to 0.01 cm were used with plasma 
densities ranging between 10 12 cm' 3 and 3x10* 3 cm' 3 . For these densities the electron mass was 
reduced from the normal electron mass to keep the collisionless electron skin depth small 
compared to the dimensions of the plasma (typically a few cm). At the end of this section, it is 
demonstrated that the results from the reduced electron mass are equivalent to those with normal 
electron mass and a corresponding higher magnetic field and electron density. 

The simulations presented in this section are set-up as shown in Fig. 1. Space-charge- 
limited emission of electrons is allowed from the entire cathode surface. The emitted electrons 
are given an initial velocity of 10 8 cm/s. This corresponds to an initial energy of energy of about 
3 eV. Plasma is loaded between z=2 cm and z=5 cm between the cathode radius of r c =2.5 cm 
and the anode radius of r a =5.0 cm. A linearly rising current ramp with dlo/dt=10 kA/ns is 
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applied on the left hand boundary. The electron mass used in these simulations was 1/10 the 
normal electron mass. Two slightly different density profiles were used. These profiles are 
shown Fig. 2a. The first profile is a parabolic density profile with the minimum density of 
10 cm' at r=3.75 cm rising to 3xlO I3 cm' 3 at the electrodes. For this density profile the 
characteristic Hall scale length is 0.2 cm. The second profile is a uniform-parabolic profile that 
is uniform^at 10 cm between the cathode and r=3.75 cm and then rises parabolically to 
3x10 cm at the anode. The instantaneous Hall speed profiles for these two density profiles in 
negative polarity (-rBe>0) are shown in Fig. 2b. Recall from the discussion in Sec. II that 
magnetic field penetration is expected only in regions where the Hall speed is positive. 
Therefore, exclusion of magnetic field is expected for r<3.75 cm in negative polarity for the 
parabolic profile. Magnetic field penetration is expected for r>3.75 cm with maximum 
penetration occurring near r=4 cm. In positive polarity the regions of penetration and exclusion 
are reversed. For the uniform-parabolic profile, magnetic field is expected to penetrate the entire 
plasma in negative polarity. Since the regions of penetration and exclusion are reversed in 
positive polarity (rBg>0), no magnetic field penetration is expected in positive polarity for the 
uniform-parabolic profile since the Hall speed profile is negative everywhere. 

The fluid theory of Hall penetration is tested with several PIC simulations. One of the 
most useful diagnostics from these simulations are the contours of rB e (r,z). From Ampere’s Law 
rB e (r,z) is proportional to the current enclosed within a radius r at axial location z and which is 
expressed as I(r,z)=27trBe(r,z)/(io. With this definition, the difference between the contour levels 
of I(r,z) represents current flow in the plasma parallel to the contours. 

Current enclosed contours at t=2 ns are shown in Fig. 3 for the parabolic profile in 
negative polarity. As predicted, rapid magnetic field penetration takes place at a radial position 
where the maximum Hall speed occurs and no magnetic field penetration takes place in regions 
where the Hall speed is negative. Simulation results (not shown) also show that the regions of 
penetration and exclusion are reversed in positive polarity. However, the penetration speed 
predicted by the PIC method is about 50% slower than predicted by fluid theory. A one 
dimensional analysis of Eq. (4) indicates that electron inertia does not change the penetration 
speed. Therefore, it is speculated that the slower penetration is caused by either strong two- 
dimensional effects or by the effects of electron pressure that are not included in the fluid 
analysis. 

Figure 4 shows the current enclosed contours for the uniform-parabolic density profile in 
positive polarity. As predicted by theory, no magnetic field penetration into the bulk plasma 
deeper than a collisionless skin depth is observed. Rapid penetration of magnetic field is 
observed at the anode in both Figs. 3 and 4. Anode penetration occurs because the conductor 
boundary condition (E||=0) causes electrons to ExB drift parallel to the anode. 29 Therefore, this 
penetration is strongly coupled to the anode boundary conditions and is different from the Hall 
penetration observed in the body of the plasma. 

Figure 3 also shows that magnetic field penetration is accompanied by a train of vortices 
in the electron flow. The radius of the vortices is about 0.25 cm which is comparable to both the 
characteristic Hall scale length (Lh) and the collisionless skin depth (c/cOpe). Magnetic flux is 
compressed inside each vortex producing eddy currents in the center that are larger than the drive 
current. A one-dimensional analysis of Eq. (4) predicts oscillations in the magnetic field behind 
the shock front that can also be larger than the drive field. 28 The wavelength of these oscillations 
is proportional to the collisionless electron skin depth. 
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The center of a vortex is charged positively which is produced by a reduction in the 
number of electrons in the center of the vortex. This space charge imbalance produces an electric 
field that allows the electrons to ExB drift in a counter-clockwise direction around the positively 
charged center. The detailed electron dynamics inside a vortex is beyond the scope of this paper. 
However, since the vortices are observed to be paramagnetic, the conservation of generalized 
vorticity prohibits the vortices from being comprised entirely of electrons from the plasma prefill 
when pressure and collision terms are neglected in Eq. (4). To see this assume the that pressure 
term can be neglected so that T=0 for the electrons in the plasma prefill. For these electrons 

(Vx yV e ) e = Q e . (11) 

If Eq. (11) is integrated across the area of a vortex then it is possible to write 

R 

RY(R)V 9 (R) = Jn e R'dR' , (12) 

0 


where R is vortex radius, and <p is the coordinate direction around the vortex. Since £2e<0 in 
these simulations, Eq. (12) predicts that V<p<0. This direction of rotation is such as to produce 
diamagnetic vortices. However, the vortices are observed to be paramagnetic which implies that 
our assumption that the pressure term is negligible and the vortices contain only electrons from 
the initial plasma prefill is false. Therefore, either the pressure terms are important or the 
vortices must contain a sufficient number of emitted electrons with positive initial generalized 
vorticity. These issues will be investigated in a future paper. 

To better understand the role of ion motion, a simulation was run with the parabolic 
density profile in negative polarity and an ion mass !4 the proton mass. For this choice of 
parameters, c/ce>pj=8 cm at the radial position where the most rapid penetration of magnetic field 
is expected. Because c/g^^Lm the simulation is still in a regime where Hall penetration is 
expected to dominate. The current enclosed contours for this simulation at t=2 ns are shown in 
Fig. 5. Figure 5 demonstrates that, when ions can move, the vortices exhibit a smaller degree of 
paramagnetism than the infinitely massive case shown in Fig. 3. In the simulations depicted in 
Fig. 3, the maximum electric field in a vortex at t=2 ns is 250 kV/cm. This electric field is 
sufficient to move ions several mm in this time and thus significantly reduces the space charge 
imbalance necessary to support the vortices. Magnetic field penetration followed by the removal 
of ions due to the electrostatic forces has been shown to lead to gap opening in a POS. 17 The 
details of this process and the role of the Hall electric field will be the subject of a future paper. 

As mentioned above, the size (radius) of the vortices in Fig. 3 is comparable to both the 
collisionless skin depth and the characteristic Hall scale length. It is of interest to understand 
whether the vortex size scales with the characteristic Hall scale length, Lh, or the collisionless 
electron skin depth, c/cOpe. To examine this question, a simulation was run with a density profile 
for which the Hall speed is independent of r. This profile is given by 
.2 
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where 0 < f < l/ln(r a /r c ) is a parameter that sets the Hall speed. The penetration speed for the 
density distribution given by Eq. (13) can be written as 
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where a is defined in the text following Eq. (9). The solid curve in Fig. 6 shows the density 
pro 1 e or f—1/2, r c —1 cm, r a —5 cm, and n c =5xl0 12 cm For this choice of parameters the 
characteristic Hall scale length is about 2 cm while the collisionless electron skin depth is about 
0.3 cm. The density profile used in the simulations is given by the dashed curve in Fig. 6 which 
shows a slightly modified density distribution near the cathode. This slightly altered profile was 
chosen to avoid problems associated with magnetic field penetration right at the cathode 
boundary. Since d(Znr)/dr < 0 near the cathode, field penetration is not expected there. The 
simulations for the density profile shown in Fig. 6 were done in negative polarity with an 
electron mass 1/90 the normal electron mass. The applied current rose from 0 to 5 kA in 
approximately 1.5 ns and then was held constant. 

The current enclosed contours at t=5 ns and t=10 ns from a simulation with the density 
profile depicted m Fig. 6 are shown in Fig. 7. The current enclosed contours at t=5 ns (Fig. 7a) 
show the formation of a line of vortices along the plasma/magnetic field boundary. Each of these 
vortices has a diameter of about two collisionless electron skin depths. These results show that 

&1Z u SC f leS Wlth c/t0pe and not L »- The penetration speed in this simulation is only 
10% slower than that predicted by fluid theory. The current enclosed contours at t=10 ns (Fim 7 
b) show that this initial line of vortices propagates into the plasma at approximately the same 
axial speed. As the initial line of vortices propagates into the plasma, additional lines of weaker 
vortices form along the plasma/magnetic field boundary. Each line of the additional lines of 
vortices propagates with the same axial speed as the initial line of vortices but exhibit a smaller 
degree of paramagnetism. Notice that the vortices drift slightly radially upward as they propagate 

into the plasma. This radial drift may be caused by either interactions with other vortices or by 
interactions with a boundary. 


The simulations presented thus far have been with an electron density that is much 
smaller than those expected in a real POS. This density was chosen to keep the numerical 
plasma temperature as low as possible. In addition, the electron mass was reduced to keep the 
electron collisionless skin depth small compared to the size of the plasma. In the remainder of 
this section it is demonstrated that the simulations with reduced density, magnetic field and 
electron mass are essentially equivalent to simulations with normal electron mass with density 
and magnetic field increased by K=nVm where m is the artificially light electron mass. That this 
is true can be seen by multiplying Eqs. (l)-(3) and Ampere’s Law by 1/k. These new equations 
describe the dynamics of a species with mass m=m./K. The dynamics of this new species is 
unchanged provided the drive magnetic field and density are increased by the factor 1/k. 

The relative importance of the numerical plasma heating can be estimated by comparing 
the electron velocity in the current channel with the thermal speed. To first order the electron 
speed in the current channel can be estimated from Ampere’s Law to be 
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where it has been assumed that the width of the current channel in the plasma is c/ca*. The ratio 
of the electron speed in the current channel to the electron thermal speed [V, h =(2k B T/me) 1/2 l can 
be written as 
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Equation (16) shows that the relative importance of numerical plasma heating is small provided 
the ratio of kinetic pressure to magnetic pressure is small. It is important to note that, for a fixed 
grid, the numerical temperature is proportional to the density [see Eq. (10)]. Therefore, the 
relative importance of numerical plasma heating is unchanged if B and n e are increased by the 
same factor. 

To test these ideas a simulation was run with the density profile given by Eq. (13) using 
normal electron mass, n c =4.5xl0 14 cm' 3 , and Ig=450 kA. This simulation should be similar to 
the simulation with m=me/90, n c =5xl0 12 cm' 3 , and Ig=5 kA shown in Fig. 7. Current enclosed 
contours for this simulation at t=5 ns and 10 ns are shown in Fig. 8. Although there are minor 
differences between the simulation results depicted in Figs. 7 and 8, the size of the vortices and 
the speed of penetration remain unchanged. This shows that the simulations with reduced 
electron mass are essentially equivalent to simulations with normal electron mass with a 
corresponding higher density and magnetic field. 

IV. Energy considerations. 

It is of considerable interest to investigate the flow of energy as the magnetic field 
penetrates into the plasma. For the simulations described in this paper, conservation of energy 
over the plasma volume can be expressed as 

Ein=Eb+Ee+Ep+E a (17) 


where E IN = — [dt f E x B • ndA is the energy flowing into the plasma through the generator 
4rc J J 


boundary, Eb = J-^d 3 x is the magnetic-field energy, E e = J d 3 x is the electric-field energy. 


8tt 


Np Na 

Ep = 2^(Yi -l)mc 2 is the total internal energy of the plasma, E A = ^(y ; - l)mc is the 
i=l i=l 


particle energy that flows out through the anode, N p is the number of plasma particles in the 
simulation at time t, and N A is the total number of particles leaving the volume through the 
boundaries. For the simulations described here, the energy flow out of the plasma occurs by the 
electrons in the current channel that flow to the anode. Terms describing the flow of 
electromagnetic energy out of the plasma and the flow of particle energy into the plasma from the 
cathode have been omitted in Eq. (17) since the simulations show that these terms are negligible. 

For an applied current that is constant in time the Hall model predicts that the rate at 
which energy flows into the plasma is 30 


dE 


IN 


dt 


-fJ 


Et B e rdr=i&M> 
r 9 167tZen. 




v 


_ r 2 


(18) 


It can also be shown from fluid theory that half the energy that flows into the plasma goes into 
magnetic field energy. 31 The other half of the energy that flows into the plasma is either 
dissipated in the plasma or flows out of the plasma to the boundaries. In Ref. 31 it was shown 
that, if there is a small amount of resistivity, electrons are heated in the shock front where large 
magnetic field gradients exist. In this case the dissipated energy stays in the plasma and goes 
into electron thermal motion. For the parameters expected in a POS, this picture would lead to 
unrealistically large electron temperatures. Therefore, it is likely that a large fraction of the 
energy is convected out of the plasma to the anode by the electrons in the current channel. 32 ' 33 In 
addition to plasma heating and convection to the anode, the simulation results shown in Figs. 3, 
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7, and 8 show that energy can also go into the electron vortex motion (i.e. the kinetic energy 
associated with the electron rotation around the center of a vortex). 

The partition of energy for the simulation depicted in Fig. 7 is shown in Fig. 9. It is well 
known that PIC codes do not exactly conserve energy. 11 In this simulation great care was taken 
so that energy conservation was obeyed to within 10%. As Fig. 9 shows, nearly half the energy 
that flows into the plasma goes into magnetic field energy. The majority of the remaining energy 
is convected to the anode by the electrons in the current channel. However, Fig. 9 also shows 
that a significant amount of energy goes into increasing the internal plasma energy. The internal 
plasma energy appears primarily in the form of vortices. The internal plasma energy initially 
rises rapidly as the initial line of vortices is created but increases much more slowly once the 
initial vortices get established. Once the initial line of vortices is established, the rate at which 
energy is convected to the anode is about the same as the rate at which magnetic energy increases 
in the plasma. The electric field energy is not shown in Fig. 9 since the simulations show it is 
much smaller than both the magnetic field energy and the internal energy of the plasma. In 
Sec. m it was shown that large electrostatic electric fields exist inside a vortex. However, the 
total electrostatic energy associated with this field is small because IE I/IB I ~ IV e l/c < 1 inside a 

vortex and the electric field is confined to this region which occupies only in a small fraction of 
the entire plasma volume. 

V. Conclusions 

This paper has used a PIC code to demonstrate fast magnetic field penetration into a 
plasma associated with the Hall term in fluid theory. This is an improvement over traditional 
fluid treatments since the PIC method makes no a priori assumptions about the plasma equation 
of state, form of the pressure tensor, or the importance of displacement currents. In addition, 
fluid treatments generally require a small amount of collisionality to remove singularities in the 
solutions. Since the PIC technique is inherently collisionless, the PIC results described in this 
paper treat the collisionless transport of magnetic field into the plasma. 

The simulations reproduce many aspects of magnetic field penetration that are consistent 
with fluid treatments. However, the speed of penetration observed in the simulations is 
somewhat slower than analytic estimates. This is caused by either strong two-dimensional 
effects or by the effects of the pressure tensor ignored in the fluid analysis. The simulations 
show the formation of vortices behind the EMHD shock front that are a natural consequence of 
electron inertia. These vortices are paramagnetic in nature and their size is a few collisionless 
electron skin depths. 

Most of the results described in this paper are for the case of infinitely massive ions. 
When ions can move, axial magnetic field penetration is followed by ion motion produced by the 
large electrostatic force that exists in the center of a vortex. In this case, the vortices in the 
electron flow are much weaker since the ion motion acts to reduce the space-charge separation 
that is necessary to support the vortices. The reduction of ion space-charge in regions where the 
magnetic field penetrates may also lead to gap formation in a POS. 

It is observed that half the energy flowing into the plasma goes into magnetic energy. 
The majority of the remaining energy is convected to the anode by the electrons in the current 
channel. A significant amount of energy also goes into the internal energy of the plasma while is 
the initial line of vortices are being established. However, once the initial line of vortices is 
created, very little additional energy appears as internal plasma energy and the rate at which 



energy is convected to the anode is approximately the same as the rate of increase in the magnetic 
field energy in the plasma. 
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Figure 1: The geometry used in the simulations is that of the plasma opening switch. 

Figure 2: (a) The parabolic and uniform-parabolic density profiles used to demonstrate EMH 
effects in a PIC code, (b) The Hall speed profiles for the density profiles shown in Fig. 2a. 

Figure 3: Current enclosed contours (I=-27trB 9 /|io=constant) at t=2 ns in negative polarity for the 
parabolic density profile. The contours are normalized so that the units are kA with Ic=20 kA 
and an interval of 4 kA between contour levels. 

Figure 4: Current enclosed contours (I=27trBe/|io=constant) at t=2 ns in positive polarity for the 
uniform-parabolic density profile. The contours are normalized so that the units are kA with 
Ig= 20 kA and an interval of 4 kA between contour levels. 

Figure 5. Current enclosed contours (I=-2jtrBe/|io=constant) at t=2 ns in negative polarity for a 
case where ions can move (c/t0pi=8 cm) with the parabolic density profile. The contours are 
normalized so that the units are kA with Ig=20 kA and an interval of 4 kA between contour 
levels. 

Figure 6: The density profile for which the Hall speed is independent of r. The solid curve is the 
density profile described by Eq. (13). A slightly modified version of this profile near the cathode 
given by the dashed curve was used in the simulations. 

Figure 7. Current enclosed contours (I=-27trBe/|io=constant) at (a) t=5 ns and (b) t=10 ns in 
negative polarity for the density profile depicted in Fig. 6. The contours are normalized so that 
the units are kA with Ig= 5 kA and an interval of 1 kA between contour levels. 

Figure 8. Current enclosed contours (I=-27trBe/(io=constant) at (a) t=5 ns and (b) t=10 ns in 
negative polarity for the density profile given by Eq. (13). These results are for normal electron 
mass with the density and applied magnetic field scaled up by a factor of 90 over that used in 
obtaining the results shown in Fig. 7. The contours are normalized so that the units are kA with 
Ig= 450 kA and an interval of 90 kA between contour levels. 

Figure 9. The partition of energy in the plasma for the simulation shown in Fig. 7. The energy 
flowing into the plasma is E in , the magnetic energy is Eb, the energy convected to the boundary 
by electrons is Ea, and the internal plasma energy is E p . 
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We introduce an algorithm for controlling unstable states of a spatiotemporal system modeled by a 
time series. Control is achieved by adjusting an external parameter at the boundary. Our time series is 
taken as the concentration from an experiment modeled by a reaction-diffusion system. It is shown that 
unstable states can be maintained by performing fluctuations of the concentration at the boundaries, 
while monitoring the dynamics from an interior spatial point. 
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L INTRODUCTION 

Recent developments in the theory of nonlinear 
dynamical systems have provided experimentalists with 
new tools for exploring a wide range of aspects in the dy¬ 
namics of real systems based on analyzing a single time 
series. Methods such as embedding techniques allow one 
to reconstruct the geometric model of the attractor and 
recover all its essential properties from time series mea¬ 
surements alone [1,2]. These methods have led to a con¬ 
trol algorithm [known as the Ott-Grcbogi-Yorke (OGY) 
algorithm)] for stabilizing unstable orbits inside a chaotic 
attractor [3] by applying small, carefully computed per¬ 
turbations of an accessible system parameter. 

Recently, the authors have designed an algorithm that 
stabilizes unstable orbits and also tracks them as a func¬ 
tion of a system parameter, thus extending the region 
over which control can be achieved [4]. This algorithm 
also applies to the time series itself and makes use of 
embedding techniques. As the parameter is varied, con¬ 
trol is maintained by a predictor-corrector technique. 
The correction step incorporates the OGY technique or 
any analogous form of linear control. The tracking algo¬ 
rithm was implemented for maps as well as flows, and has 
been successfully applied to experiments [5,6]. 

Tracking an unstable state of spatiotemporal processes 
usually modeled by partial differential equations is also 
possible and will constitute the subject of a future paper. 
Tracking and control along unstable branches as a func¬ 
tion of a parameter can lead to interesting new stable pat¬ 
terns that do not form spontaneously in an experiment 
[8], possibly leading to new experimentally realizable re¬ 
gimes. As a first step in this direction, we present a 
method of stabilizing an unstable state, which achieves 
control spatially as well as temporally. The method is ap¬ 
plied to a reaction-diffusion system that models pattern 
formation in Couette flow reactors. This system exhibits 
both small amplitude chaos and chaotic bursting [7]. 
Our goal is to stabilize an unstable periodic orbit when 
the dynamics exhibits periodic bursting or chaotic 
behavior. 

In our method, the numerical solution of the system is 
generated by a partial-differential-cquation (PDE) solver. 


and control is applied by adjusting the boundary data re¬ 
ferencing the dynamics at a fixed spatial point. We simu¬ 
late the solution from an experiment where only the time 
series at a spatial point is accessible. 

IL MODEL 


We consider the following one-dimensional reaction- 
diffusion system: 

9 -/(«)] , 

(la) 


a t a * 2 


dv d 2 v 


~ + a, x€E[0,l], 

3f ax 2 

subject to Dirichlet boundary conditions. 


u(x =0,0)=u o , v(x =0,0)=u 0 * 

(lb) 

tt(x =l,0) = l/ 0 , u(x =l,0) = u 0 . 

The reaction term is a two-variable Van der Pol-like 
equation, which accounts for the excitable bursting char¬ 
acter of the dynamics. We remark that in the absence of 
diffusion, chaotic solutions are not possible. 

This is a formal model that does not completely meet 
the experimental conditions and the requirements of 
chemical kinetics laws in the Couette flow reactor. How¬ 
ever, it reproduces most of the phenomena associated 
with the observed front patterns in a chlorite-iodide reac¬ 
tion [7]. The interaction of reaction and diffusion terms 
gives rise to a variety of sustained patterns such as sta¬ 
tionary periodic structures, nonlinear waves, or chaotic 
spatiotemporal structures of large amplitude. In [9], nu¬ 
merical evidence for chaotic intermittent bursting was re¬ 
ported and analyzed taking the transport rate D as a bi¬ 
furcation parameter. In our study, we noticed extreme 
sensitivity of the solution with respect to the diffusion 
coefficient D as well as with respect to a, which did not 
allow the use of these parameters for control. (Changes 
in the seventh significant digit were sufficient to change 
the attractors.) Instead we looked at the solution as one 
of the Dirichlet boundary conditions is varied and ob¬ 
served transition to chaos via an intermittency route, the 
details of which will be presented elsewhere. 
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ILL ALGORITHM 

The algorithm we present is meant for stab iliz i n g un¬ 
stable orbits of a spatiotemporal process modeled by a 
time series; a desired unstable orbit is maintained by ad¬ 
justing an external system parameter. For Eqs. (la) and 
(lb), the time series is measured at one spatial point in the 
interior region. Control is achieved by appropriately 
choosing fluctuations in the boundary conditions, intro¬ 
duced as one integrates in time. In fact, it is sufficient to 
use only one of the Dirichlet boundary conditions as an 
accessible parameter, which we will refer to from now on 
as our control parameter. 

In order to maintain the system on the unstable state, 
we measure a time series at x —Xq, namely b(xj, 1). The 
fixed space value is taken anywhere in the middle region 
of the interval (approximately the middle third of the in¬ 
terval) where the most severe bursting occurs. The sys¬ 
tem is reaction dominated in this region. 

One way to form a discrete dynamics of the time series 
is sampling the variable v at successive minima. (Due to 
the strong coupling between the variables u and v, con¬ 
trol applied to the v variable leads to controlling the u 
variable as well.) If we denote successive minima in the 
time series for v(x,t) by v n , we obtain a map denoted by 

/: 

v n+1 =fiv K ,p ), (2) 

where p stands for the control parameter, which in our 
case is one of the boundary conditions. An unstable orbit 
of this map is then controlled by using any of the linear 
control methods. 

Control is extended in time as follows. At each iterate 
of the map (2), the computed value of the solution v B is 
used to determine the fluctuation hp„ in the parameter 
according to a linear control method. The change in the 
parameter will be proportional to the deviation from the 
unstable state to be controlled. The new value of the pa¬ 
rameter p a +8p a is fed back into the PDE solver. The 
solution at p n +8p, is obtained, and a new evalua¬ 
tion of the fluctuation in the boundary condition then fol¬ 
lows based on u K+ „ and so on. Control of the unstable 

orbit is thus extended in time. 

To fix ideas, we assum e from here on that the state we 
are interested in is a period-1 fixed point p<j of the map f\ 
i.e., u 0 =/(u 0 ,p). Such a fixed point corresponds to a 
period-1 time series at the spatial point x 0 . 

As our linear control algorithm, we used the OGY 
control method, which amounts to ensuring at each time 
iteration that the next iterate of the map will fall on the 
stable manifold of the unstable state we are controlling. 
In the case of a two-dimensional map, if we denote by 
X S ,X U the eigenvalues of the unstable state v Q and by /„ 
the contravariant vector corresponding to the unstable 
direction, then the above mentioned condition applied to 
the linear approximation of the map yields that the con¬ 
trol parameter p must be modified by 


at each iteration of the map [3]. Notice that Eq. (3) de¬ 
pends on the spatial point at which the time series is mea¬ 
sured. The vector g is the derivative of the unstable state 
u 0 with respect to p. In the case of weak difiusion, the 
map is in fact nearly one dimensional at a spatial point. 
This amounts to having = 0, in which case the formula 
becomes 

_ Mt«— v oKP>] (4) 

5p * = (2.„-l)g 

Equation (4) is a traditional control method known as oc¬ 
casional proportional feedback [10,11]. The eigenvalues 
and eigenvectors involved in the formulas (2), (3), or (4) 
associated with the saddle v Q (p) can all be calculated 
based on the reconstructed attractor. 

Summarizing, our method achieves control of a spa- 
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FIG 1 (a) and (b) Time series for u and u, respectively^ 

recorded at* = £ and p= -2.0 in the absence of control. 
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tiotemporal process as follows. After reconstructing a 
discrete map from the data sampled at a fixed s patial 
point, control is implemented by fluctuating the bound¬ 
ary conditions proportional to the deviation from the 
state we want to maintain. The method designed in this 
way has the advantage in that it can be applied directly to 
experimental data for which an analytical model is una¬ 
vailable, and requires no mode expansion as in (12]. 

IV. NUMERICAL RESULTS 

In our numerical tests we took in the model (la) 
/(“)-“ +« . as in [7]. Before illustrating our scheme, 
we examined the bifurcation of solutions by taking the 
control parameter to be p=u(0 ,t). Let us take 
D -0.032 249 and <z=0.01, values at which a stable 
pOTOd one orbit exists for p between p = -0.5 and 
p = -0.6. Asp is decreased past —0.6 the period-1 orbit 
becomes unstable and bifurcates into a period-2 orbit. At 
about p=-1.15 the period two destabilizes, giving rise 
to an intermittent bursting regime, which becomes chaot¬ 
ic as we further decreasep past p =—1.6. 

Figures 1(a) and 1(b) show the time series for the solu¬ 
tion at x and p = —2.0, without control. The time 
series is chaotic and exhibits three distinct types of oscil¬ 
lations. First there is a large amplitude burst, which 
occurs on a fast reaction time scale. Following the burst, 
there occurs an exponentially growing small amplitude 
oscil&tion. This is followed by small amplitude chaotic 
oscillations whose length is random in 

For a time series of 14000 points at jc =j, we compute 
an information dimension of 2.1, havin g one positive 
Lyapunov exponent (14]. Spectral analysis reveals that 
most of the energy is contained in four spatial modes. 
Note that time series sampled at other spatial points may 
have no positive Lyapunov exponent. We have not found 


any other chaotic solutions having more than one posi¬ 
tive Lyapunov exponent. 

From the solution, we form a map for which the 
iterates are the successive minima of the variable v. Fig¬ 
ure 2 shows the successive minima of v when 
D =0.032249, a=0.01, and p = —2.0, values of the pa¬ 
rameters at which the solution exhibits chaos. Simultane¬ 
ously, we display a stable period-6 solution in the inter¬ 
mittent regime at D =0.032 249, a=0.01, and p = — j 4 
From the picture we see that this orbit obeys nearly the 
same nonlinear law as the chaotic attractor at p = — 2.0 
Similar results of periodic bursting hold in the Belovsov- 
Zhabotinsky (BZ) continuously stirred tank reactor (13], 
The chaotic map in Fig. 2 is nearly one dimensional, jus¬ 
tifying our use of the occasional proportional feedback in 
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our algorithm. Notice that the three oscillation types are 
clearly evident in the one-dimensional attractor recon¬ 
struction, the large bursts are near the peak of the map, 
the exponentially growing solutions form the beginning 
of the left branch, and the small amplitude chaos is 
formed around the period-1 fixed point. Also notice that 
at p = —1.4, the period-1 fixed point is inaccessible, since 
the stable period 6 is attracting. 

Since control of period-1 orbits in chaotic attractors 
has been done elsewhere [11], we now describe control of 
inaccessible period-1 points. We consider a parameter 
value p = —1.4, where a stable periodic intermittent 
bursting solution exists. This orbit consists of a large 
burst followed by five small growing oscillations and is 
shown on the graph mapped in Fig. 2. We remark that at 
—1.4, the period-1 fixed point and its local neighbor¬ 
hood are inaccessible. That is, the dynamics does not 
enter a neighborhood of the period-1 fixed point, since 
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FIG. 5. Time series for u, respectively recorded at x =1- and 
p = —1.4, when control is applied at x = y for the first 200 
iterates. Control is removed afterwards. 


there is no chaos. For control to occur, we fluctuate the 
parameter so that the dynamics enters the neighborhood 
of the period-1 fixed point. We do this by looking at the 
first preimage of a controllable neighborhood of the fixed 
point in the bursting regime, on the right branch of the 
map. The parameter is adjusted at the bursts so the dy¬ 
namics enters a neighborhood of the period-1 fixed point, 
at which point control is implemented. 

We generate a time series by sampling atx=|. In or¬ 
der to choose the reference value i/ 0 (p) at P = ‘~l-4 in 
formula (4), we notice that the orbit we want to control 
has a fixed point that lies on the y ==x line in Fig. 2. Be¬ 
cause the dynamics at p = —1.4 is approximated by the 
map at p ® —2 (as shown in Fig. 2), we approximate 
u 0 ( —1.4)by u 0 ( — 2). 

Figures 3(a) and 3(b) show the stabilized solution at 
x =L, when the control is based on the solution sampled 
at x The amplitude of this solution agrees with the 
amplitude of the stable solution at p =—0.5, where the 
period-1 orbit is stable. 

During control of the periodic solution, the amplitude 
of the control at the boundaries is approximately 30% of 
the signal at x =\. The control perturbations are larger 
than in previous applications (4,5], since they must over¬ 
come weak diffusion to be effective in the interior. 

In Fig- 4 the whole stabilized spatiotemporal pattern is 
shown. The period-1 solution in this example is indeed 
unstable. To see this, in Fig. 5 we show the same time 
series as in Fig. 3 where control was removed after 200 
iterates. This results in the reappearance of the intermit¬ 
tent pattern after a short delay. In this example, the time 
series was sampled at x = - and we started with an initial 
condition that is constant and equals the boundary condi¬ 
tions at x =0. The control parameters were not opti¬ 
mized to minimize fluctuations about the period-1 refer¬ 
ence state. 


V. CONCLUSIONS 

We have introduced and tested an algorithm that ap¬ 
plies to stabilizing unstable states of spatiotemporal pro¬ 
cesses occurring in reaction-diffusion processes. The no¬ 
velty of this procedure consists in the fact that it applies 
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to the time series directly, combining nonlinear analysis 
embedding techniques with classical linear control. Com¬ 
pared to similar techniques, it has the advantage that it 
achieves control spatially as well as temporally. Since it 
applies to the time series directly, the method is suitable 
for experimentalists. Furthermore, by using the target- 
ting of intervals in periodic regimes, previously inaccessi¬ 


ble control points are now achievable by making use of 
the global nonlinear dynamics. 
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ABSTRACT 

Recent progress in control from a geometric viewpoint us¬ 
ing nonlinear dynamics techniques has focussed primarily 
on linear control. When using embedding m e t hods to lo¬ 
cate local properties of controllable states, hyperbolicity 
is always assumed. However, many problems which con¬ 
tain symmetries also contain nonlinear instabil i ties . j, 
the purpose of this paper to give a procedure for detecting 
these no nlinear directions from time series n«ng embed¬ 
ding methods. 

I. Introduction 

Recent advances in the theory of dynamical systems have 
resulted in geometric analysis of low dimensional phenom¬ 
ena from the study of single time series measurements 
[BK]- The main technique which has been advocated and 
has been quite useful is the technique of embedding a time 
series in a reconstructed phase space [T,SYC]. The idea 
allows one to take a single time series measurement and 
create a geometric representation of the dy namic by us¬ 
ing coordinates which are delayed in time. The technique 
of embedding has been- used to capture quantitative in¬ 
formation about the global behavior in chaotic attractors 
[BSJ, but more recently, it has been used to reveal lo¬ 
cal structure about periodic orbits contained within the 
attractor [LK]. When examining chaotic attractors, it is 
known that the attractors contain an infinite number of 
periodic orbits [GH]. Moreover, these orbits are all un¬ 
stable, containing both contracting and expanding direc¬ 
tions. By analyzing these orbits, local behavior may be 
stabilised by performing control with the use of an acces¬ 
sible parameter [AGOY, H, OGY, RGOD, RMMGH]. By 
allowing the parameter to vary, nonlocal pictures of the 
controlled unstable orbits may now be found [CTSP, ST], 
where the experimentalist can implement methods which 
are similar in spirit to that of model dependent continua¬ 
tion [DR]. That all of this analysis for an experiment has 
derived from the theory of embedding is quite profound. 


The main success of all the methods has relied on the fac 
that the local orbits are hyperbolic. That is, all of the in 
stabilities reride in the linearization about the orbit, an< 
are easily measured. In general, however, there are sys 
terns which possess orbits of interest and which contaii 
neutral directions; i-c., the stability along these direction: 
must be determined by knowing the nonlinear terms. Cer 
tain systems which possess symmetries have such behav¬ 
ior. For example, Sirovich and Xhou [SX] derive a mode 
Karhune-Loeve system from a fully developed turbulent 
flow of the Navier Stokes equations. The equations are in¬ 
variant with respect to reflection and rotation of the com 
plex amplitudes. For various values of Reynold’s number 
many types of dy n a mic a l behavior are observed, and are 
summarized in [SX]. The one interaction of interest is that 
of two oblique waves and one roll wave, and appears as ar 
unstable periodic orbit of the model. It can be shown this 
interaction is always linearly unstable whenever it exists. 
It is seen that in addition to being linearly unstable, there 
is also one component which is always neutrally stable. 
The other components are stable with complex eigenval¬ 
ues. Another example of neutral stability in a real system 
comes from globally coupled arrays of Josephs on junctions 
[WS, TS], which also possesses attracting and rep ellin g di¬ 
rections. When measuring local properties of an unstable 
periodic orbit, such as the one found in the models men¬ 
tioned, where there is one unstable direction, one neutral 
direction, and the rest stable, one can acquire information 
only about the linear part. Since the terms contributing 
to the local stability are nonlinear, their contribution is 
weak. Therefore, embedding methods used to extract the 
local dynamics are incomplete, since the linear terms are 
the ones which are measurable. In this paper, we offer an 
alternative to discover the nonlinear terms. We combine 
control with the local dynamics to show how to discover 
the nonlinear instability. This will be done by demon¬ 
strating the procedure on a specific map. Specifically, we 
will detect nonli ne a r motion on a center manifold. Once 
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a local model is known which is complete, nonlinear con¬ 
trol theory may be applied to design a dynamical system 
which is stable. The full theory and applications to the 
problems cited above will appear in a journal paper. 

II. Detecting nonlinear motion 

We demonstrate the theory of detecting motion on center 
manifolds from a time series by considering an ermnple. 
The example is a discrete map which is designed to be un¬ 
controllable. Furthermore, it also wUl have a nonhnearly 
unstable direction. The example mimics the local labil¬ 
ity from an orbit of a model of wall bounded turbidence, 
where it is of interest to control three dimensional flow. 
Consider the following three dimensional map, 

(1) * — F(z,p) 

where, z = («,*,«) and p is a scalar parameter, and 

ms *1 j* 0 

0 

MU I I 1 


The effect of control on the system is such that the dynam¬ 
ics is constrained to lie in the product of the attracting 
and neutral manifolds. The eigenvalue of unity implies 
the exis tenc e of a center manifold, Wc(0) , defined by 

. WJO) = {(U, V, € J2> = M «), w 

( 7 ) hi { 0) = 0, DA<(0) = 0, i = 1,2; /or|u| < d} * 

The map restricted to the center manifold is given by 

(g) u -* u+hi(u)fca(«)- 

Stability along this manifold will determine the stability 
of the controlled system, Eq. 6. We analyse Eq. 6 by 
explicitly computing the leading nonlinear terms of hi and 
* 3 . To do this, notice that the dynamics restricted on this 
manifold obeys the following: 


(2)F(z,p) = 


• / 

1 0 0 ] r «] \um 

:-<MJUrU 


(9) 


hi(«»+i) = ” \ M 14 *) + ^ 


In this map, when p = 0, the origin is a fixed point, and 
the linear part of the map is diagonal for ease of exposi¬ 
tion. (The ideas presented are no less general if we assume 
the linear parts are block diagonal.) Let 


We an analytic form of hi, i — 1,2: 

(10) fci(u) = a,-ii 3 +iiti s +0(tt 4 ), * = 1.2. 

Inserting Eq. 10 into Eq. 9, we equate coefficients of 
powers of u, and find that 


(3) 


A = D«F(0,0) = diag{ l.-y.j) 
B — D p F(0,0) = foj. 


( 11 ) 


<*i = §• bl = 0 

at = 0, bf = <*i 


Clearly, rank(B\AB\A 2 B) < 3 , miplymg the ongm is 
uncontrollable [RGOD]. However, since B is contained m 
the span of the unstable eigenspace, we can control the 
linearly unstable subsystem. To control the unstable di- 
rection, we project off of the unstable manifold. Letting 
= (0,0,1)*, we require that the parameter be chosen so 

that 

(4) = 0 

Con s idering the linear dynamics only, where x»+i — As*+ 
Bpn , Eq- 4 implies 

j , o 

(5) Pn = ~\ 


0 

tOn 


The dy namics of the controlled nonlinear system is now 
given by 


( 6 ) 


*n+1 — 


II 

' 1 

0 

0 

1 

-2 

1- 

O O 


Is* 


0 

0 

0 _ 


L w J 


Equation 8 for the dynamics on the center manifold be¬ 
comes 

4 s 

(12) u» + i=ti m +jpi B 

which, for any initial perturbation from the oripn «o = <> 
results in a magnification; i.e., |«il = HI (1 + JI > If'* 
Therefore, Eq. 8 is nonlinearly unstable, which implies 
that the controlled system Eq. 6 is nonlinearly unstable 

Computations of the controlled system Eq. (2,5) w?th 
noise added were done to test the nonlinear instability. 
The results are presented in Bigs. 1 and 2. Each compo- 
. nent is plotted as a function of iterate for 1000 iterates. In 
Fk. 2 it is observed that the first component, u, diverges 
from the origin slowly, which is expected from the analysis 
on the center manifold given in Eq. 12. In Fig. 2, com 
ponents * and w are held fixed close to the origin since 
they correspong to directions which stable. To check th 
predtability of the nonlinear terms, a fit for the nonlinear 
exponent in Fig. 3 shows a log-log plot of Un+i «• 
Un . A straight line reveals an approximate slope of 4.90, 
which is in good agreement with Eq. 3.11. 
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IIL Nonlinear control 
Once a model of the local x 

P( x ) — k-z+A-zz, 

Z b j£ k V R * f ? d “* funded linear operator from &’ 

to R Using the same linear control as Eq. 5 we now 
have the m» p- *"* a < w < now 

"•>-[: HH'H;]- 

the equations describing the manifolds are ^ *’ d 



= -J*iK) + i£ 

(15) A 2 (u„ +1 ) = *l(w»)«n+ 

(«-AiK).a 2 k))t AKAiK)j Aa(u 

jssr- 


(16) 


nM _ 3 16 

P\ z ) —-w ——uv 


th€ DOnIinear ****&¥. We illustrate «] 
results nonlinear control in Fig. 4 when* ;♦ ; 
nonlinear instabilitv of fk ** ‘ “ »t is seen th 
ttelle^ 31 7 of U * “ com P<«wnt 1™ b«, c « 
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Figure 1: Nonlinear instability along center manifold. 



Figure 2: Linear control in v and w. 
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Karhunen-Loeve decomposition is done on a chaotic spatio-temporal solution obtained from a 
nonlinear reaction-diffusion model of a chemical system simulating a chemical process in an open 
Couette-flow reactor. Using a Galerkin projection of the dominant Karhunen-Loeve modes back 
onto the nonlinear partial differential system, we obtain an ordinary differential equation model of 
the same process. Major features such as intermittent and chaotic bursting of the nonlinear process 
as well as the mechanism of transition to chaos are shown to exist in the low-dimensional model as 
well as the PDE model. From the low-dimensional model the onset of intermittent bursts followed 
by small amplitude oscillations is shown to arise due to a sequence of saddle-node bifurcations. 
[S1054-1500(96)00802-6] 


I. INTRODUCTION 

In this paper we consider a nonlinear reaction-diffusion 
model in which one observes spatio-temporal patterns in 
many respects similar to those observed experimentally in 
the Couette flow reactor for a chlorite-iodide reaction and are 
characteristic of a wide class of systems. 1 This class of 
chemical reactions provides a remarkable variety of sus¬ 
tained intermittent bursting and chaotic patterns that organize 
in an open chemical system due to the interaction of the 
diffusion process with a chemical reaction which itself 
would proceed in a stationary manner if diffusion was neg¬ 
ligible. Transitions to oscillatory and bursting spatio- 
temporal patterns that are generic in experiments 2 were pre¬ 
sented in Refs. 3-6. The transition to intermittent and 
chaotic bursting patterns as diffusion is varied was presented 
in Ref. 7. In Ref. 8 a discrete control method was introduced 
in this model by fluctuating the concentration at the bound¬ 
ary based on monitoring the concentration at a single spatial 
point inside the central region of the spatial domain where 
reaction dominates the chemical process. When studying the 
dynamics as a function of the concentration at the boundary 
the authors observed transitions to chaos as one of the Di- 
richlet boundary conditions was varied. 

In this paper we are interested in taking a dynamical 
systems approach to analyzing spatio-temporal data gener¬ 
ated by a nonlinear system which evolves chaotically in 
time, and is spatially inhomogeneous. Our aim is to obtain a 
qualitative picture of the dynamics with a model involving 
fewer degrees of freedom. In addition, we would like to pre- 

*See AIP Document No. E-PAPS file via: http://www.aip.org/epaps/ 
epaps.html E-CHAOE-229-14.5 MB for color versions of Figs. 1, 6(a), 
6(c), and 7. There is no charge for retrieval of electronic PAPS document 
files from the FTP server. For further information: e-mail: paps@aip.org or 
fax: 516-576-2223. 

* Current mailing address: Special Project in Nonlinear Science, U.S. Naval 
Research Laboratory, Code 6700.3, Plasma Physics Division, Washington, 
D.C. 20375-5000. 


diet the onset of intermittent bursting as a function of bifur¬ 
cations parameters. To this end, we perform Karhunen- 
Loeve (KL) decomposition on a chaotic solution of the 
reaction-diffusion model. The advantage of using KL modes 
over other eigenfunction expansion methods is that, in gen¬ 
eral, the same energy is captured in fewer modes. KL modes 
approximate the data with minimal least square error and 
they are decorrelated in space. Due to spatial decorrelation, 
the KL modes account for physically independent features in 
the process 9-11 which, as defined in fluid dynamics, are 
called coherent structures. Using the Karhunen-Loeve 
eigenmodes in a Galerkin projection procedure, we can ob¬ 
tain a low-dimensional model for the process and explore its 
dynamics. This type of mode analysis was pioneered by 
Lumley for the study of fluid turbulence problems, 12 ’ 13,9 and 
it has been also used for analyzing chaotic data. 14 In this 
paper, we apply KL modal analysis to a reaction-diffusion 
process exhibiting rich dynamical behaviour such as bistabil¬ 
ity, oscillations, pattern formation and spatio-temporal chaos, 
all of which appear in actual chemical experiments 2,15 
The KL procedure consists in finding best fitting func¬ 
tions in the sense of the least square error for the represen¬ 
tation of a given spatio-temporal pattern obtained as a solu¬ 
tion of the reaction-diffusion model. The solution is assumed 
to be a sum of amplitude modulated modes. Projecting the 
KL eigenfunctions on the reaction-diffusion model, one ob¬ 
tains a model consisting of a system of ordinary differential 
equations for the amplitudes of the modes resulting in a 
lower dimensional representation of the process. The KL 
model is derived from data with respect to a fixed set of 
parameter values, namely the parameter values correspond¬ 
ing to the spatio-temporal pattern used to generate the 
modes. However, the KL generated model retains all of the 
physical parameters from the spatio-temporal model. There¬ 
fore, one can observe the bifurcation structure as parameters 
are changed in the KL model. The KL model gives remark¬ 
ably good agreement with the original model in capturing 
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essential features such as bursting and small amplitude chaos 
along with the mechanism producing it. In some cases a 
complete agreement can be obtained between the two models 
over a whole range of parameter values; such is the case for 
the Ginzburg-Landau equation. 9 In other cases, such as for 
the reaction-diffusion process presented in Ref. 16, only part 
of the dynamics carries over. In this paper we investigate to 
what extent the lower-dimensional model can qualitatively 
capture dynamical features of the chosen reaction-diffusion 
process. 

The layout of the rest of the paper is as follows. In 
section II we present the original reaction-diffusion system, 7 
where we extract the five highest energy KL modes from a 
spatio-temporal chaotic solution exhibiting two-front behav¬ 
ior. We use these modes to generate a low-dimensional 
model by performing the above-mentioned Galerkin proce¬ 
dure. In section III we discuss the dynamical features of the 
two models. We end the paper with a conclusion section. 


Chaotic Bursting in a Reaction Diffusion System 
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FIG. 1. Spatio-temporal pattern for the u- variable in the reaction-diffusion 
model. This data was expanded in KL modes to generate a lower¬ 
dimensional model. Parameter values used here are D = 0.032249, a =0.1, 
e=0.1. Boundary conditions are «(0,r) = w(l,/) =-2, v(0,r) = t;(l,/) 
= ”4. (A color version of this figure is available via E-PAPS: http:// 
www.aip.org/epaps/epaps.html.) 


II. THE KARHUNEN-LOEVE MODEL 
A. The reaction-diffusion model 


We consider a reaction-diffusion model of a chemical 
reaction, which is a variant of the chlorite-iodide reaction 
where bursting and chaotic spatio-temporal patterns are ob¬ 
tained by imposing parameters and boundary conditions to 
create a concentration gradient close to the two boundaries. 
Our model reads as 


du 


d 2 u 




dv d 2 V 

-^ = D-^-u+a,XB[Q,H 


( 1 ) 


and is subject to Dirichlet boundary conditions. Here D is a 
diffusion constant, and e and a are fixed. 

The reaction term is a two-variable Van der Pol-like 
equation, which accounts for the excitable bursting character 
of the dynamics. Notice that in the absence of diffusion, 
chaotic solutions are not possible, since the resulting system 
is two-dimensional. 

Equation (1) is a formal model that generically approxi¬ 
mates the dynamics in many reaction-diffusion systems. In 
particular, it reproduces the experimental conditions and re¬ 
quirements of chemical kinetic laws in a Couette flow reac¬ 
tor. It reproduces most of the phenomena associated with the 
observed front patterns in a chlorite-iodide reaction, namely 
bistability, excitability and relaxation oscillations. Further¬ 
more, as shown in Ref. 11, the spatio-temporal patterns 
found in Eq. (1) are characteristic of a wide class of reaction- 
diffusion systems. We let /(m) = w 2 + w 3 , a generic form of 
the reaction term. The reaction term then ensures the exist¬ 
ence of an S-shaped manifold, u=/(w), consisting of three 
branches: two of them are attracting trajectories in a time of 
order 1/e and are separated by an unstable branch. The state 
variables u and v are taken as scaled concentration variables, 
and one refers to the upper and lower branches of the slow 
manifold as analogous to the oxidized and reduced state 


branches of the chlorite-iodide reaction. In Ref. 7 the authors 
have elucidated the mechanism for the periodic and nonpe¬ 
riodic appearance of spatially localized bursts of reduced 
states in an oxidized medium imposed from the boundaries. 
A concentration gradient was obtained at certain values of 
diffusion depending on the shape of the slow manifold, the 
choice of a and boundary conditions. The solution patterns 
for Eq. (1) consist of a central spatial region of reduced states 
(upper branch), where temporal intermittent bursting and 
chaos occurs, and two smooth regions of oxidized states 
(lower branch), close to the two boundaries, giving rise to a 
two front spatial solution. The interaction of the reaction and 
diffusion terms give rise to a variety of sustained patterns 
such as stationary periodic structures, nonlinear waves or 
chaotic spatio-temporal structures of large amplitude. We re¬ 
strict our analysis to a two-front pattern which exhibits cha¬ 
otic bursting in the central reduced state region. 

For future reference we denote u=(w,u) as the solution 
of (1) and we write Eq. (1) in compact form: 

du 

— =rd («). 

B. Derivation of the Karhunen-Loeve model 

In this section we obtain a low-dimensional model for 
the process described by (1). We start with a chaotic set of 
data which is a solution of (1). The spatio-temporal pattern 
for the u -variable is shown in Fig. 1. Notice the two regions 
in space of central reduced states and oxidized states near the 
boundaries. A similar spatial distribution occurs in the 
v -variable. The temporal chaos occurs primarily in the cen¬ 
tral region and is nonhomogeneous in space. In Fig. 2 we 
show the time series for the same solution at x= The data 
consists of large bursts separated by reinjection to small ex¬ 
ponentially growing solutions, followed by small amplitude 
chaos. The time duration of the small amplitude chaos prior 
to the burst appears to be random. An approximate discrete 
model may be constructed as a one-dimensional map by plot- 
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ting successive maxima against each other. 8 This process 
works well for the bursts, but is too low-dimensional to pre¬ 
dict the small amplitude chaos. A more realistic approach to 
model a process such as intermittent bursting requires at least 
three dimensions, and due to the small amplitude chaos pos¬ 
sibly more. For our model, one will therefore retain the five 
dominant modes of the KL expansion. This data is decom¬ 
posed in Karhunen-Loeve modes from which we retain the 
five highest mean-square energy modes. These modes con¬ 
tain about 95% of the total energy and they represent an 
optimal representation for this solution in the sense that they 
approximate this solution with minimal least square error. 
The basis functions generated in this way will be used in a 
Galerkin procedure to generate a dynamical system. As an 
example of the compactness of KL modes compared to Fou¬ 
rier mode decomposition, we show in Fig. 3 the Fourier 
modes contained in the two highest energy KL modes. No¬ 
tice that there are multiple harmonics contained in each KL 
mode, showing that KL modes derived from the data are 
more efficient in capturing information about the spatial 
structure. 

Following Ref. 13, the database for performing the KL 
procedure is an ensemble of M time snapshots of the solu¬ 
tion u= : (m,i;), where u is represented in Fig. 1, at uncorre- 
lated times {f„} which we denote by 

{u n (jc)} = {u(jr,r n )} n=ItAf . (2) 

The vectors in (2) can be written explicitly as 

u(x,r,) = (u(*i,/,),... ,u(x,,f,)), 

for fixed mesh points x x ,...,x p . The highest energy KL 
mode will be the one structure which, when properly normal¬ 
ized and projected onto the snapshots in (2), yields the maxi¬ 
mum mean square energy. Repeated application of this pro¬ 
cedure yields a complete hierarchy of structures ranked by 
their mean-square energy content which constitute the KL 
basis functions, {^"^(x)}. Such a set of eigenmodes de¬ 
scribe, in a mean-square sense, an optimal coordinate sys¬ 
tem. If we approximate the solution u by 
u N (x,t)=I. k=l a k (t)ip ik \x), where a k (t) axe defined by 
a k =(ip (k \u) then, as shown in Ref. 13, the KL procedure 
determines a complete, orthonormal set of basis functions 
{^ (B, (x)}. If we denote the error by e w (r)=||u-u w || 2 , then 
the time average over the entire data set, denoted by 
( e Ar) = (ll“ _ “vl! 2 ) is minimized, for any N over all possible 
sets of orthonormal functions tft(x). 




FIG. 3. (a) Fourier mode expansion of the first KL mode derived from the 
time series in Fig. 2. (b) Fourier mode expansion of the second KL mode 
derived from the time series in Fig. 2. 


It has been shown in Ref. 13 that the KL basis functions 
are eigenfunctions of the kernel AT, defined by 

K(x.x') = ( Kij )=«u(x,t)u(x',r)» 

1 " 

= 772 u, T (x)u,(x'), (3) 

Mi= i 

where (•, •) denotes time average. Thus the basis functions 
which represent the solution u=(w,u) with the smallest av¬ 
erage least square error, are the eigenfunctions of the corre¬ 
lation matrix (3). The eigenfunctions determined in this way 
are called empirical eigenfunctions or coherent structures. 
We remark that this basis is determined by the spatio- 
temporal data u=(u,i;) itself. The eigenmodes thus obtained 
are statistically orthogonal: 

(a„(t)a m (t)) = k„S nm , (4) 

where the left term is a time average. So, in this representa¬ 
tion, the Fourier coefficients a„(t) are decorrelated. As a 
result, when projecting the data (2) back onto each eigen¬ 
mode we get uncorrelated time series from each mode, rep¬ 
resenting statistically independent phenomena. We remark 
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FIG. 4. (a) The five-highest energy KL modes for u. (b) The five-highest 
energy KL modes for v . 


here that an alternate method to compute the KL eigenvec¬ 
tors is the method of snapshots due to Sirovich. 9 When the 
data is spatially one-dimensional this method is equivalent to 
the regular KL procedure. In higher dimensions it has the 
advantage that the resulting eigenfunction determination is 
one-dimensional. It can be shown 9 that the correlation matrix 
K has eigenvectors of the form 

1 W 

^=77 2 <**(')U*0*), 

Mk= l 


where the coefficient a—{a x ,... ,a M ) is determined by re¬ 
quiring that 

C a~\a, 

where C=(C i; ): 

Cij“ (ll| * Uy) . 

where the dot stands for dot product. 


Using the data from Fig. 1 to generate the snapshots 
{u^U)}, the KL modes for u and v were computed and are 
shown in Figs. 4a and 4b. Notice that the first mode in both 
cases picks up information about the central region in Fig. 1. 
This is because the central region contains the most active 
dynamics. Higher modes then pick up information about the 
dynamics of the boundary layer. That is, although much 
lower in energy, the dynamics of the layer separating the 
central region from the diffusion dominated region has an 
active structure. In terms of energy content, it can be seen 
that the first two modes contain 94.9% of the energy, while 
the other three contain less than 0.5 X 10 -4 . The effect of the 
higher order modes in reconstructing the profile from the 
ODE model will be discussed below. 

In Fig. 5a we show the projection of the solution u on 
the first two KL eigenmodes. If we compare this with Fig. 2, 
we see that the projection on the first KL mode carries infor¬ 
mation about the u concentration variable, whereas the sec¬ 
ond KL mode contains information about the v -variable. In 
Fig. 5b the projection of the data on the other three modes is 
shown carrying considerably less contribution to the chaotic 
pattern, as it is expected from the amount of energy con¬ 
tained in these modes. 

The eigenfunctions discussed above can be used to gen¬ 
erate a dynamical system from the equations (1). To this end 
we express the solution in the form 
5 

U(x,t)= 2 a n (t)if/ n (x). (5) 

n = 1 

This is used in a Galerkin procedure; 13 i.e., we project (5) 
and the equations (1) onto a subset of the eigenmodes. This 
yields the equations 

2) a n (0^ n w) j=0. m=l.5. (6) 

Equations (6) represent a system of five ordinary differential 
equations for the amplitudes a n of the modes. These equa¬ 
tions together with the expansion (5) are our low¬ 
dimensional model whose dynamics will be explored in the 
next section. The parameters D, a and e are all represented 
explicitly in Eq. (6), so we can evaluate the dynamics as a 
function of parameters. 


III. ANALYSIS OF THE KARHUNEN-LOEVE MODEL 

In this section we describe the dynamics of the 
Karhunen-Loeve model and compare it to the dynamics of 
the nonlinear model (1). The system (1) exhibits extreme 
sensitivity of the solution with respect to the diffusion coef¬ 
ficient D as well as with respect to a and e. Changes in the 
7th significant digit are sufficient to change the stability of 
the attractors. This makes it difficult to match accurately the 
parameters at which certain attractors occur in the two mod¬ 
els. So in what follows we will compare the two models 
qualitatively. 

For the partial differential equations (1), when the diffu¬ 
sion coefficient is low enough one notices a two-front pattern 
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FIG. 5. (a) Projection of the highest energy KL modes back on the solution which generated them. These mode amplitudes recover the dynamics of the u and 
v variables, respectively, (b) Projection of the lower energy KL modes back on the solution which generated them. Much less structure is carried by the these 
three modes. 


for the concentrations u and v. Two diffusion dominated 
fronts at the boundaries separate a central region where re¬ 
action dominates (Refs. 7 and 8). Spatially the solutions are 
smooth, but nonhomogeneous. As D is varied, the variation 
in time in the reaction dominated region exhibits small am¬ 
plitude periodic behavior, and chaotic or periodic intermit¬ 
tent bursting. 

In the case of the KL model we find that this type of 
spatio-temporal pattern is preserved remarkably well. To 
compare the types of dynamical behavior between the 
reaction-diffusion and KL models, we labeled the observed 
bursting patterns. We denote by L m S n a periodic pattern 
formed by m large amplitude bursts and n small-amplitude 
bursts. In Fig. 6a we show a spatio-temporal pattern where 
the variable u was reconstructed using the first three modes 
with amplitudes determined by Eq. (6). Ten periods are 
shown for an L { S X pattern. Notice that using only three 
modes captures the spatially distinct reaction and diffusion 
dominant regions. 

In Fig. 6c we reconstruct the variables u and v using the 
first four modes. Notice the presence of the same smooth 
regions separated by a bursting regime. In Figs. 6a and 6b, 
the bursting is periodic, large bursts being separated by small 
amplitude bursts, behavior that we denote as . In space, 
for both the reaction-diffusion and KL_ models, the concen¬ 
trations u,v increase from the boundaries toward the central 
region, as a result of chemicals diffusing from the bound¬ 
aries. Due to extreme sensitivity in parameters, when passing 
from one model to another, it would be difficult to compare 


amplitudes in the examples below. We notice however, that 
in both models the ratio of the u and v variables is preserved, 
the v variable (not shown) has amplitude one order of mag¬ 
nitude smaller than the u variable. One also sees that the 
ODE model (6) preserves the excitable character of the dy¬ 
namics which in the PDE model is due to the existence of the 
“S”-shaped slow manifold, v=f(u). In the solution repre¬ 
sented in Fig. 1, the boundary data was chosen on the lower 
branch and the parameter a=0.1 was taken to generate states 
on the upper branch of this manifold. In this way a concen¬ 
tration gradient appears (even with uniform feeding from the 
boundaries) which generates a variety of bursting patterns in 
the central region for different values of the diffusion coef¬ 
ficient D? In the lower-dimensional model (6) we also found 
that intermittent bursting patterns appear as well, as the pa¬ 
rameter D is varied, which we discuss below. 

Analyzing further the spatial profile in the ODE model, 
we show in Fig. 6b a transversal section of this pattern which 
agrees with the shape of the solution of the RD model in the 
intermittent bursting regime. The bell shaped profile is pre¬ 
served with just three modes. (We remark that by using only 
the first two KL modes to reconstruct the solution essentially 
the same pattern is observed.) For completness we show in 
Fig. 6c the pattern generated when the first four modes are 
used, along with the corresponding spatial profile in Fig. 6d. 
The four mode reconstruction gives similar behavior as the 
three mode model in that there are distinct diffusion and 
reaction dominated regions. However, in the four mode case, 
the boundary layer is amplified in the KL model. We con- 
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FIG. 6. (a) Bursting spatio-temporal pattern L,S, obtained using the first three KL modes with amplitudes derived from the KL model. Parameter values are 
the same as in Fig. 1. (A color version of this figure is available via E-PAPS: http://www.aip.org/epaps/epaps.html.) (b) Spatial and temporal profiles for the 
pattern in (a), (c) Bursting spatio-temporal pattern obtained using the first four KL modes with amplitudes derived from the KL model. (A color version of 
this figure is available via E-PAPS: http://www.aip.org/epaps/epaps.html.) (d) Spatial and temporal profiles for the pattern in (c). 


elude that the dynamical spatial structure is well represented 
by the three highest KL modes since three is the largest 
number to give a correct profile. In Fig. 4a we see that spa¬ 
tially the first mode contains a lot of the structure in the 
u -variable whereas the second mode (Fig. 4b) carries infor¬ 
mation on the v -variable. Referring to Fig. 5 we see that the 
behavior in time of the u -variable is governed by the ampli¬ 
tude of the first modes whereas the behavior in time of the 
v -variable is faithfully represented by the amplitude of the 
second mode. The KL modes distinguish the dynamics of the 
two concentration variables as well as their temporal and 
spatial behavior. Therefore the KL modes account for sepa¬ 
rate features in the dynamics. Similar insights using KL 
analysis on an array of semiconductor lasers were found in 
Ref. 17. The number of KL modes needed to capture the 
essential dynamics can thus be regarded as the number of 
fundamental degrees of freedom in a complex spatio- 
temporal pattern. In Ref. 18 the authors found that for an 
experiment on Rayleigh-Benard convection the number of 
needed KL modes containing most of the energy is about one 
integer larger than the fractal dimension. In our case, three 


modes is close to the information dimension of a time series 

o 

extracted from this pattern which is 2.1. 

The data used to perform KL expansion presented in Fig. 
1 represents the solution of (1) at fixed parameter values. It is 
customary in this kind of procedure 13 to compare the two 
models for values of the parameters close to the values that 
generated the original data. In our case, due to extreme sen¬ 
sitivity of the solution to changes in the parameters, we look 
for qualitative agreement throughout the phase-space corre¬ 
sponding to the diffusion coefficient D. We found that cer¬ 
tain dynamical features of the reaction-diffusion model can 
be seen in the KL model as described below. We examine 
the bifurcations of bursting patterns by using tracking or con¬ 
tinuation methods 19 " 21 for the KL model to follow solution 
curves as parameters are varied in a similar range of values 
as those considered in Ref. 7. In particular, we consider the 
diffusion coefficient D , where [0,0.04]. 

In Fig. 7 we show a solution curve for the system (6) 
with respect to the diffusion coefficient. We represent in this 
figure the L 2 -norm of a solution (the blue curve) which ini¬ 
tially has period one and period doubles twice (the red and 
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Bifurcation Picture of KL BZ Model 



Diffusion 

FIG. 7. Z- 2 -norm of solution curves for the KL model emanating from a 
period one solution curve (the □ curve) for the KL model, which period- 
doubles twice as diffusion is decreased. The limit points on the right of the 
□ curve are saddle-nodes where L x S k * = {1,2} orbits emerge. Limit points 
on the right of the period-two branch (the X curve) represent the onset of 
solution branches of type L 2 S k , *={ 1,2,3,4}. (A color version of this figure 
is available via E-PAPS: http://www.aip.org/epaps/epaps.html.) 



time 



FIG. 8. The highest energy KL mode is shown for orbits of type LjSj and 
L { S 2 along the blue solution curve in Fig. 7. 



diffusion 

FIG. 9. Onset of intermittent behavior of type L^L\S X and L,S 2 in the 
e—D parameter space. 


green curves). At the top of the blue curve the solution has 
only period one large bursts (followed by no small amplitude 
oscillations). As we follow the blue path in Fig. 7, at each 
limit point on the right of the curve one small spike in the 
motif of the pattern is added. This behavior in the solution is 
reflected in the amplitudes of the KL eigenmodes, shown in 
Fig. 8, which correspond to L X S X , and L X S 2 patterns along 
the blue solution curve in Fig. 7. In Fig. 9 we graphed the 
curve of saddle-node bifurcation points which are the onset 
of intermittent bursting of type L x S k (£= 1,2) in the space of 
the parameters e and D. Onset here refers to a saddle-node 
bifurcation point opening to the left. Below the curve, L x S k 
patterns are observed, while no L x S k bursting is observed 
above the curve. 

Returning to Fig. 7, as diffusion is decreased along the 
blue curve, the period one solution gives rise to a period-two 
solution, in which the basic motif has two large bursts. That 
is, there are no small amplitude oscillations. Tracking this 
solution as a function of D we obtain the red curve in Fig. 7, 
where as before at each limit point on the right an extra small 
spike is added, giving rise to bursting sequences of the form 
L 2 S k . The corresponding amplitudes of the first KL mode 
along this solution curve are shown in Fig. 10. Similar be¬ 
havior along the green curve is observed where each limit 
point on the right denotes the onset of a branch of orbits of 
the form L 4 S k . 

As we further decrease D along the blue curve, the so¬ 
lution undergoes a period-doubling cascade leading to small- 
amplitude chaotic behavior. In Fig. 11 the time series for the 
amplitude of the first mode inside the chaotic regime is 
shown. In this case, there are no bursts. In Fig. 12 we present 
a bifurcation diagram for the solution described above. On 
the figure we draw the maxima and minima of the first KL 
mode. For the first KL mode, the minima clearly oscillate 
chaotically, and go through a period doubling sequence. In 
Ref. 7, for the partial differential equation model, period¬ 
doubling transition to small amplitude chaos was observed. 
(The small amplitude chaos for the PDE has dimension ap¬ 
proximately equal that of the KL model chaos, which 
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FIG. 10. (a) The highest energy KL mode is shown for orbits of type L 2 S k for k— {2,3} along the red solution curve in Fig. 7. (b) The highest energy KL mode 
is shown for orbits of type t 2 S k for k ={4,5} along the red solution curve in Fig. 7. * 


was found to be 1.1. Bursting chaos, as shown in Fig. 1, 
found in the PDE, but not in the KL model, was found to 
have a dimension of 2.1. 8 ) So the KL model recovers small 
amplitude chaotic behavior, as well as the mechanism of 
transition to chaos observed in the partial differential equa¬ 
tion. This is not always the case when using the KL proce¬ 
dure. In Ref. 16 the authors analyzed a one-dimensional 
ionic Brusselator reaction-diffusion system forced with an 
electric field. In that case the KL procedure accurately cap¬ 


tures oscillatory and chaotic dynamics but does not give a 
clear insight in the mechanism for transition to chaos. 

For the PDE model an alternating sequence of chaotic 
(C?) and periodic ( L x S m , where m = 7) bursting patterns 
was found as the diffusion coefficient is decreased. 7 For the 
KL model we have found a similar sequence of periodic 
patterns and we conjecture that the corresponding windows 
of chaos still exist but are over such a small parameter range 
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FIG. 11. Amplitudes of the highest energy KL modes inside a small ampli¬ 
tude chaotic regime. 
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FIG. 12. Bifurcation diagram for the amplitude of the highest energy KL 
mode. On the picture we represent the maxima and minima of the amplitude 
and notice that the minima undergo a period-doubling cascade to chaos. 
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that they could not be detected. In addition, for the KL model 
we identified a sequence of periodic bursting patterns of type 
L 2 S m and L 4 S m . Other sequences of the type LjS k , where 
j follows windows of periodic behavior in the cascading se¬ 
quence are also observed. We do not display them here. 

In Ref. 7, the authors have shown the existence of chaos 
in the PDE model that satisfies the symbolic dynamics of 
Shil’nikov homoclinic chaos. They conjectured (Refs. 7, 22, 
and 23) the existence of a cascade of saddle-node bifurca¬ 
tions originating the oscillating pattern of type L\S m (where 
m is less than or equal to 7), along with a cascade of subhar¬ 
monic bifurcations giving the C7 behavior, both of which 
accumulate at a locus of homoclinicity. The above discussion 
shows that in our KL model we see some of the predicted 
saddle-node bifurcations originating L } S { and L l S 2 behavior 
as predicted in Ref. 7. 

IV. CONCLUSIONS 

We have explored the bifurcation structure of a low¬ 
dimensional model for a reaction-diffusion system, based on 
performing Karhunen-Loeve mode expansion on the chaotic 
spatio-temporal solution of a partial-differential equations 
model. The KL model simulates remarkably well the two- 
front pattern of the solution observed in the nonlinear model 
consisting in two diffusion dominated regions close to the 
boundaries and a reaction-dominated region in the center. 
We have found that the global behavior in the nonlinear 
model is partly described by the dynamics in the KL model. 
Intermittent bursting and small amplitude chaos can be ob¬ 
served in both models. Moreover in both models small am¬ 
plitude chaos appears as a result of a period-doubling cas¬ 
cade as the diffusion parameter is continuously varied. The 
bursting we identified in the KL model appears due to a 
sequence of saddle-node bifurcations which behave like the 
sequence of L x S m orbits converging to a point of homocli¬ 
nicity which was conjectured in Ref. 7. This phenomenon 
may still take place in the KL model over a very narrow 
parameter window which would make it difficult to detect. 
Bursting patterns not seen in the PDE model were observed 
in the low-dimensional model. Thus the KL model gives an 


accurate qualitative description for part of the phase-space of 
the original model and gives insight in the mechanism which 
generates the observed patterns in the PDE model. 
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Abstract: The result of the coupling model consists of a 
cross-over from cxp-it/xj to exp^i/t*) 1 * at a temperature 
insensitive microscopic r c . We indicate how this basic result 
raw be derived fmm chaotic* interacting Hamilt o nian systems which 
densely polymer molecules. Recent quasielastic 

neutron scattering experiments and molecular dynamics simulations 
are discussed and the results are shown to support this result as 
well An application of the coupling model to find how the 
viscoelasticity of a polymer depends on the chemical structure of 
rtw m n w nm^ r thro ugh thft coupling parameter of the local 
■L^pnwmui moaon is given to illustrate the utility of the model. 


INTRODUCTION 

The wfflpj jng mnrirf was intro duced fifteen years ago to deal with the cooperative dynamics 
of relaxation in paoireri inte ractin g systems (Refs. 1-4). It is based on notions that were, 

and still are, not familiar to workers interested in the relaxation of various kinds of complex 
materials. Being formulated in a general manner, the coupling model is deemed to be 
applicable to many differe n t fields, including c omp lex fluids and polymer viscoelasticity which 
are the subjects of i nmo s t to the majority of the readers of this volume. The first version of 
the coupling model (Refs. 1-4) was based on a quantum mechanic al approach which m i g h t 
have estranged w ork ers of relaxations in s ystems which classical mechanics suffice for a 
description. In retrosp e ct one of die authors (KLN) finds that this quantum approach is much 
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easier to formulate than the corresponding classical coun ter p ar t as we shall diwncc below. 
Thus without first doing the problem by the easier though not the most appropriate way, 
setendipidy would not have intervened and the coupling model would not have been 
discovered Fortunately at this early times there are two saving graces of the first approach 
that enabled the author to go on further. 

First the results of this quantum mechanical approach do not contain and therefore are 
i mm e diate ly applicable to classical systems. Second the results offer predictions that one of 
the authors can use to falsify his own theory if the theory turns out to be inarij^nat» That 
important prediction that spawns many other predictions when applied to different fiH ris is the 
"second relation”. 


T*=[ (1-J3) O^Tj,] 

that relates the independent relaxation time x 0 to the measured slowed down cooperative 
relaxation time x*. Here m e is the cross over frequency and n is the coupling parameter that 
appear in the exponent of the Kohlrausch relaxation function fRefs.5,6), 

Clt) =exp-( — ) 1 ~ D (2) 

X* 

which is also predicted and called the "first relation" of the coupling model. The fact that tbe 
K o h l r ausch function gives a good though by no means perfect description of the time 
de p e nden ce of many relaxation proc e ss es is comforting, but this is not enough to convince one 
of the authors in the early stage of development of the research. For him it would be far more 
convincing to find examples in which the second relation is also verified simultaneously. At 
that time the exact m a gninidr of the crossover frequency co. is not known but the theory says 
that it is temperature ind ependent and depends only on the interaction Hamiltonian in 
densed packed systems. Nevertheless there are systems in which the dependence of x 0 on a 
variable U, x 0 ~f(U), is known and we can critically test the predicted dependence of x* on the 
same variable U: 




(3) 


with n determined from fitting the dispersion of the relaxation process by Eq.2. (Refs.7-12) 
If the experimental data have indeed the predicted U-depenaence given by Eq.3 then natur ally 
this provides strong indication that the coupling model may be correct afterall. We found 
several such re m a rkab le examples (7-12) in the early days that gave some confidence for 
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continuing this pursuit further. When starting out one of the a uthor s had very little familarity 
with any of the fields now he works nowadays. Much time has been spent on leaning the 
problems and phenomenologies of each field before important application of the coupling 
model rag be made. As time p r ogr e sses repeated s u cces sf ul applications (by a co mbi na t i o n 
of Eqs.i and 2) have been discovered and by now the relevance of the coupling model for 
describing the dynamics of interacting or cooperative systems is no longer in doubt (see most 
recent review* Ref. 12). Col leag ue* who are familiar with the s e appli cati ons and recognize the 
achievements of the coupling model have inquired into the theoretical basis of the model. 


However with time anti energy spent on seriously applying the coupling model to many 
areas* the of strengthening the theoretical base has not been atten d ed to as muc h as the 
author wishes. There are several other intermittent attempts (Refs. 13-15) to derive the coupling 
T iyvi*! theore tically by other mgrhrvig different from the o riginal ones (Refs. 1-4). But 
admittedly thgyg fat*r e fforts are even less fundamental than the ori gin a l approach and they 
all fa^ir punch. The stagnation encountered in the theoretical front is pe rh a p s not too surprising 
because the problem at hand is a difficult one and cannot be easil y solved on a f undamental 
level* like starting f ro m the Hamiltonian of the system. The right theoretical approach was 
actually recognized a year after the publication of the first version of the coupling model in 
1979. The version was based on energy level spacing distribution that has the form 

given by the rfauncsiaw Orthogonal Ense mble (GOE) from rando m matri ces (Refs. 16-20) .In 
1980 M.V. Berry (Refs.21*22) has shown that an nonimegrable (chaotic) Hamiltonian in 
ringgit mechanics when quantized will have energy levels distributed according to the GOE. 
Berry's has subsequently been shewn to be true rep e at edly in many H a miltoni a n 

systems (R ef . 23 ) Si nce tbe results of the original coupling m od e l was obtained from the GOE 
in a quantum approach* in view of Berry's finding it is natural to expect that the s a me results 
will be obtained in a approach from chaos in phase space of the Hamiltonian. It is 

easy to surmise (Ref^24*25) that the nhtmawi fundamental theory that will provide the same 
predictions as the original coupling model must involve chaos, but it is difficult to construct 
tbe theory. Although today occurrence of chaos in physical science is known to be prevalent 
and hag become a househo ld word (26) and there are many popular books written on the 
subject* its mastery is limited to the experts. One of the authors was ed u ca te d in the era in 
which the standard text of mechanics was written by Goldstein (Ref.27) in which 

chaos is a foreign concept. Thus there are plenty of reaso ns why the theory of the coupling 
mnffel based on chaotic Hamiltonian* though conceived as early as the author had read Berry s 
work of 1980* not b ee n forthcoming until very rec en tly (Rcfs^8-30). These recent works 



wm o qjy be as a start in this new frontier research area of deriving the dynamics 

of relaxatio n in interacting systems from chaotic Hamiltonians. 

The brief of the history of development of the coupling model given above shows that 
the brings with it int eres t i ng predictions and applications but also concepts foreign to 

the community of researchers in polymers, viscous liquids, vitreous ionic conductors. etc* 
The concepts «"d the^Trncai of the coupling model b eing foreign have hampered the 
i mriemanriin g of the true meaning and appr e c iatio n of the value of the model by other 
workers. To make matters worse the papers are published in a variety of scientific journals 
some of which may not be fa™iiar to workers in the fi el d s . The purpose of this article is to 
remove as as possible the gap of understanding and provide a road map for the reader- 
to ffed out for himself or h ftr w ^ t he ******* of the theoretical foundation of the coupling mod®! 
itiH its m ** 1 * *^ verifications* 

RELEVANCE OF A CHAOTIC HAMILTONIAN APPROACH 

Ka fikr in the introd uction. in connection with the o rigin al version of the coupling model* a 
reason has been given for whv we believe the chaotic Ham il t onian approach to the dynamics - 
of interacting systems is the right choice. Here another reason will be given which is based . 
on a r rwnt n n n ch arac t eri stic of if not all interacting systems that we are interested to 
describe their dynamics. The part of the Hamiltonian that describes the interactions between 
the mntecniar moieties (molecules in small mole cul e viscous liquids and glasses* manner 
un i t* in polymers* a "d ions in vitreous ionic conductors) in th e s e systems do not conespood 
to harmonic forces. For example the pairwise interaction between molecules in small. 

glass -for min g liquids such as ortho-xa phenyi (Rc£31) and the noobonded 
interaction be tw e en CRj groups on different polyethylene chains and between those separated, 
by m ore than three bonds on the (Ref*32) modelled by the L eon a r d*Jones potential.. 

V(r)*4e((a/r) 12 -«j/r) 6 ] are »nh«mom^ The presence of anhannonic interactions in classical 
mechanics hgf the consequence that the soluri nn * to the New tonian equations of motion cannot 
be always described as periodic tr aj ectories in phase space resulting in chaotic behavior (33). 
Similarly the screened Cou lo mb iT T ter yennfw between ions in vitreous ionic conductors being. 
anharm o ntc will also lead to chaos. Thus ail the dense packed interacting systems that we are* 
in t eres te d (polymers, complex fluids* glass-forming liquids, vitreous ionic conductors, etc.) are^ 
naturally chaotic iimanire. Sine* itr^ ™**dfe**anpn of chaos whenever it arises is very general 
irres pe c t iv e of the origin and the system (Re£33), we can expect universal properties to 
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follow. If indeed chaos has a profound effect on relaxation process then it is highly probable 
that the effect can be expressed as general laws with the s ame flavor as the predictions of the 
coupling model. Molecular dynamics simulations (MDS) have made tremendous progress in 
recent years that the resuits of these numerical experimental data describe very well r elaxanon 
processes in systems of our interest. As we shall discuss later on in another Section, the results 
of MDS are in accord with the basic features of the coupling model. The starting points of 
these MDS and the proposed theoretical approach to relaxation based on chaos have something 
in common. i.e. the same Hamilto nian which is chaotic. Therefore from this connection 
between MDS and chaos we have reason to believe that the proposed theoretical approach will 
likely to succeed as the computer experiments have shown. 

It will not be an easy task to sort out the effects that chaos will have on the relaxation 
process. Although chaos or nonlinear dynamics is now an expanding field of research and 
many high power theoretical results have been derived by mathematical physicist. immediate 
applications of these results to physical problems like ours are mostly not practical. For our 
specific purpose of looking for the effects that chaos has on relaxation, there is little we can 
find in the current literature of nonlinear dynamics (i.e. chaos) that can offer immediate help 
in this problem. This research is in unchartered territory which means great opportunities for 
research but also the journey may be long and difficult. Seemingly there are two ways to 
attack the problem. One is entirely theoretical and general consideration of relaxation in a 
Hamiltonian system with nonintegrable interactions between the fundamental units that 
constitute the system. Attempts of this kind have been marie (29), but these treatment still lark 
the rigor needed for a satisfactory solution. Let us first consider the simpler problem of 
relaxation in the same Hamiltonian system but without the nonintegrable interactions between 
the units. The solution of this simpler problem is already known from irreversible or 
nonequilibrium statistical mechanics (Refs.34,35) (which should be distinguished from 
clas sic al nonlinear dynamics in the full phase space) and are described by Langevin equation, 
master equation or Fokker-Planck equation. The solution of these well known equations leads 
usually to an exponential coorelation function or relaxation function. exp-(t/T 0 ). However a 
- survey of published literature shows that there are only a very few instances the same results 
have been derived from nonlinear dynamics for the simpler problem, giving us little to start 
with. The literature provides absolutely no guidance to how to proceed in solving the full 
problem after putting back the nonlinear interactions. 


FERMI MAP AND THE FERMI-STADIUM MAP 



The other way to attack the problem is to develop simpler prototype m o dels that can be solved 
numerically without and with the no nlin ear interactions between the units. One example 
without interactions is the Fermi map which was proposed by Fermi (Ref.36) to model a 
realistic problem of cosmic ray acceleration in which charged particles are accelerated by 
collisions with moving magnetic structures. In the model a particle of mass M bounces back 
and forth between a fixed dissipative wall on one side and on the other side at a distance of 
L an elastic wall oscillating sinusoidally with time described by x = a cost cor), see Fig.l. The 



amplitude parameter 

a 8 

Fig. 1. One-dimensional dissipative Fenni map 

motion of the panicle can be described by the Fermi map. The map determines the velocity 
and phase of discrete time n+1 from the information at time n. Iterating maps makes the 
computation much simpler than solving differential equations, without losing relevant 
information of the system. Tsang and Lieberman (Refs37-40) calculated this map to find that 
almost all initial distributions in velocities evolve to the invariant Maxwell distribution. 
/(u)-exp(-/4ii 2 ), where u is the velocity. The phase-averaged distribution evolves with time as 
a Markov process according to the Fokker-Planck equation. The normalized difference. <t>, 
between the mean energy anH the eq uilib rium energy when plotted against time decays 
approximately exponentially with rime . These results can now be found in a chapter of a 
standard text of nonlinear dynamics (33). Naturally it would be nice to put in many more 
panicles and introduce nonlinear interactions between them and solve this many-particie 



Fig. 2(a). Two-dimensional Fermi-stadium map 



Fig. 2(b). A curved comer of the a d ded stadium portion 


generalized Fermi problem again. The calculation involved is however te c hnically too 
difficult to perform at time. There is a n other way of introducing additional nonlinearity 
inqwiri of rm nin tffgrable interactions into the Fermi map that can be solved at this time. It is 
well known in billiard systems (Refs.21-23, 41) that boundaries partly made up by arcs of 
circles will cause chaotic behavior in the motion of a parccle. One such billiard system that 
is quite well known is the "stadium" whose boundary looks like a s t adi um in real life. This 




fact has led us to first add two more elastic walls orthogonal to the two already present in the 
Fermi map making it two dimensional and make two comers of the newly formed rectangle 
into circular arcs. The new system is a combination of a Fermi map and half a stadium (see 
Figs,2a and 2b). Naturally we call this new system the Fermi-stadium map. It is 
straightforward to construct the new map which includes also specular reflections from the 
additional elastic walls and the circular arc of the stadium (Ref.29). 

First let us consider the effect of adding one more dimension to the Fermi map by adding two 
more elastic walls to the existing ones of the Fermi map. The width between the new wails 
is 2, which is much smaller than L. Although the motion of the ball is now two-dimensional 
the Fermi system with the two horizontal wails ad d e d is just as simple as the one-dimensional 
Fermi (since v remain constant forever) before we add nonlinearity to the system by 
replacing each of the two right-angled comers by q uadr a nts of a circle with radius R which 
is s mall er than 1 as indicated in Fig-2. The map is written as: 

uM 1-5) u r +slny n 




yt^y+vL/ U (mod4) 

The modulo 4 restricts y to be between -2 and 2. in view of the fact that one collision at the 
ceiling another at the floor are equivalent to a t rans la tio n of 4 in the coor dinat e y. For an 
extra collision, the value of y would be larger than 1 or smaller than -1. To adjust y again so 
that it is between -1 and 1. we do the following: 

if y’ > 1. then y” = 2-y; 
if y’ < -1, then y" = -2-y. 

We then add the effect due to collisions at the curved corners. If 

then 


cos20 *sin20 u / 
' ±sin20 cos20 ' v 7 



where 6 = sm'f (ly"l -l+R) / R]. The new values at the (n+l)st collision with the oscillating 
wall is then: 

“n*l = lu "> 

V n+1 = V' 

= *y"i 

<P«. = <P’- 

To study the relaxation of the average energy in the Ferau-stadium map, we observe the time 
evolution of 10,000 initial conditions. The initial distribution f 0 (u) is such that « 1 and 
v 0 « Uq. In order to smooth the high frequency fluctuations in time, we use a running 
average over 50 timesteps. We then compare the relaxation in the Fermi-stadium map with 
different R's to that in the Fermi map. 

Figure 3 shows the numerical result of the Fermi-stadium map with parameters 6=0.01. L and 
M =100, for various values of R (0, 0.02, 0.1, and 0.5V The normalized difference. 4>. 



Fig. 3. Numerical result of the Fermi-stadium map with parameters 6=0.01, L and M =100, 
for various values of R (0, 0.02, 0.1, and 0.5. from left to right). The normalized 
difference. <1>, between the mean energy and the equilibrium energy, is plotted against 
nun* r. The arrow indicates a rescaling of the R— 0.5 curve to show a longer 
coincidence with the Fermi curve. 
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between the mean energy and the equilibrium energy, is plotted against time t. The relaxation 
is shown retarded for different values of R. The larger R is. the more chaos is intriduced and 
the more the retarding. Note that for R =0 (the dashed line at the bottom), the map is reduced 
to the Fermi map. At r=140. the solid curve, cor r e sponding to R= 0.02. begins to si gnificantl y 
deviate from the Fermi curve: at r=120, the nayr curve above, corresponding to f?=0.1, begins 
to significantly deviate from the Fermi curve. For R= 0.5. since the change from the Fermi. 
map is substantial, we rescale the curve horizontally so that it coincides for a significant 
portion with the Fermi curve. The rescaling is shown by the arrow in Fig.3. At r=85, the 
curve, corresponding to R= 0.5, begins to significantly deviate from the Fermi curve. One can 
observe a crossover time t e (which depends on R), after which the Fermi-stadium curve 
deviates from the Fermi curve. 


To study the nature of the relaxation, we plot Log(-Log 4>) against t in Fig. 4. After a 



Fig. 4. Log(-Log O) against r. The curves become nearly straight after a crossover time r c 
which depends on R, and can be fitted to straight lines of slopes j3 = 1.0.0.86,0.8, and 
0.78. respectively for R= 0, 0.02, 0.1. and 0.5 (from left to right). 


crossover time t. (which depends on R), the curves become nearly straight. The portion of 
the curves can be fitted to straight lines of slopes $= 1.0,0.86,0.8, and 0.78, respectively for 




R= 0, 0.02, 0.1, and 0.5. Figure 5 shows that the portion of curves corresponding to large r 
can be approximated by simple functions. In particular, the Fermi curve (solid curve below) 
is shown approximated by the (dotted) exponential function. The Fermi-stadium curve, on the 
other hand, is shown approximated by a (dotted) stretched-exponential function. The dashed 
curve is an exponential indicating a failure to fit the Fermi-stadium curve. 
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Fig. 5. The Fermi curve (solid curve below) approximated by the (dotted) exponential 
function; and the Fermi-stadium curve, with R= 0.5, approximated by a (dotted) 
stretched-exponential function. The dashed curve is an exponential indicating a 
failure to fit the Fermi-stadium curve. 


The effect of additional nonlinearity, in form of half a stadium, to the Fermi map, has been 
studied. It is found that for large t, O ~ exp {-tlx) for R=G, indicating that the Fermi map has 
exponential relaxation. For other i?’s, it is found that <I> - exp (-t/t’) p for t > r c . Thus the 
relaxation of the Fermi-stadium map proceeds with a stretched exponential time dependence 
for t > t c . The nonlinearity from the stadium is observed to slow down the relaxation of the 
original system. As expected, the fractional exponent 6 decreases further from unity with 
increasing nonlinearity or larger R's. 

COUPLED NONLINEAR OSCILLATORS 

Lately in the community of research in chaos there is considerable interest in nonlineariy 




coupled oscillators. Various models of a globally coupled oscillator array (Refs.42-46). It was 
conjectured and later proved (though with conditions) that for coupling strength below a 
certain threshold, such systems would relax to an incoherent state (Ref.47). Recently the 
relaxation process in such an array is found to be exponentially fast (Ref.48). We consider 
an array of coupled oscillators governed by the map: 

| 2 >i sin(< p r*i ] 

for i, y=l,..JV»i, which is cioseiy relaxed to the equations of motion studied by Strogaxz and 
coworkers (48). Like Strogaxz et al. we are interested in the decay of the phase coherence, r, 
which is the absolute value of the order parameter, rcxp(ivy), defined by 

We find that our array of coupled oscillators decay to an incoherent state. i.e. r=Q, for K<0. 
Numerical calculation shows (Ref.30) that the decay of r is almost exacdy an exponential 
function of time at least up to the longest time we have earned out so far and 99.9% of the 
initial value of r has decayed. Now if we allow a number of these arrays to interact to obtain 
an even more complex system, the interesting problem is to find out what modification these 
i nf ractions will have on the relaxation of r for each array towards incoherence. The 
interactions betweeen the arrays a=l,..Jlf can be chosen in several ways. One choice we have 
made is indicated by the new maps (Ref.30): 

The strength of the interactions between the arrays is measured by K /K. 

We have iterated the maps to obtain the evolutions of the coupled arrays system numerically. 
From the result we the decay of r for each array. Figures 6-8 show the decay of r 

for interaction strength of 0.80, 1.0 and 1.2. In each of these three figures, the d a she d curve 
is the almost exponential decay without inter-atray interaction, i.e. K IK=0. It has been shifted 
horizontally along the time axis towards longer times to m a ke it coincident with the calculated 
curve (a string of beads) at short time s. It is clear that the relaxation is slowed down by the 
inter -array interactions, and the degree of slowing down is proportional to the interaction 
strength K'lK. In all these calculations N is fixed at the value of 28. The degree of slowing 
down depends also on M, increasing with M but levels off for Af>4. The results shown in 
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coupling strength = 0.80 


6. Decay of phase coherence. r(t), calculated for interaction strength fC/K=0.& 
(beaded curve). The thick curve is the stretched exponential function. exp-ft/T*) 1 "*. 
and the dashed curve is the exp^t/Tj function. The cross-over time t. is indicated 
by the vertical dotted line. The calculated rfr) conforms well to the exp-(</T 0 ) for 
r<r e and the exp-(t/T*y* for t>t c 
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Fig. 7. Same as for Fig.6 except the interaction strength is 1.0 
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Fig. 8. Same as for Fig.6 except the interaction strength is 1.2 

Figs.6-8 are calculated for Af=3. The results are consistent with an initial exponential decay, 
exp-(*/t 0 ), and crossover at some c to a stretched exponential d ec ay , exp-(r/x ) lHI (solid curve) 
as indicated by the vertical dotted line drawn in the figures. Fitting the calcula t ed results this 
way we find t hat the relaxation time x increases and the exponent 1 -n decreases with the 
interaction strength, 1CIK+ between the arrays (see Figs.9 and 10). These behaviors are in 
accord with the results of the coupling model. Continuity of the two pieces, exp(-f/x 0 ) and 
expKt/x*) 1 " 1 at r c guarantees the validity of the relation between x and x 0 given by: 


which is the same as Eq.l provided the identification 

, -i (5) 

c c =(l-n) a «c 

is made . The reciprocal of the to.' 1 in Eq.l is the time at which the rela x a ti on rate defined by - 
(1 IC(t))dC(t)Jdt are equal for the two correlation functions, exp-(//x 0 ) and exp-(t/xT"; while 
t c is the time at which they are continuous. Thus the relax atio n of the noniineariy coupled 
arrays of coupled nonlinear oscillators has verified the basic features of the coupling model. 
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Fig. 10. The Kohlrausch exponent. (3. deter min ed as a function of interaction strength 
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The good correspondence between relaxation of simpler prototype chaotic systems and the key 
features of the coupling model shows that a theory of the coupling model Is in the making. ^ 
The encouraging results obtained will provide impetus for future study of more complex 
chaotic H amil tonian systems that bear closer resemblance to polymers, small molecule glass- 
forming liquids and vitreous ionic conductors. 


QUASIELASTIC NEUTRON SCATTERING 




The quasieiastic neutron scattering meas urements were made by Colmenero and coworkers 
(Refs.49.50) using the TOF spectrometer IN6 at the Institut Laue-Langevin. Grenoble, France. • 
The incoherent scattering function S(Q, to) was obtained for various scattering wavevectors Q 
in the range 0.2 < Q < 2 A ' 1 and energy transfer luo up to 5 meV at constant temperatures in 
the range T t - 8 < T < T t + 100 K. The poly(vinyichloride) (PVC) sample studied has a glass 
temperature T g =358 K and a number-averaged molecular weight Af n =4.55x10*. The relaxation ® 
contribution, 5 rei “(Q,co), to the scattering was isolated after removal of the harmonic vibrational 
contribution from the measured S(Q,gs), taking into account the instrument resolution. Fourier 
transform of 5'**“(Q,0i) gives the normalized intermediate scattering function L(Qj)* F~i r . (Qj). 
The results are reproduced in Figure 1 la for different temperatures at a constant Q value of ® 
1.5 A' 1 . It can be seen that, independent of T and Q, all the intermediate sc att e ri ng functions 


1 


0.9 

O °- 8 

a 

r°o.? 

0.6 
0.5 

, 0 - 10 - t(s) 10 - 10 - # 

Fig. 11a. Normalized intermediate scattering function for PVC at Q= 1.5 A’ 1 at different 
temperatures. After Colmenero. Arbe and Alegria 
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exhibit a break in curvature at a time of about L7 ps, signifying a crossover of / 0 (Q,f) from 
one regime at short times (t < 1.7 ps) to another at long times (t > 1.7 ps). This crossover 
between two different dynamic regimes is more cieariy seen in the mean squared displacement 
of the scattering centers, <r*(f)>, which can be obtained from the / 0 (C,f) data by solving the 
equation I 0 (Q,t) = cxg[r^<r{t)>l6l The values of <r(r)> so obtained (Refs.49,50) at different 
temperatures are plotted ag ains t time in Figure 11b, and the existence over a considerably 
large temperature range of a T-independent crossover time (approximately equal to 1.7 ps) is 
clear. In the short time regime of t < 1.7 ps t <r i (f)> is proportional to t. While for t > 1.7 ps, 
<r\t)> oc with n = 0.77. This sublinear time dependence of <rit)> was found previously 
using a longer time window of Iff" < r < 10"* s fRefs.51,52). It has been shown to originate 
from the local segmental (alpha) relaxation of PVC. with a stretched exponential form, exp[- 
(t/x^Q.T)) 1 * 0 ], for the intermediate scattering function. 



To see if this crossover corresponds to the one proposed by the coupling model, the 
inte rraftriiflte scattering function d ate in the short time regime was fitted by (Refs.49,50) 


hcxp-it/x 0 (Q t T)) for r < 1.7 ps 


(6) 




(7) 


and the data in the iong tune regime by the stretched exponential (see Fig.lla) 


I 0 (Q,t) = cxp-U/x’(Q,T)V" for t > 1.7 ps 

with the exponent 1-n taken to be that obtained from <r(t)> « r 1 '". l-n = 0.23 for 
T=430 and 450 K (see Fig. 1 lb)). While fits to Eq 6 (solid curve in Fig.l la) in the short time 
regime have been earned out successfully in the entire temperature range, fits to Eq.7 in the 
long time re gime can be carried out with confidence at oniy the two highest temperatures, 430 
and 450 K. where the I 0 {Q,t) data decrease significantly with time, before being cut off by the 
long time edge of the tune window. These fits, shown as dashed curves in Fig.lla, describe 
well the experimental I g (Q,t) at 7=430 and 450K. 

From these fits of the experimental data in the two separate time regimes using eqs 4 and 5, 
x 0 and t‘ were obtained as a function of Q and T. For it was found that 

x 0 (Q,r> oc 2' 2 exp(5.8(kcai/moi)/RT]. (8) 

The C 2 dependence indicates simple diffusion of the scattering centers, consistent with 
independent relaxation of local segments without the imermoiecuiar mteracuon expected for 
r < r e . The Arrhenius temperature dependence is valid over an enormous temperature range and 
has an activation enthalpy of about 6 kcal/mol. This is comparable to the internal rotation 
isomerism energy bamer of a PVC chain deduced before from different measurements 
(Ref.53). Such a temperature dependence provides additional support for the coupling model 
interpretation of the short time (t < r : ) dynamics. On the other hand, for t\ combining the 
current TOF neutron scattering data with the previously published neutron backscattering data, 
we find T' ~ Q\ similar to earlier results (Refs.51,52) based on backscattering data. 
Substituting UQ>T) given by Eq.8 into Eq.4, recalling the fact that r c is independent of Q and 
T and n = 0.77, the coupling model predicts 

« <2' J/ “- 077, exp{25(kcal/mol)//?T} ^ 

These predicted temperature and Q dependencies of T 0 and z‘ are summarized and illustrated 
respectively in-Figs.l2a and 12b. The predictions are in good agreement with the experimental 
Hata Similar results have been obtained for other polymers including poly(vinylmethylether), 
polybutadiene and polyisoprene (Ref.54). Thus, we conclude that neutron scattering data 
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directly corroborate the coupling model. 
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Questions can be raised on the plausibility of the observation of diffusive motion (consistent 
with the Q 1 dependence of t 0 in Eq.8) in the short time regime of 3xl0‘ i3 < t < r e . In fact, the 
existence of a multitude of high frequency vibrational (bond bending and stretching) modes 
provides the fast variables (i.e., heat bath) that enable "diffusion" of the hydrogen as seen by 
the neutrons. In the next section we discuss molecular dynamics simulation of small molecule 
liquids and polymers. In these simulations (Refs.55-57) the same cross-over phenomenon seen 
by incoherent neutron scattering are obtained, with similar r. for both F,(q,t) and the 
reorientadonal time correlation function. A/ k (f) = <P k [cos0(r)]>. where P t (x) is the Legendre 
polynomial of order k, and 0(r) is the reorientation angle of a vector at time r. For 
reorientadonal motion, the rotational diffusion relaxation time does not have any Q- 
dependence, and it is obvious rhat rotational diffusion can occur on time scales of the order 
of a picosecond. 

MOLECULAR DYNAMICS SIMULATION 

In recent years improvement in the technique has made molecular dynamics simulation (MDS) 
a powerful tool to investigate the dynamics of molten salts (Ref.55), glass-forming small 
molecule liquids (Ref.56) and polymers (Ref.57). Realistic potentials have been used to 
represent the interactions between the molecular units, making the results of computer 
experiments as quantitatively a cc u rate as actual experiments. In addition, informations 
extracted from MDS are often richer than that from real experiments. Thus, these MDS data 
provide additional tests of the theoretical basis of the coupling model. In this Section we shall 
analyze one set of MDS data (Ref.57) and show that the results confirm the coupling mo de l ’s 
dexcription of the dynamics. 

Roe (Ref.56) has performed MDS of polyethylene (PE). The intennolecular interactions are 
of the short range van der Waals kind, represented by Lennard-Jones potentials. F t (Qj) = 
<exp {-iq •(r 1 (r)-r,(0)]>, where r,<r) is the position of the i-th segment at time r, has been 
evaluated for different temperatures and several values of the wavevector Q. Results for 
Q=1.38 A ' 1 are shown in Ref.56. At temperatures below 108K there is an initial decay of 
F t (Q,t) which can be ascribed to harmonic phonons, with no additional relaxation process 
observed in the tima window. The assignment of the initial decay to harmonic phonons is 
consistent with the p lateau value F s (Q,t-> large) being well described by the Debye-Waller 
factor, txp(-WQ*T), where W is a constant independent of Q and T (Ref-58). A semiiog plot 
of the Debye-Waller factor obtained from the low temperature F t (Q,t) data yields a straight 
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line which can be used to extrapolate the phonon contribution to higher temperatures. This 
extrapolation clearly indicates that the contribution of phonons to F,(Q,t) has to be taken into 
consideration at all temperatures. At temperatures equal to and higher than 132 K, additional 
relaxation processes appear in the time window of Figs.l3a and 13b. m a kin g it difficult to 
isolate the individual components. We can account for the harmonic phonon contribution to 
F,(Q,r) at higher temperature by Fourier transformation of the F s (Q,t) data at low temperatures 
(say T < 108 K). where only the harmonic phonons contribute, followed by scaling of the 
resultant dynamic structure factor S(Q,0i) by the Bose factor and the Debye-Waller factors 
(Ref.58). The inverse Fourier transform of the scaled S(Q,<0) yields F?\Q,t), the density- 
density correlation function from phonons at higher temperatures. Assuming that scattering by 
harmonic phonons and relaxation are statistical independent processes, we write the 
intermediate scattering function as a product F s (Q,t ) = F famm iQ,t)F raa '{Q,t). This equation can 
be solved for F^{Q,t) at any T. The results can be compared with the predictions of the 
coupling model in a similar mann er as done previously by Colmenero and coworkers using 
his QENS data The F . (O tT\ at all temperatures for which Roe has made his simulations 
ran be calculated We can now assess the coupling model by exa minin g whether the 
experimental F,(Q,r,T) can be represented at each temperature by: 

exp-(r/t 0 (D) for t<x z 

F t {Q,rJ) = F^JjQjtJ) x { (10) 

exp-(r/T*(7D‘‘" for r>r. 

for a temperature independent r c such that the continuity condition. exp-(r/t 0 (7)) = exp- 
(J/t‘( 7)) u " is satisfied always at t=f c . We start by first choosing a t. and then for each 
temperature find two independent parameters. and n (the third parameter T is auto matic a lly 
fixed by Eq.4), such that the products on the right hand side of Eq.10 give a good fit to the 
experimental F,(G,r,D. In carrying out this, we find that for good fits at all temperatures can 
only be obtained for r c ’s limit ed to a narrow range around 2 ps. 

The results of the best fits for r e =2 ps for two temperatures are shown in Figs. 13a and 13b. 
The F ttte (Q,r,D used to obtain these fits are displayed also in these figures. At each 
temperature F rete (G,f,r) is comprised of two pieces: exp-<t/T 0 (7)) for t<t. and 
exp-(//t‘(7))‘' nrn for r>r c . The relaxation times, T. and x\ and the coupling parameter, n, arc 
plotted as a function of temperature in Fig.14 and Fig.15 respectively. The temperature 
dependences of t 0 is approximately Arrhenius with an activation enthalpy of about E t — 2.4 
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Fig. 13a. Theoretical fit (thick long dashed-short dashed curve) to experimental riara FfjQjr,T) 
of polyethylene (solid curve) showing the cross-over time r e (vertical dotted line), the 
phonon part, F pngmem (Q,r,T),(dashcd dotted curve) and the good fit of the relaxation 
part. F^CQxT), by exp^t/xj (solid curve) for t<z. and exp^j/t’) 1 '" (dashed curve) 
for n >t c at T=156K. 



Fig. 13b. Same as for Fig.l3a but now F=204K 










kcai/mole. It is apparent that the temperature dependence of T 0 becomes milder at high 
temperatures > 252 K. which makes the overall activation energy appear smaller. Excluding 
the three highest temperatures, the activation enthalpy is close to 3 kcai/mole. 


The coupling parameter has the value of 0.40 and exhibits a decrease at-high temperatures. 
This decrease of n at high temperatures may be correlated with the corresponding milder 



Fig. 14. Arrhenius plot of t 0 and x of polyethylene 

temperature dependence of T„ seen there. The value for E t is roughly what is expected for the 
activation energy of the confonnanonal energy barrier for a single polyethylene chain. As 
modelled by Roe, this is about 3 kcai/mole (Ref.57). This is a striking agreement for the 
microscopic activation energy which governs local segmental motion of a single chain. The 
stretch exponent, pasl-n, detetmined for polyethylene is close to that expected from the 
empirical correlation between 0 and the steepness of the polymer’s cooperauve plot (Ref.58). 
The coupling parameter n= 0.40 for polyethylene is smaller than that of all other polymers 
with bulkier monomer structure. The much larger coupling parameter (n=0.77) found for 
polyvinylchloride (PVC) from QENS as well as dielectric and mechanical mesurements, arises 
from its larger intennolecular interaction due to the polar nature of the PVC backbone. The 
disparity of the values of n in PVC and PE is direcdy responsible for the different appearance 
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temperature (K) 


Fig. 15. The coupling parameter, n. as a function of temperature 

PVC we see clearly a break in the at the cross-over time r e . For PE the break at 

the cross-over is less obvious (Figs,13a and 13b) due to the smaller n. Nevertheless, in PE the 
initial exp-(tfT 0 (T)) decay for r<r c is necessary to explain the departure of F t (QsJ) from the 
phonon contribution F ^^J XixF) at short times. 

FROM MICROSCOPIC DYNAMICS TO VISCOELASTICITY OF POLYMERS 

In previous sections we have shown microscopically from theory (chaotic Hamiltonian), real 
experiment (QENS), and computer experiment (molecular dynamics simulation) that the basic 
result of the coupling model seems to be correct. This microscopic basis justifies , the 
application of the coupling model to many practical problems in relaxations of complex 
systems. As mentioned already in the introduction, we have made many efforts to apply the 
coupling model to macroscopic relaxation processes in the last ten years, and the results have 
been remarkably successful. Many representative achievements were the subjects of a very 
recent review (Ref.12) and will not be repeated here. The interested reader can consult 
Reference 12 and the papers cited therein for details. In the remainder of fins paper we shall 
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briefly Hisnigg a more recent develo pment (Ref.60) that is concerned with the application of 
the coupling model to viscoelastic properties of amorphous polymers, particularly in the g lass* 
rubber transition region. 

The local segmental motion involves a few monomers. Although the number of monomers and 
hence the length scale of the motion can be a function of temperature, we can expect from the 
coupling model th at the characteristics of the local s eg m e n tal motion will depend on the 
chemical structure of the polymer. First t c may vary somewhat with chemical structure. 
However, if the nature of the in termo l ecular interaction is the same we do not expect r e , the 
onset of the effect due to chaos f r nm the nonintegrable intermolecular interactions, to differ 
much from one polymer to another. After the onset time t c the coupling parameter n a ,which 
d et er nitTifts the segmental relaxation time T a via Eq.5 , will also depend on the chemical 
structure. Intuitively we may e xp e ct that monomer that is more complex , stencaily 
constrained anri having backbone that is more inflexible will have a larger cou pl in g 
parameter, even the nature of the intennolecular interaction has not changed. Motion of such 
a monomer will be further siowied down (Lx. larger n) be caus e the degree of chaos c aus ed 
by the intennolecular interactions is enhanced in co nsider ing the local segmental motion of 
the polymer. This expectation will be demonstrated by future calculations based on either the 
ch a ot ic Hamiltonian or the molecular dynamics simulation. At this ti m e the coupled nonlinear 
oscillators discussed above provides an illustration. Keeping the interaction strength 

K '! K constant, increase of the number, Af, of arrays from 2 to 4 resembles makin g the 
monomer more complex. Ind eed we find that n increases with M . If molecular dynamics 
simulation p e rf ormed by Roe (Ref.-57) on polyethylene) were extended to bulkier and more 
inflexibe polymers, we predict before the numerical experiment is done that the coupling 
parameter found will be increased above the value determined for poly(cthylene) (see Fig. 15). 

Experimental measurements of the time/frequency dispersion of the local segmental motion 
in many amo rphous poly mer s are available in the literature. The most direct measurements of 
local segmental motion are by dielctric and phton correlation spectroscopic te c hni ques. These 
techniques usually do not see the Rouse modes in the glass-rubber transition region 
neighboring in tinna scal e to the local segmental motion. Thus the local segmental motion can 
be isolated, its dispersion fit to a Kohlrausch function (Eq.2), and the coupling parameter n a 
a survey of the values n a so determined for many amorphous polymers show 
that they vary over a wide range (Ref.61). Amongst amorphous polymers with carbon 
backbones so far the smallest value of about 0.45 for n a is found for poiyisobutyiene 



(PJB)(Ref.62) and the largest value of 0.77 is found for poiy(vinyichloride) (PVC) (Refc.49- 
53). The reason why PVC has a larger n a than PIB is clearly due to the stronger 
intermolecuiar interaction in PVC which has an hydrogen repl aced by a chlorine. Polystyrene 
(PS), is related in chemical structure to PIB by being more complex and having a bui l d er ring 
attached to the backbone. Indeed it has a coupling parameter of 0.64, larger than that of PIB. 
In the treatise on viscoelasticity of polymers (Ref.60). m a n y different polymers are compared. 
In this Lecture we shall limi t the comparison to between PS and PIB only. As has been shown 
previously as a consequence of the coupling model in several publications (Rcfs.63-65) and 
a review article (Ref. 12), the viscoelastic pr op er ties of two polymers like PS and PIB having 
a large difference in rt a will necessarily be very different. We shall not repeat in detail the 
arguments used before (Refs.12,60, 63-65). The interested reader can find them in these 
References. However we shall briefly indicate how the coupling model can account for the 
drastically different viscoelastic pr op e rties exhibited by PS and PIB that will be s ummariz e d 
below: 

(1) Width and Dispersion of the Glass-Rubber Transition 

It is well known since the beginning of the development of viscoelasticity by Tobolsky and 
coworkers (Ref.66), and by Ferry and coworkers (Ref.67) that the width and dispersion of the 



Fig. 16. The comparison between stress relaxation master curve of polystyrene and predictions 
of the modified Rouse theory by Ferry in the giass-nibber transition region (after 
Aklonis and MacKnight, Introduction to Polymer Viscoelasticity* reproduced by 
permission) 





g lass rubber transition zone for PS and PTR are very different. PS has a mu c h narrower width 
and sharper dispersion than those of PIB. This can be seen by comparing stress relaxation data 
of PS (Fig. 16) and PIB (Fig.17). The predicted stress relaxation curve from the Rouse theory 
modified by Ferry (Ref.67) for undiluted polymer also shown in Fig. 16 is totally different 
from that of PS but about the same as that of PIB (Fig.17). The large deviation of PS from 
the modified Rouse theory originates from its large coupling para met e r il, which m a ke s the 
temperature dependence of the local segmental relaxation tim e l a stronger th a n that of the 
modified Rouse modes (see Eqs.l and 3) (Refs. 12.60). As a consequence the local segmental 
relaxation encroaches on the time scaie towards the relaxation time spectrum of the modified 



Fig. 17. Master stress relaxation curve for NBS poiyisobutylene at -44°C. (After A.V. 
Tobolsky, J. Apply.Phys..27,673(1956)). 

Rouse modes, making the width of the glass-rubber transition of PS muc h narrower t h a n the 
modified Rouse theory would predict. This effect is much red u ced in PIB beca u se it has a 
significantly smaller n a , and hence the time dependence of stress relaxation in PIB resembles 
that predicted by the modified Rouse theory. 

(2) Normalized Temperature Dependencies of i a 



An objective way to compare the temperature dependences of t„ is to plot logfxj against 
normalized temperature variable such as T/T or (T-T t )/T r , where T t is the glass transition 
temperature" operationally defined by the temperature at which the measured x a has the value 
of an arbitrarily time, say 100 seconds. The T, used here may not be the same as the glass 
temperature obtained by DSC measurement.. Angeil (Ref.68) and others (Refc.61.63,69) have 
demonstrated the utility of this normalized temperature dependence plot Plazek et al. (Ref.63) 
have found that there exists a strong correlation between the steepness of this normalized 
temperature plot of x a and the coupling parameter n* for the family of amorphous polymers. 
This correlation has been expanded to more materi al s in Reference 61. Such a correlation 
leads to the suggestion (Ref.69) that the plot of x a against T/T should be referred to as the 
"cooperanvity plot". The name "fragility plot" for the same thing commonly used by other 
workers is not appropriate for polymers because fragility as originally used by Angeil 
(Ref.68) is to describe degradation of structure with increase in temperature, but the structure 
of polymer is not changing with temperature, in the spirit of comparing only PS with PIB the- 
cooperarivity plot of these two polymers are presented in Fig.18. PS having a larger n a does 
«»Thihit a steeper normalized temperature de pendenc e in the cooperanvity plot. We have 
already shown in Reference 61 and 63 that such a correlation between n a and the steepness 
index is expected by Eqs.l and 3 of the coupling model. 



Fig. 18. A "cooperative" plot of log t a against normalized reciprocal temperature. T / r « wtgnr 
T f is the glass temperature at which the mechanical relaxation time determined ftum 
cree p c omplianc e data of Plazek and Ngai, x„, equa l s 10*s. 







(3a) Degree of Thermorheoiogicai Complexity: High Molecular Weight 
Plazek have shown by recoverable cr e e p measurement on PS that the terminal relaxation 
(related to the viscosity t|) has a weaker temperature dependence than that of the local 
segmental dispersion in a common temperature range near T 8 (Ref.69) (see Fig. 19). This 
outstanding feature of thermorheoiogicai complexity was explained by Eqs.l and 3 of the 
coupling model (Ref.70) from the fact that in PS coupling parameter of local segmental 
motion, n<, , is larger than the coupling parameter of terminal motion, n,,, from c hain 
entanglement interactions. The entanglement interaction involves length scale much larger than 
that of the monomer. As a consequence is independent of chemical structure of the 
polymer and has the value of about 0.41 for linear polymers (Refs.8,9,12). The condition 



Fig. 19. Creep measurements on a polystyrene with molecular weight 46,900, reduced from 
different temperatures as indicated to 100°C with shift factors calculated from 
steady flow viscosity. (After Plazek.) Subscript p denotes multiplication by 
rp/T 8 p 8 . This plot shows the stronger te mper at u re dependence of the segmental 
motion compared with that of viscosity as predicted by the coupling model 


n^>n^ is satisfied for PS. However PIB with a chemical structure having less capacity for 
intermoiecular coupling has a smaller n a =0.45. For PIB n tt = n,, and hence the degree of 
thermorheoiogicai complexity seen in PS should be much reduced in PIB. This clear prediction 




is verified by creep measurements by Plazek and coworkers in a high molecular weight PIB. 
The data can be reduced successfully to a master curve (see Fig-20) in contrast to the failure 

found in PS (Fig. 19). 

(3b) Degree of Thermorheological Complexity: Low Molecular Weight 
In unentangled low molecular weight PS Plazek and O’Rourke CRef.71) have found that the 
steady state recoverable compliance J t decreases as temperature is lowered towards T r The 
decrease of J t is tantamount to loss of contribution to viscoelastic response from the longer 
tune Rouse modes, leading to spectacular breakdown of thermorheological simplicity. This 
anomaly has been explained by the large « a of PS leading to a higher temperature sensitivity 
of the shift factor of the local segmental motion than that of the Rouse modes (Ref.72,65). 
The smaller n 0 of PIB reduces the difference between the temperature sensitivity of the two 



Fig. 20. Logarithm of the recoverable compliance data of PIB E ' 19 P l0 ^ 

logarithm of the reduced time scale with the retercnee temperature T 0 -72.6”C. 


shift factors and as a consequence the decrease of J t with falling temperature is less severe 
in PIB than for PS. In Fig.2 1 the creep data of PIB with molecular weight equal to 10,700 is 
compared with that of PS with molecular weight equal to 16,400. These samples ate 




compared because they have comparable maximum J t value and about the same nu mb er of 
backbone carbon atoms. By inspection of Fig.21 it is clear that the decrease of J t found in PS 
is much reduced in PIB as expected. 

CONCLUSION 

The coupling model is better known to workers in the field of polymers for the m a ny 
successes in applications to problems. Not so well known is its theoretical fo undati on. One 
of the objectives of this paper is to point out that densely packed ineracting systems like 
polymers have Hamiltonians that are chaotic in character, and hence their dynamics are most 
appropriately described by a model that is based on chaos. A simple chaotic Ha mil tonian and 
an interacting noniineariy coupled oscillators arc used to show that the basic results of the 
coupling model can be derived from first principles. These results indicate that theoreti c al 



Fig. 21. Double logarithmic plot of the recoverable co mp l ianc e, J r (t), as a function of reduced 
time, t/a^ for PIB 1-7 and PS A-61(3). Temperatures where data points for 1-7 were 
obtained arc indicated. The reference temperatures for reduction T 0 are T g +8°C for 
both specimens. The dashed lines are log [J,(t)-J g ], where J g is the glassy co mplian ce. 
For polystyrene, the five levels of steady-state compliance in descending order 
correspond to temperatures of 119.4, 109.4, 105.1, 102.9, and 100.6°C, respectively 




approach based on chaos seems promising. However more work is needed particularly on 
larger systems with more realistic interactions before the theoretical problem can be considered 
to be solved. 


In spite of the fact that a basic theory of the coupling model is still at large, microscopic 
experimental data including quasielastic neutron scattering and molecular dynamics simulation 
have r emarkab ly confirmed the basic results of the coupling model. There exists indeed a 
temperatur e insensitive cross over time from independent to coupled dynamics. The key 
predictions of the coupling model are also verified by the experimental data. 

The momentum we have built over the last decade in applying the coupling model to various 
problems of relaxation is substantial. We are able to solve many difficult problems in the 
relaxation of polymers. This capability is demonstrated by showing how we can now 
understand the different viscoelastic properties of polymers with different chemical structures. 
Polystyrene and polyisobutyiene are used as examples with different molecular structures and 
viscoelastic properties. 
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0. ABSTRACT 

We analyze a system of interacting arrays of globally coupled nonlinear 
oscillators. The relaxation in the interacting arrays with different interaction 
strengths is compared to that in an array not subject to interaction with others. 
The relaxation of the latter is found to be an exponential function of time. On 
the other band the relaxation of the interacting arrays is slowed down and 
departs from an exponential of time. There exists a cross-over time, r c , before 
which relaxation of the interacting arrays is still an exponential function. 
However, beyond r c , relaxation is no longer exponential but well approximated 
by a stretched exponential, exp-(t/x) p . The fractional exponent P decreases 
further from unity with increasing interection strength. The result bears strong 
similarity to the basic features suggested by the coupling model and seen 
experimentally by neutron scattering for relaxation in densely packed 
interacting molecules in glass forming liquids. 

PACS numbers: 05.45.+b, 82.20.Rp, 31.70.Hq, 05.40.4j 




L INTRODUCTION 


carried out so far and 99.9% of the initial value of r has decayed (see Fig.l). 
This resembles the (Debye) relaxation of an isolated molecule in dilute solution 
which is also exponential. 


Recent results [1] have shown that studies of nonlinear dynamical systems can 
enhance the understanding of some fundamental problems in physics, such as 
stability of the solar system, phase transitions, turbuiance. and the ergodic 
problems in statistical mechanics. One common characteristic of such systems 
is the irreversibility of the dynamics due to sensitive dependence on initial 
conditions. Lately in the community of research in chaos there is considerable 
interest in noniineariy coupled oscillators. Various models of a globally coupled 
oscillator array [2-6] have been studied. It was conjectured and later proved 
(though with conditions) that for coupling strength below a certain threshold, 
such systems would relax to an incoherent state [7,8]. Recently the relaxation 
process in such an array is found to be exponentially fast [9]. 

It would be of interest to study the relaxation of a more complex system, 
consisted of a number of such arrays coupled together by nonlinear 
interactions. Such study may be beneficial to the understanding of relaxation 
pxocessses in glass-forming viscous liquids, polymers and ionic conductors, to 
name a few. These problems in condensed matter physics, physical chemistry 
and materials science involve irreversible proceeses in densely packed 
interacting systems (10]. The interactions in these systems come from nonlinear 
potentials such as that of Lennard-Jones in polymers and of Coulomb in 
vitreous fast ionic conductors.Each array is considered as a relaxing molecular 
unit. The nonlinear coupling between the arrays mimics the effect that 
interactions between the molecular units has on the relaxation of the individual 
molecular units. What we learn from the solution of this problem should be 
promising to shed some light on relaxation of noniineariy coupled many body 
problems in condensed matter physics. 

2. GLOBALLY COUPLED OSCILLATORS 

We consider a simplified version of an array of coupled phase-only oscillators 
studied by Stxogatz and coworkers [9]. The governing equations are 

for i,/=!,.. JVi» 1. The problem was originally motivated by the study of the 
biological phenomenon of mutual synchronization [7]. Since the state of the 
system is a point on an N-fold toms, we reset <p when it exceeds 2k. We 
further simplify the problem to a map by picking appropriate timesteps and 
rescaling the time. The system becomes a map: 

9t u 9,+jjtf.iSB(9j-9i) (D 

Like Stxogatz et al. we are interested in the decay of the phase coherence, r, 
which is the absolute value of the order parameter, rexp(iy), defined by 

(2) 

We find that our array of coupled oscillators decays to an incoherent state, i.e. 
r=0, for Af<0. Numerical calculation shows that the decay of r is almost 
exactly an exponential function of time at least up to the longest time we have 


3. SYSTEMS OF INTERACTING ARRAYS 

Now if we allow a number of these arrays to interact to obtain an even more 
complex system, the interesting problem is to find out what modification these 
interactions will have on the relaxation of r for each array towards incoherence. 
The interactions betweeen the arrays a=l.....A# can be chosen in several ways. 
One choice we have made is indicated by the new maps: 

< 3 > 

The strength of the interactions between the arrays is measured by K*/K. The 
interacting arrays mimics an assembly of molecules densely packed together. 

4. NUMERICAL RESULTS: RELAXATION OF PHASE COHERENCE 

We have iterated the maps to obtain the evolutions of the coupled arrays 
system numerically. From the result we calculate the decay of the phase 
coherence r for each array. Figures 1 shows the decay of r is slowed down by 
the intera ctions between the arrays. By inspection (and as shown in the inset) 
it is clear that the degree of slowing down varies directly as the interaction 
strength KtK which has been chosen to have the values of 0.6, 0.8, 1.0 and 
\ 2 In all these calculations, M=3 and N is fixed at the value of 32. The results 
shown in Fig.l are calculated for M= 3. The results are consistent with an initial 



time, t 

Fig. 1. Decay of phase coherence, *0. calculated numerically for X=-0.03, 
M= 3, and interaction strength fCiK= 0 (dot), 0.6 (square), 0.8 (triangle), 1.0 
(circle), and 1.2 (diamond). The calculated K0 for K*fK= 0, corresponding to a 
single array with dynamics described by Eqn. (1), conforms well to the 
exponential decay. The inset shows the relaxation times Xq (circles) and T* 
(dots), as functions of interaction strength. 




exponential decay, exp-(//x 0 ), and crossover at some r c to a stretched 
exponential decay, exp-(t/T*) p as indicated by the curves drawn in Fig. 2. The 
Kohlrausch exponent [li] p is actually the slope of the solid line fits in Fig. 2. 
Fitting the calculated results this way we find that the relaxation rim * t* 
increases and the exponent P decreases with the interaction strength, £7£, 
between the arrays (see insets of Figs.l and 2). These behaviors arc in accord 
with the results of the coupling model [12] for relaxation of densely packed 
interacting molecular systems. Continuity of the two pieces, exp^r/xj and exp- 
at t e guarantees the validity of the relation between x* and x 0 given by: 

**-te\i* (4) 

which is the same as 

— (51 

written down in the original version of the coupling model, provided the 
identifications 



and p= 1-n are made. The rec i p r ocal of the co c in Eq.(5) is the time at which 
the relaxation raze defined by are equal for the two pieces of 

correlation functions: C(f) * exp-0/t*) for r < r c , and exp^i/t*) 1 * - for * < and 
t c is the time at which they are continuous. Figure 1 shows that f c decreases 
with increasing inter-array interaction strength. Figure 2 also shows that t c 
(indicated by arrows) decreases with increasing inter-array interaction strength. 
Thus the relaxation of the nonlinearly coupled arrays of coupled nonlinear 
oscillators has verified the basic features of the coupling model. 

The degree of slowing down in relaxation due to the inter-array interaction 
depends also on Af, increasing with M but levels off for Af>4. Figure 3 shows 
the results for different AT s. Note that A/=l is the case without any interaction. 

The good correspondence between relaxation of simpler prototype chaotic 
systems and the key features of the coupling model shows that a theory of the 
coupling model is in the making. The encouraging results obtained will provide 
impetus for future study of more complex chaotic Hamiltonian systems that 
bear closer resemblance to polymers, small molecule glass-forming liquids and 



Fig. 2. Log[-ln r(r)j verses log r, calculated numerically for £=-0.03, M=3, 
and interaction strength £7£= 0, 0.6,0.8, and 1.0. The dashed lines are the 
exponential fits and the solid are the stretched exponential fits. Curves for £7£ 
- 0,0.6, and 0.8 arc shifted vertically up in multiples of 0.5 to avoid 
overlapping on the graph. The cross-over time t c is indicated by a vertical 
arrow. The calculated r(r) for other interaction strengths conforms well to the 
exp(-(£/%)} for r<r e and the expf^r/igX*)^ for t>t c . The inset shows the 
Kohlrausch exponent pas a function of interaction strength. The exponent p 
for fC/K=\2 case is also included in the inset. 
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Fig. 3. Log[-ln r(r)} verses log r, calculated numerically for £=-0.03, 
interaction strength £7£= 1, and different ATs. Curves for M = 1,2, and 3 are 
shifted similarly to curves in Fig. 2. The calculated for Af=l, actually the 
same as for £7£=0 in Fig. 2, corresponding to a single array with dynamics 
described by Eqn. (1), conforms well to the exponential decay. The calculated 
r{t) for other ATs conforms well to the expKr/Xo)] for t<i c and the expf-fr/x*) 0 ] 
for r>t c . The inset shows p as a function of M. 





vitreous ionic conductors. 


5. CONCLUSION AND DISCUSSION 
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The effect of interactions between M arrays of coupled nonlinear oscillators has 
been studied It is found that for sufficiently large r, r - exp (—t/T) for Af=l, 
indicating that the coupled array has exponential relaxation. For other M > 1 
with nonzero interaction strength, it is found that there exists a time r c such that 
r is still an exponential function of time, exp for t < f c , but r - exp - 

(t/r*y* for t > Thus the relaxation of the interacting arrays proceeds with a 
stretched exponential time dependence for t> t c and x* » x. Thus the 
interaction between the arrays is observed to slow down the relaxation of single 
arrays. As expected, the fractional exponent 0 decreases further from unity 
with increasing nonlinearity or larger interaction strengths. 

In the study of relaxation in real systems in physics, chemistry and materials 
s ci ence, it is found that a system without interactions (e.g. t an isolated 
molecule in dilute solution) usually relaxes exponentially. However when such 
systems are densely packed and interacting with each other the relaxation 
proceeds differently and exhibits many fascinating properties. A coupling 
model has been very successful in explaining these properties [121. This model 
is based on the hypothesis that an interacting system relaxes initially 
exponentially until a temperature independent microscopic time, r c , but 
stretched exponentially afterwards with continuity of the correlation function at 
the time of crossover [13,14]. A recent neutron scattering measurement on a 
polymer has shown direct experimental evidence for this hypothesis [15]. In 
our present work, the addition of inter-array interactions introduces additional 
nonlinearity which has similar effects on the relaxation towards equilibrium as 
many body interactions have on relaxation in densely packed molecular 

systems. Since the numerical result obtained bears strong similarity to the basic 
features suggested by the coupling model [13] and seen in neutron scattering 
experiment [15], the interacting array model provides a useful first step in 
applying nonlinear dynamical models to the study of irreversible processes of 
real physical systems in physics, chemistry and materials science. 
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Numerical Simulation of Combustion in Fire Pl um ps 


1 ABSTRACT 

This study deals with a fundamental numerical investigation of chemically reacting fluid 
flows through 2-D burners. The goal of this research is to develop a combustion model 
appropriate for buoyancy driven fire plumes and thus study the structure and energetics 
of hydrocarbons burning in a pool fire configuration. We make use of finite chemical 
kinetic rate equations to numerically simulate a laminar diffusion flame. The code has 
been constructed to consider the viscous effects in a mixing layer, heat conduction, the 
multi-component diffusion and convection of important species, the finite rate reactions 
of these species, and the resulting interactions between the fluid mechanics and the 
chemistry. The numerical model has been used to obtain a detailed description of 
laminar diffusion flames obtained above 2-D methane/air burners. It is shown that the 
leading edge flame, a flame holding point for the rest of the diffusion flame, is dominated 
by the kinetic aspects of the fuel/oxidizer species and is mainly responsible for heat 
transfer to any upstream boundary surface. Results are compared with experimental 
thermocouple measurements for methane - air burners with similar geometries and flow 
configurations. 

2 INTRODUCTION 

Many common fire scenarios can be classified as pool fires. These include fires ranging 
in size from a candle flame, where D is approximately 10 -3 m, to a forest fire, where 
D can be as large as 10 s m. A pool fire is defined as a buoyant diffusion flame in 
which the fuel is configured horizontally. Although the name implies that the fuel is 
a liquid, it may be a gas or a solid. The fuel bed may be of an arbitrary geometry, 
but for simplicity, most studies consider a circular configuration characterized by a 
single geometrical scale, the pool diameter (D). The overall combustion is governed by 





a complex interplay of chemical reactions, transport and gas dynamic processes that 
are strongly dependent on physical boundary conditions and type of chemical system. 
The ability to predict the coupled effects of various complex transport processes and 
chemical kinetics in these systems is critical in predicting flammability limits, stability 
criteria and extinction limits. 

A numerical model was constructed for the purpose of understanding the interplay 
of diffusion, convection and chemical reactions, and the resulting flame complex when 
a laminar mixing flow undergoes exothermic chemical reactions. Fig. 1 provides a 
schematic diagram of the burner geometry and the computational domain in which the 
solution is desired. The classical description of a diffusion controlled flame in such a 
configuration pictures a thin flame in the mixing region that extends all the way to the 
burner surface. In the present study there was particular concern with that region of the 
flame near the burner surface, where heat loss from the reaction region to surrounding 
flow limits the temperature rise and thus limits reaction rates. In this region close to 
the initial point of fuel-oxidizer contact the assumption of diffusion limited flames are 
inapplicable, and detailed consideration of coupled thermal and species diffusion and 
chemical reaction rates is required for a realistic description of the flame complex. 

Near the burner surface, the concentration gradients of primary reactants are high, 
and mixing rates correspondingly high. Chemical reaction rates axe low because of the 
relatively low temperatures, so that a small region of partially premixed reactants de¬ 
velops, which is increasingly heated as it moves outwards towards a flame that stabilizes 
in the mixing region. The leading edge of this flame (referred to here as the “leading 
edge flame” or “LEF” ) differs from the trailing diffusion limited flame in that it stands 
in a region of premixed gases that are continuously premixed in the approach flow and 
lead to very concentrated reaction because of the premixing. The flame cannot move 
upstream all the way to the burner surface, and must stabilize at some location where 
the temperature dependent reaction rate can provide heat release rate consistent with 
multi-dimensional heat outflow. The details of this complex flame region are not well 
known because it is usually very small, and difficult to observe experimentally. It is 



equally difficult to describe analytically because of the necessity to consider coupled 
convective flow, species diffusion, heat transfer and reaction processes in at least two 
space dimensions. 

As a process, fire can take many forms, all of which involve chemical reaction 
between combustible species and oxygen from the air. Properly harnessed, it provides 
great benefit as a source of power and heat to meet our industrial and domestic needs, 
but unchecked, can cause untold material damage and human suffering. A detailed 
understanding of fire dynamics and the various physical and chemical processes involved 
therein, will be crucial in designing fire protection systems and combating wild fires. 

The process of flame propagation over a fuel bed such as a forest, a densely built 
up area or a combustible liquid pool is basically the same. It involves: 

• Preheating of the fuel bed ahead of the flame. 

• Evaporation or evolution of the volatile components of the fuel. 

• Fuel-oxidant mixing and 

• Ignition and combustion of the gaseous mixture. 

Flame spread is controlled by the slowest of the above processes, i.e. by preheating the 
fuel bed. Energy input to the fuel bed is the most difficult to resolve since it requires 
treatment of spatially varying flame properties. This energy transfer is dependent 
on radiation, convection and heat conduction in both the gas and solid phase. Two 
approaches can be applied to deal with this problem. 

1. A complete description based on computer modeling of all the flame processes in¬ 
volved, including soot generation and burnout for accurate radiative heat transfer 
treatment. 

2. A simplified description in which the flame is assumed to be homogeneous and 
isothermal. 



Research in fire dynamics will provide concepts and techniques which may be used 
by the practising fire protection engineer to predict and quantify the likely effects of fire. 
These areas include radiation from flames, response of ceiling mounted fire detectors 
and interaction between sprinkler sprays and fire plumes. The use of water, foams 
and gases such as Halon for fire fighting is well established. However, the quantities 
of these used for suppressing large fires are out of proportion to real needs, usually 
exceeding by two orders of magnitude those that theory predicts should be sufficient 
to extinguish a fire. Most of the effective suppressants in current use have a very high 
Ozone Depletion potential (ODP). Because of this factor, the manufacture of Halon 
based fire suppressants have been abolished by International treaty. So there is a 
pressing need to identify and evaluate new alternatives to Halon for fire fighting. 

In one form on another, water is an environmentally sound alternative to Halon 
for fire suppression . The problem is however complicated because of the fact that the 
amount of suppressant such as water required for firefighting is a strong function of the 
location of the nozzles that inject water in a typical compartment fire. Furthermore, 
there is some evidence that the size of the water droplets play a major role in the 
effectiveness of water. A detailed understanding of the rate controlling processes in a 
compartment or pool fire would help in designing the optimum location of the sprinklers 
for injection of water mist that would most efficiently control the spread and extinguish 
these fires. Firefighting in naval ship fires is further constrained by lack of fresh water 
supply, which again demands an accurate mathematical model for describing the shape 
and structure of pool fires. 

As opposed to water mist, the use of flame inhibitors (retardents) added in trace 
quantities to a flame affect, the combustion process at a molecular level, by increasing or 
reducing the flame velocity. A sufficiently high concentration of an inhibitor leads to the 
extinction of the flame. Most flame retardents such as halogenated organic compounds 
affect combustion through reduction in radical concentration by scavenging and by 
atom-assisted recombination. So there is a need for new non-halogenated chemical 
agents, that have low ODP. 



Much of our present knowledge on fire spread is through observation of real life 
fires and construction of empirical relations based on these observations. The de¬ 
tailed mechanisms by which the fire suppressants, including water work are not well 
known. Very little exists in terms of robust mathematical model that can predict not 
only the global trends such as direction of flame propagation, ignition and production 
and movement of smoke, but also the detailed structure of the fire itself. Therefore, 
mathematical models will be developed that will predict the diffusion flame structure 
observed above typical pool fires, and the effect of suppressants on these fires. These 
mathematical models will utilize various levels of combustion chemistry to describe 
the reactions between the fuels and the oxidizers. With such models, one can explore 
the various mechanisms such as surface cooling, oxygen depletion, radiation block and 
thermodynamic cooling that may all play a role. For example, by performing careful 
simulations of jet diffusion flames and pool fires, the role of radiative feedback to the 
fuel surface can be isolated and studied. By adding inert diluents into the coflow of a 
jet diffusion flame, the effects of oxygen dilution can be explores. These and similar 
numerical experiments will be performed to isolate the various mechanism that are re¬ 
sponsible for fire suppression. With the understanding gained from such experiments, 
a more effective fire suppressant can be developed. 

Detailed numerical modeling of typical pool fire requires us to resolve a wide range 
of temporal and spatial scales, resulting in prohibitively excessive memory and compu¬ 
tational costs. Domain-decomposition techniques are being developed, that subdivide 
the computational domain into simpler subdomains which admit a more easily con¬ 
structed mesh. Several strategies are being explored to subdivide the domain and 
establish communications among the subdomains. One group of approaches, the grid¬ 
patching or zonal methods, uses common or shared boundaries and another uses em¬ 
bedded or overset grids to subdivide the domain. In this manner, a fire in a large 
enclosure can be modelled cost effectively. 



3 MATHEMATICAL FORMULATION 


Modeling gas phase reactive flows is based on a generally accepted set of time depen¬ 
dent, coupled partial differential equations maintaining conservation of total density, 
momentum, total energy and individual species density. These equations describe the 
convective motion of the fluid, the chemical reactions among the constituent species, 
and the diffusive transport processes such as thermal conduction and molecular diffu¬ 
sion. 


3.1 Governing Equations 


A strong conservation form of the two dimensional, unsteady, compressible Navier 
Stokes equations, used to describe gas phase reactive flows for a system containing N 
species undergoing M elementary chemical reactions, can be written as follows 


d t q + d x E + d y F = d x R + d y S + K 
—* —♦ —* 

where q, E, F, R, S and K are vectors defined as 
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Here p and pk are the total mass density and the individual species density; u, v are 
the bulk fluid velocity components in the x and y direction respectively and e* is the 
total energy per unit mass. /*,* and f y ^ are the body forces per unit mass acting on 
the k th species in x and y directions respectively. The viscous stress terms t xx , t x y and 
T yy appearing in the conservation equations are given by 
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The terms q x and q y appearing in the total energy equation are the net rate of 
heat flux in the two co-ordinate directions and can be expressed as 
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The thermodynamic pressure is defined as 

P = jpt£ SL (5) 

where Wk is the molecular weight of the k tk species, and R° is the universal gas constant. 
The caloric equation of state is used to define the enthalpy of the individual species, 
which in turn is used to define the total energy as follows 


pe t = pe + |(u 2 + v 2 ) 
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The specific heat for each species is obtained by using a sixth order polynomial in 
temperature. 

C p ,k — oi,k + 02, k T + a 3 , k T 2 + a 4 , k T 3 + 0,5,1 k T A + a6, k T 5 + aj, k T e k = 1 , —, N (7) 

The various specific heat coefficients and the heat of formations for the various 
species are obtained from the JANNAF thermochemical tables. The various diffusion 
coefficients such as thermal conductivity, binary diffusion coefficients, viscosity and 
thermal diffusion coefficient are obtained from a rigorous treatment of kinetic theory 
potential is constructed to model the inter-molecular potential function based on which 
the collision integrals are evaluated. The various diffusion coefficients are then obtained 
using detailed kinetic theory and are functions of the temperature, pressure and the 
various species properties. 


3.2 Diffusion velocity model 


The diffusion velocities in a multi-component reacting flow mixture may arise because 
of concentrations gradients, pressure gradients, differential body forces and due to the 
Soret effect. The diffusion velocities for each of the N species in both the x and y 
direction are obtained by solving the exact diffusion equation given by 
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Here X k and Y k are the mole and mass fraction of the k th species respectively. Since 
only N-l equations of the above N equations are independent of each other, the above 
equations are solved subject to the constraint, that the diffusion velocities introduce 
no net momentum to the fluid flow i.e. 
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3.3 Reaction kinetic model 


The types of reactions of importance in combustion include unimolecular decomposition 
reactions, bimolecular exchange and dissociation reactions, and three-body recombina¬ 
tion reactions. The following 7 types of chemical reactions have been considered. 

1. Unimolecular decomposition AB *=* A + B 


2. Bimolecular dissociation AB + M^A + B + M 

3. Bimolecular A + B ^ C + D 

4. Bimolecular exchange/dissociation AB 2 + C ^ AC + B + B 

5. Recombination reaction A + B + B ^ AB + B 

6. Two body recombination C + D ^ CD 

7. Three body recombination C + D + M ^ CD + M 


Here M is a third body molecule, and A , B, C , D are representative species. 

For a system containing N species undergoing a set of M elementary chemical 
reaction, the general i tfl reaction can be expressed as 

£ v 'k,i S k — J2 v h Sk 1 ~ • • * * M ( 10 ) 
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The rate of production of the k th species due to the i th reaction is given by 
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and the total rate of production of the k th species is obtained by using 

M 
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The kj y i and fcj,,,- are the forward and reverse reaction rate constants. Each kfj is a 
function of temperature usually given by the modified Arrhenius expression 




The reverse reaction rate constant kbj is calculated from kjj and the equilibrium Con¬ 
stantin concentration units) K c ,i by the laws of microscopic reversibility. 
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The equilibrium constant K Pt i for the i th general reaction is defined by using the 
standard change in Gibb’s free energy as follows : 
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The equilibrium constant /T C)l - in terms of concentrations is then obtained from 

K Cti = K Pii Af (16) 


4 Algorithm Development and Implementation 

Producing a code that describes low-speed flames required the development of several 
new numerical methods as well as finding new ways to implement existing algorithms. 
An important requirement of any convection algorithm is that the numerical diffusion 
not be larger than the physical diffusion processes that must be resolved. The FCT 
method meets this criterion, but it is inherently an explicit method; so that the small 
timesteps it requires makes it inefficient for low-speed flows. The BIC-FCT method was 
developed specifically to combine the accuracy of FCT with the efficiency of an implicit 
method for low speed flows. BIC-FCT allows timesteps up to a hundred times larger 
than FCT and yet the calculation time of one BIC-FCT timestep is approximately 
equal to the calculation time of one timestep in the standard FCT module. 

The codes uses an Eulerian representation of the convective transport instead of the 
Lagrangian representation. A Lagrangian formulation, though preferable, is exceed¬ 
ingly difficult in multidimensions. However, the present BIC-FCT code can be readily 
used to describe two-dimensional or three-dimensional flows. Most common methods 
for solving convection problems use algorithms that produce ripples near steep gradients 
such as in a flame or shock front. The first high-order, nonlinear, monotone algorithm, 



Flux-Corrected Transport (FCT), was designed to prevent these ripples by maintaining 
local positivity near steep gradients while keeping a high order of accuracy elsewhere. 
Other nonlinear methods have been reviewed by Woodward and Collela. Although 
these methods are explicit there are recent reports on implicit, nonlinear methods. A 
major problem with applying these implicit methods to low-speed flows is that they 
are expensive even though they can be very accurate. The Barely Implicit Correc¬ 
tion to Flux-Corrected Transport, BIC-FCT, was designed to overcome the problem of 
numerical diffusion in low-velocity implicit methods. BIC-FCT combines an explicit 
high-order, nonlinear FCT method with an implicit correction process. This method 
removes the timestep limit imposed by the speed of sound on explicit methods, re¬ 
tains the accuracy required to resolve the detailed features of the flow, and keeps the 
computational cost as low as possible. 

Thermo-physical properties of the individual species and the mixture are required 
throughout the computation. These properties are modelled with high-order curve fits 
to values derived from more accurate calculations. The individual properties are com¬ 
bined where needed to obtain mixture properties through mixing rules. This simplified 
method is highly efficient yet sufficiently accurate. 

The submodels representlying the various physical processes are in independent 
modules that are coupled together. Several modifications have been made to the usual 
timestep splitting method in order to increase the stability limits and improve the 
efficiency of the code. 

4.1 Diffusive Transport Processes 

Diffusive transport processes express the transfer of mass, momentum, or energy due to 
gradients in concentration, velocity, or temperature. In general, the diffusive transport 
processes to be considered are molecular diffusion, thermal conduction, viscosity and 
thermal diffusion. The molecular diffusion and thermal conduction terms in the energy 
equation are calculated explicitly using central difference approximations and coupled 
to convection using timestep-splitting techniques. 




The molecular diffusion is described by a generalized Fickian scheme in which the 
diffusion velocities are defined by 

Y k v h = -D k VY k + Y k J2 DNYi (17) 

* 

where the D k are effective diffusion coefficients and the second term on the right in 
included in order to explicitly ensure that the zero-mass-flux constraint 

L^.- = 0, (18) 

t 

is satisfied. In general, when there are more than two species, the effective diffusion 
coefficients for the species k through the mixture, D k are different from binary diffusion 
coefficients and may be defined in terms fo mixtures rules. 

4.2 Chemistry 

Solving a detailed set of chemical kinetic rate equations in conjunction with the un¬ 
steady, three-dimensional fluid flow equations is beyond current computer resources. 
Therefore, we have adopted the approach of using simplified global-chemistry models 
to understand the effects of chemical energy release on the complex three-dimensional 
flow field. The simplest reasonable global-chemistry model one can used is a single-step 
irreversible chemical reaction model. For the methane air system under consideration, 
we have 

CH 4 + 20 2 -* C0 2 + 2 H 2 0 (19) 

with the reaction rate given by an Arrhenius form: 

k r = A r exp[-E act /kt] (20) 

For a global chemistry model to be truly useful, it should be able to simulate at 
least some aspects of the detailed chemistry model. Since the emphasis of this work 
is on the effects of heat release, in our simplified model we have attempted to fit the 
heat release profile from a detailed chemistry model for an idealized one-dimensional 
problem. 




4.3 Inflow and Outflow Boundary Conditions 

Inflow and outflow boundary conditions are imposed where appropriate in the stream- 
wise direction (x), fre-stream boundary conditions in the cross-stream direction (y). 
The total mass density, species molar concentration, and velocities are specified at the 
inflow guard cells. A zero-slope condition on the energy allows the inflow pressure to 
vary in response to acoustic waves generated by events downstream. At the outflow, 
linear advection equations are imposed for the flow variables using the local velocity 
near the boundary, and the pressure is relaxed towards a specified ambient value. The 
inflow and outflow boundary conditions used in the model were developed and tested 
in previous shear-flow simulations. Initial step function profiles are specified for the 
streamwise velocity and for the chemically reacting species, constant profiles for the 
background species and product species. 

5 Results and Discussion 

We solve the convective transport part of the Navier Stokes equations using an explicit 
fourth-order phase accurate FCT algorithm and direction time step splitting techniques 
on structure grids. The molecular diffusion, thermal conduction and chemical reaction 
processes are couple to convective transport using time step splitting techniques. The 
scheme is suitable for the description of the flow-features in the regime of initially 
laminar reacting fluid flows. Modeling reactive flows such as considered here involves 
dealing with a variety of spatial and temporal scales, and these impose definite resolu¬ 
tion requirements for their numerical simulation. Related resolution requirements are 
also imposed by the need to ensure the stability of the numerical procedures used to 
couple the various physical processes described by the system of equations. It is thus of 
considerable importance to calibrate the numerical model for the flow regimes studied. 

Validation of the diffusive transport models was performed on nonreactive flow 
cases, by comparing temporal sequences of temperature and species concentration pro¬ 
files with the results of calculation using a fully detailed model for the binary and 





mixture diffusion coefficients, as well as for the molecular diffusion process. For these 
test problems, the inflow velocities were set to be identically zero, which constrained 
the flow to be essentially on-dimensional. Comparison were then performed between 
temporal sequences of temperature and species concentrations profiles. Calibration and 
validation of the chemistry model was performed in the same one-dimensional regime, 
by comparing the flame thickness and flame temperatures with those predicted by one 
dimensional laminar diffusion flame calculations including full chemistry and diffusive 
transport effects. 

5.1 Computational Grid 

The gridding is uniform in the regions where entrainment takes place. The computa¬ 
tional cells are stretched in the cross-stream direction as the free stream boundaries 
in the transverse direction are approached, but are otherwise uniformly spaced in the 
flow region of interest. The number of computation cells varies in the ranges 60-100 in 
the cross-stream direction, 100-200 in the streamwise direction. The grid is held fixed 
in time. Courant numbers in the range 0.3 - 0.5 are used in the numerical simulation. 
Resolution studies are performed doubling and coarsening the mesh and examining the 
convergence of calculated quantities. The codes are fully vectorized and optimized for 
processing on CRAY-YMP computers. 

5.2 Calibration and Comparison with Experimental Results 

Figure 1 shows a schematic diagram of the initial flow and boundary conditions for the 
computations. The full computational domain consists of 96*192 cells and covers an 
are of 4 cm radially and 10 cm axially. Cells of 0.05 cm * 0.05 cm are concentrated 
around the lower and left hand boundaries (where the flame is located) and the grid 
is then stretched both axially and radially. To match the experimental conditions, 
the fuel and air cold flow velocities are both 2.8 and 25.41 cm/sec respectively for 
the steady flow calculation, with the fuel half duct of 0.5 cm and the air duct of 3.5 



cm. The fuel and aire are preheated to 550 K and 330 K respectively, based upon 
experimental thermocouple measurements for a series of heights just above the burner. 
These data were extrapolated to estimate the temperature at the burner exit. The 
conditions modeled include parabolic pipe flow at the inflow boundary, symmetry at 
the left hand boundary, free-slip wall at the right-hand boundary, and zero-gradient 
outflow condition at the top of the computational domain. 

Although a time-dependent simulation was conducted, the results from the compu¬ 
tations successfully matched experimental stead-state conditions after 20000 timesteps. 
Figure 2 shows profiles of temperature and heat release rate above the burner surface. 
For the methane-air flame, a peak temperature of about 2050 K is observed, which is in 
agreement with analytical estimations of the adiabatic flame temperature for this case. 
Notice the relatively large regions of energy release near the lip of the burner which 
could be due to significant partial premixing. The rest of the energy release region is 
narrow but well defined. The energy release distributions provide a good idea of the 
height of the flame and will also be a valuable diagnostic tool when the interaction 
between additives such as water mist and the flame are studied. Based on the energy 
release profiles, the height of the flame is about 5.3 cm. 

Figure 3 and 4 show profiles of reactant species CH 4 and 0 2 and product species 
C0 2 and H 2 0 above a planar methane air burner. The velocity vectors and streamline 
pattern has been shown in figure 5. Figure 6 through 13 show comparison between nu¬ 
merically computed results and experimentally obtained thermocouple measurements 
at various heights above the burner surface. 

The goal of this research effort was to investigate the effects of inert diluents such 
as nitrogen and water vapour on the structure and extinguishment behavior of hydro¬ 
carbon jet diffusion flames. Both methane and propane diffusion flames were studied 
but because the results are similar and since more extensive studies have been carried 
out with methane, only those results will be discussed. Figure 14 shows comparison 
of temperature profiles obtained above an axisymmetric diffusion flame burner under 
three conditions 



• Normal methane - air flame. 


• Addition of 20 % water vapour in the air flow. 

• Addition of 20% water mis in the air flow. 

For purposes of comparison, the maxima in the color bars for the various quantities 
have been kept the same. The flame is noticeably cooler as water vapour is added to 
the air flow. The oxygen concentration is lower since the nitrogen has displace some 
of it and the region of intense energy release distribution has also decreased. However, 
the overall region of energy release has increased resulting in an increased in the flame 
height. As the water vapour is replaced with water mist, the flame temperature further 
reduces, becuase of vapourization of the fuel droplets. 

6 Conclusion and Recommendations 

The primary conclusion from this study is that numerical simulations can be used as an 
effective tool to address the effects of additives on the structure of jet diffusion flames. 
The current simulations predict the expected decrease in temperature and change in 
the flame structure. However, in order to predict actual extinction of flames some 
of the input parameters and simplifying assumptions used in the above simulations 
need to be changed. More detailed species dependent diffusion coefficients could cause 
some changes in the structure of the flame. However, a major improvement would be 
replacing the finite-width flame sheet model for the chemistry with a calibrated single- 
step Arrhenius reaction rate. Additional simulation with detailed multi-step chemical 
kinetics are also warranted. Such simulations could predict the time-dependent extin¬ 
guishment of flames as well as be a valuable tool to address the chemical-kinetic effects 
of additives. 
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Figure 1.1. Schematic diagram of burner geometry 
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Planar Methane-Air Diffusion Flame 

Comparison of Numerical and Experimental Results 
V f =2.81 cm/sec; V a =25.87 cm/sec; Height = 5mm 
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Planar Methane-Air Diffusion Flame 

Comparison of Numerical and Experimental Results 
V f =2.81 cm/sec; V a =25.87 cm/sec; Height =10 mm 
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Planar Methane-Air Diffusion Flame 

Comparison of Numerical and Experimental Results 
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Comparison of Numerical and Experimental Results 
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An Eigenvalue Method for Computing the Burning Rates of RDX 

Propellants 

Kuldeep Prasad, Richard A. Yetter & Mitchell D. Smooke 

ABSTRACT 

A mathematical model for a three-tiered system consisting of solid, liquid and gas is 
derived for studying the combustion of RDX propellants. The resulting nonlinear two- 
point boundary value problem is solved by Newton’s method with adaptive gridding 
techniques. In this study the burning rate is computed as an eigenvalue, which can 
remove the uncertainty associated with employing evaporation and condensation rate 
laws in its evaluation. Results are presented for laser-assisted and self-deflagration 
of RDX monopropellants and are compared with experimental results. The burning 
rates are computed over a wide range of ambient pressures and compare well with 
experimental results from one to ninety atmospheres. The burning rate is found to 
be proportional to the pressure raised to the 0.76 power. Sensitivity of the burning 
rate to initial propellant temperature is calculated and found to be extremely low, in 
agreement with past theoretical predictions and experimental data. Results for laser- 
assisted combustion show a distinct primary and secondary flame separated by a dark 
zone, the length of which is dependent upon the incident laser flux intensity. 

1 INTRODUCTION 

Propellants are used for rockets, guns, gas generators and pressure generators. These 
applications require high-pressure combustion gases in an open or a closed chamber. 
Numerous chemicals have been used in making solid propellants with the goal of op¬ 
timizing combustion characteristics for different purposes. There are two types of 
propellants which are distinguished by the condition in which their ingredients are 
connected. When the oxidizer and the fuel molecules are linked chemically, and are 
made of one material, the material is called a homogeneous propellant [1], A typical 



example of a homogeneous propellant is nitrocellulose. Since nitrocellulose is a fibrous 
material, it is difficult to form a specified propellant grain. Thus, liquid materials 
(nitroglycerin or trimethylolethane trinitrate) called plasticizers are mixed with the ni¬ 
trocellulose to gelatinize it and to form a specified propellant grain. Propellants which 
are composed of nitrocellulose and nitroglycerin and a small amount of stabilizer are 
called double-base propellants and are typical homogeneous propellants. When the 
oxidizer and fuel ingredients are mixed and combined physically for a solid propellant, 
the pair of materials is called a heterogeneous propellant [2], [3], [4]. Typical crystalline 
particles used as an oxidizer include ammonium perchlorate, ammonium nitrate and 
potassium perchlorate. The fuels used in heterogeneous propellants have a hydrocar¬ 
bon structure, such as polyurethane and polybutadiene, and act as binders to adhere 
the oxidizer particles together. Propellants have also been classified by their physical 
state, e.g., solid [5], [6] or liquid [7]. 

The cyclic nitramines cyclotrimethylenetrinitramine (CgHeNeOe), commonly called 
RDX, and cyclotetramethylenetetranitramine (C 4 HgNgOg), commonly called HMX are 
important ingredients in solid propellants. The addition of nitramine particles such as 
RDX and HMX to double-base homogeneous propellants increase the flame tempera¬ 
ture and specific impulse. This type of propellant is called a nitramine-based composite 
modified double base (RDX-CMDB or HMX-CMDB) propellant. RDX has also been 
called hexogen (Soviet literature) and T-4. It is widely known that the use of these 
ingredients offers many advantages. Due to the high energy release of these compounds 
and the large amount of low molecular weight gaseous combustion products, high val¬ 
ues of specific impulse for rocket propellants and impetus for gun propellants can be 
achieved. In contrast to propellants based on ammonium perchlorate (AP), nitramine 
propellants do not produce hydrochloric acid ( HCl ). Besides being corrosive, HCl 
provides nucleation sites for condensation of moisture droplets, thereby producing a 
visible contrail or secondary smoke. 

Due to the lack of understanding of the various elementary chemical and physical 
processes involved during the combustion of RDX propellants, very little work has been 
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done in the area of detailed numerical modeling. Microscopic observations, mostly by 
Boggs [8] and Hanson-Parr and Parr [9], of quenched samples using a scanning electron 
microscope and of burning samples using high speed motion-picture photography have 
revealed many aspects of the deflagration process that can aid in the development of 
theories. Ermolin et al. [10] have theoretically investigated the detailed chemistry 
of the secondary luminous stage of an RDX flame which they have compared with 
corresponding experimental composition profiles. They do not include mass or energy 
diffusion, thereby reducing the problem to a strictly time-dependent system. Ben- 
Reuven et al. have incorporated the nitramine flame chemistry in theoretical models 
for studying the self-deflagration of RDX [11] and HMX [12]. The flame structure 
and liquid layer reactions of deflagrating RDX were expressed in terms of the energy, 
continuity, and species equations corresponding to RDX decomposing in liquid and 
gaseous phases and the NO 2 /CH 2 O reactions adjacent to the surface. A nine species 
gas phase reaction model was employed and the burning rate was computed using a 
Clausius-Clapeyron evaporation law. A simplified theoretical model was developed by 
Mitani and Williams [13] for describing the flame structure and deflagration velocity 
of steady, planar, adiabatic combustion of nitramines. The model involves exothermic 
decomposition in a liquid layer, equilibrium vaporization and exothermic combustion 
in the gas. Their selection of energetic and rate parameters (based on experimental 
results), resulted in reasonable agreement between predicted and measured burning 
rates and pressure and temperature sensitivities. 

The problem of modeling the deflagration of a homogeneous solid propellant be¬ 
comes especially difficult if it is necessary to account for two-phase flow that occurs 
in liquid melt layers as well as the gas phase region above the liquid melt layer. A 
two phase region has been called a dispersed phase, and the combustion of double¬ 
base propellants usually involves reactions occurring in the condensed phase, in the 
dispersed phase and in the gas phase. Li, Williams and Margolis [14] used asymptotic 
analysis to extend the Mitani-Williams model [13] to account for the presence of bub¬ 
bles and droplets in a two-phase layer at the propellant surface. They identified two 


zones in the two-phase region: one with high liquid volume fractions, which maintains 
evaporative equilibrium, and the other with low liquid volume fractions, which exhibits 
nonequilibrium vaporization. It was shown that by introducing reasonable estimates 
for simplified, two-phase, chemical and physical parameters of nitramines, the steady 
burning rates were found to be close to those obtained for models with a sharp liquid- 
gas interface. They again report good agreement with measured burning rates and 
pressure and temperature sensitivities using an overall chemical-kinetic parameter for 
describing gas phase reactions. These models [13], [14] do not predict a dark zone as 
observed in experimental results. 

Melius [15], [16] developed a two layer solid-gas model for studying the ignition 
and self-deflagration of RDX. He constructed a gas-phase model consisting of 158 re¬ 
actions and 38 species. An evaporation-condensation rate law was used to model the 
regressing planar interface separating the solid and the gas phase. In the solid phase 
there was a single irreversible reaction whose rate was pertinent to liquid phase RDX. 
In his formulation the solid phase reaction was considered to have no influence on the 
regression rate. This approach assumes a-priori that only a small amount of the RDX 
decomposes in the condensed phase. Thus, in the limit of all the RDX decomposing in 
the condensed phase, the rate of desorption of the decomposition products is assumed 
to be exactly the same as that for pure RDX evaporation (sublimation). If there is 
more than a little RDX decomposition in the condensed phase, the barrier for RDX 
escape from the surface will no longer be related only to the heat of transformation of 
the pure substance, but will involve molecular interactions between RDX and decom¬ 
position products. Under these circumstances, the net rate of evaporation of RDX and 
the desorption of products will be difficult to describe. 

Fetherolf and Litzinger [17] have studied the C0 2 laser induced pyrolysis using 
both experimental studies and kinetic modelling of the gas phase processes. Gas phase 
species evolving from the surface were measured for laser assisted combustion of RDX 
at 0.5 and 1.0 atmospheres. CH 2 0 was found to be the most abundant species, fol¬ 
lowed by H 2 0, N0 2 , N 2 0, N 2 and CO. They report a nonluminous primary flame 


zone produced by the reaction of CH 2 O and NO 2 directly above the surface followed 
immediately by a final luminous flame produced by the reaction of HCN , NO, and 
to a lesser extent N 2 O. The gas phase processes were numerically modelled as a one¬ 
dimensional, premixed flame. The species measured at the gas-solid interface were 
provided as an input as well as an approximation to the temperature profile. 

Hatch [18] has developed a steady-state one-dimensional combustion model to 
study the gas phase chemistry of a nitrate-ester flame and has recently applied this 
approach for studying the deflagration of HMX. Decomposition of the condensed phase 
was assumed to be a first-order Arrhenius rate law. A 77 reaction mechanism was em¬ 
ployed to describe the gas phase combustion for HMX. The effects on combustion of 
different mechanisms of decomposition were determined and some of the more impor¬ 
tant gas phase reactions were identified. 

The ultimate goal of research in the area of solid propellant combustion is to obtain 
a detailed understanding of the various physical and chemical processes involved dur¬ 
ing the burning of homogeneous and heterogeneous propellants. In the present study, 
we will focus on the development of a detailed model for studying the combustion of 
RDX homogeneous monopropellants. From the viewpoint of a detailed investigation, 
homogeneous propellants are attractive since their components are premixed and their 
flames are controlled by one-dimensional chemical processes, rather than by complex 
three-dimensional diffusion processes as is the case for composite propellants. As a 
result, the flames should be more amenable to analysis, both theoretically and ex¬ 
perimentally. However, as will be shown, the flames of homogeneous propellants can 
involve multiple-stage chemical reactions which can complicate an understanding of 
their structure. 

In the next section we develop an eigenvalue approach for computing the burning 
rates of solid rocket propellants. The physical system consists of a three layered model 
composed of solid, liquid and gas phases. Section 3 discusses the use of Newton’s 
method and adaptive gridding techniques to solve the governing equations. In Section 
4, we describe the gas and condensed phase reaction mechanisms. Finally, in Section 5, 
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we discuss results obtained from detailed simulations of both laser-assisted and unas¬ 
sisted combustion of RDX propellants. These results are compared with experimental 
results in the literature, particularly those from Hanson-Parr and Parr [9] and Ze n in 
[19]. For laser-assisted deflagration, solutions are obtained for varying intensity of the 
incident laser flux, while for unassisted RDX deflagration, the burning rates and the 
sensitivity of the burning rate to initial propellant temperature are computed over a 
wide range of ambient pressures. 

2 PROBLEM FORMULATION 

Figure 1 shows a schematic diagram of the physical model we will employ for describ¬ 
ing the steady-state burning of a homogeneous solid propellant. It consists of a three 
layered (solid, liquid and gas) model with sharp planar boundaries, with the liquid 
layer sandwiched between the other two phases. Details of the chemical and phys¬ 
ical processes supporting the model for RDX combustion are given in a subsequent 
section. Because of the large characteristic time for the solid decomposition reaction 
as compared to that for the propagation of the thermal wave, it is assumed that the 
propellant components pass unaffected through a preheated zone consisting of pure 
RDX. Heat conducted into the solid from the reaction region raises its temperature to 
a point at which a phase transformation or liquefication occurs. In this liquid layer, 
sometimes referred to as the foam zone, temperatures axe high enough for molecular 
degradation to take place, initiated by the rupture of the N—NO 2 bond. Simultaneous 
secondary reactions occur so that a mixture of RDX, NO 2 , N 2 0 , NO, aldehydes and 
CN compounds (e.g., HCN ) emerges from the surface and the net energy balance of 
the degradation is exothermic. Unless the liquid layer on the surface of the solid is very 
thin, bubbles may develop within it during the course of the exothermic, gas producing 
reaction, and a foam reaction zone may exist. This foam zone may be observed, in 
the burning of double-base propellants with sufficiently high contents of nitroglycerin. 
At low nitroglycerin fractions, the foam zone typically is less prominent than a fizz 


7 





reaction zone, a gas-phase region in which condensed particles that leave the surface of 
the homogeneous solid experience exothermic gasification. RDX monopropellant com¬ 
bustion is modeled with a solid region followed by a liquid reaction zone followed by 
a fizz zone and then, after a dark zone, by a luminous gas-phase flame. Under certain 
conditions the gas phase shows a clearly separated primary flame (fizz zone) and a 
secondary flame (luminous zone) separated by a dark zone which exhibits essentially 
isothermal chemical reactions. The fizz zone is known to involve N0 2 - aldehyde reac¬ 
tions and the luminous zone involves NO - CO and NO - H 2 reactions. In general, 
the secondary flame is too far away to have any effect on the surface or even to induce 
a temperature gradient into the primary flame. 

We consider the steady-state deflagration of a semi-infinite piece of pure RDX 
monopropellant. Microscopic observations of the burning surface [8], [20] have shown 
that the deflagration is not one-dimensional. In spite of these observations we employ 
a one-dimensional model. We do so with the knowledge that the model will not be 
capable of explaining the detailed structures observed (bubbles, ridges, active sites, 
needles) and with the hope that by implicitly averaging over these structures we will 
still explain properly the average temperature field, chemical compositions, ch emi cal 
kinetics, heat flux and regression rate. As in most steady, planar flow problems, it 
is convenient to assume that the solid and gas are infinite in extent and to adopt 
a coordinate system in which the flow is steady. It is assumed that the propellant 
is mounted on a platform moving at a velocity equal but opposite to the regression 
velocity of the propellant. As a result, during steady-state RDX deflagration, the 
locations of the gas-liquid interface, the solid-liquid interface, and the primary and 
secondary flames are all fixed in the laboratory frame of reference. We further choose 
that the gas-liquid interface is located at the origin of the coordinate frame of reference. 
The choice of the coordinate frame is for convenience only, and does not in any way 
constrain the deflagration of the propellant. Thus in Figure 1, x is the coordinate 
normal to the surface; the interface is located at x = 0; the solid extends to x = - 00 , 
and the gas extends to x = + 00 . We are interested in computing the mass flux rate m 
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(, gm/cm 2 /sec) at which the solid must move in the +x direction so that the interface 
will remain at x = 0. 

The burning rate or the rate of decomposition of liquid RDX can be obtained as a 
difference between the rate of evaporation for liquid RDX and the rate of condensation 
for the gaseous products. The evaporation and condensation rates are generally com¬ 
plicated empirically derived expressions that involve the temperature and the various 
species concentrations at the interface. The evaporation and condensation rates are 
large numbers O(10 2 ) with a very small difference O(10 -2 ). The result of employing 
this approach in a computational model is that numerical instability/convergence dif¬ 
ficulties can occur. In the approach taken in this paper, the mass flux rate (burning 
rate) is obtained as an eigenvalue of the problem. Another potential problem with 
the use of evaporation and condensation rate laws is that their use is restricted to 
self-deflagration conditions. It would be necessary to re-calibrate these rate laws for 
laser-assisted conditions. This is due to the fact that these rate laws do not account 
for the temperature gradient that exists at the gas-liquid interface or the additional 
laser flux heating that might be added to the system. 

Our goal is to predict theoretically the mass fractions of the species and the 
temperature as functions of the independent coordinate, x, together with the mass flux 
rate which is an eigenvalue of the problem. If in the gas phase we neglect viscous effects, 
body forces, radiative heat transfer and the diffusion of heat due to concentration 
gradients, the equations [21], [22] governing the structure of a steady, one-dimensional, 
gas phase, isobaric flame are 


rh = pvA = Kl = constant , 


( 1 ) 


= ~^ pAYkVk) + ACjkWk ' * = *> 2 > • • ■ , # , 


. dT d / A dT' 
me?— - — [ XA- 


dx dx 


dx 


K dT K 

- A £ pY k V kCpk — - A Y, u k h k W k , 
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In these equations, x denotes the independent spatial coordinate; m, the mass flux 
rate; T, the temperature; Yk, the mass fraction of the k th species; p, the pressure; v, 
the velocity of the fluid mixture; p, the mass density; H4, the molecular weight of 
the k th species; W, the mean molecular weight of the mixture; R, the universal gas 
constant; A, the thermal conductivity of the mixture; Cp, the constant pressure heat 
capacity of the mixture; Cp*, the constant pressure heat capacity of the k th species; hk, 
the enthalpy of the k th species; the molar rate of production of the k th species; and 
14, the diffusion velocity of the k th species. A represents the local cross-sectional area 
of the stream tube encompassing the flame. 

Liquid RDX can undergo decomposition reactions resulting in soluable and liquid 
phase species such as N 2 O , C H 2 O NO 2 and CN compounds. For the liquid phase, it is 
assumed that the diffusion velocities are negligible. The equations of motion therefore 
simplify into the form 


m = pvA = K 1 = constant , 
.dY k 


m 


dT 


dx 


mCr dx - dx 


■■Au t w„ t, = 

( dT\ K 

\A~dxJ ~ A Xj dikhkWk + QA , 


p = constant = K2. 


(5) 

( 6 ) 

(7) 

( 8 ) 


The term QA represents the energy input due to laser flux heating. 

The solid phase consists of a homogeneous propellant with no chemical reactions. 
The diffusion velocities in the condensed phase are again zero. The equations further 
simplify to 

m = pvA = K1 — constant , (9) 

iW = 1.0, Y k = 0, k ^ RDX, (10) 

. dT d / dT\ - A 

mc ’-E = T I { XA li) +QA ' < n > 

p = constant = K2. (12) 

Note that for the combined one-dimensional system under consideration, the mass flux 
rate is a constant in the gas, liquid and solid phases. 
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The net chemical production rate u> k of each species results from a competition 
between all the chemical reactions involving that species. We presume that each reac¬ 
tion proceeds according to the law of mass action and the forward rate coefficients are 
in the modified Arrhenius form. The net production rate u k for the k th species can be 
written in the form 


K 


'pY n \ V A 


mr (r 


) 


(13) 


j =1 I n=l V VV * 

where uf k (vf k ) is the stoichiometric coefficient of species k appearing as a reactant 
(product) in reversible reaction j, j = 1,2,The function kj(kj) is the rate 
constant for the forward (reverse) path of reaction j. We assume kj has the following 
modified Arrhenius temperature dependence 


kj = A}T l3 !e-( E U RT ), (14) 

and similarly for fcj. Aj is the rate constant pre-exponential factor, /?/ is the tem¬ 
perature exponent and Ej is the activation energy for the j th forward reaction. The 
reverse rate constants k T - can be written in terms of the forward rate constants and the 
equilibrium constant Kj by 

k'i = kf/Kj. (15) 

The diffusion velocity appearing in the species and energy equations are divided 
into three parts 

Vk = v k + Wk + v c , k = 1,2,..., I <, (16) 


where v k is the ordinary diffusion velocity due to mole fraction gradients, w k is the ther¬ 
mal diffusion velocity, and v c is a constant diffusion velocity (independent of species). 
We approximate v k by the Curtiss-Hirschfelder approximation as follows, 

v k = -(l/Xk)Dk£x k , k = 1,2, (17) 

where X k is the mole fraction of the k tk species and D k is related to the binary diffusion 
coefficients Vj k through the relation 


(1 -Y h ) 

k Xj/Vjk ' 


(18) 
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Thermal diffusion is incorporated into the model only in the trace light component limit 

for low molecular weight species such as H and H^. The thermal diffusion velocity is 

given by 

w k = ( D k t D JX k )(l/T)dT/dx , (19) 

where t£> k is the thermal diffusion ratio of species k. The constant diffusion velocity v c 
is introduced in order to satisfy the condition 

£ V k Yk = 0, (20) 

k=i 

which must be satisfied if mass is guaranteed to be conserved. Upon making use of 
equation (20) we have 

K 

Vc = - £ Y k (w k + Vk). (21) 

fc =i 

The binary diffusion coefficients, the thermal conductivity of the mixture and the chem¬ 
ical production rates are evaluated using vectorized and highly optimized transport and 
chemistry libraries [23], [24]. 

To complete the specification of the problem, boundary conditions must be im¬ 
posed on each end of the computational domain (— LY) and at the interfaces between 
the three phases. The temperature and the species mass flux fractions are prescribed 
at the unreacted solid boundary. Thus we have 


T(-Ll) = T u , (22) 

Yk(-Ll) = £ k , k = l,...,I <, (23) 

where T u is the cold reactant stream temperature and £ k is the known incoming mass 
flux fraction of the k th species. In the hot stream outflow boundary we have 


dT 

dx 


(L2) = 0, 


(24) 


dY k 

—(T2)=0, * = 1 , 2 ,...,*. 


(25) 
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We point out that in this problem, the mass flux rate m is not known; it is an 
eigenvalue to be determined. Calculation of the flux rate proceeds by introducing the 
trivial differential equation 


dm 

dx 


= 0 . 


(26) 


To maintain a well-posed problem, we must specify an additional boundary condition 
for the trivial differential equation (26). We choose to impose the boiling point tem¬ 
perature or the evaporation temperature at the gas - liquid interface, the location of 
which is fixed at the origin in the chosen coordinate system. This temperature can 
be obtained from experimental or theoretical data at the gas-liquid interface. Other 
possibilities for this boundary condition are discussed in Section 5. 

In addition to specifying the boiling point temperature at the gas-liquid interface, 
one needs to specify specialized interface conditions that account for the transition 
from the liquid to the gas phase as well as any laser flux heating that might occur 
at the interface. Energy balance at this interface [22] is maintained by solving the 
difference form of the energy equation shown below 

a t x (6 ¥kht ) = i ( AA f) ~ A ti pYkV ^f x + Q A - (27 > 

The term QA represents the heat input due to laser flux heating, whereas the difference 
form of the convective term rrt ^ Ykhkj takes account of the heat of vaporization 

associated with the phase transition from the liquid to the gas phase. Under self¬ 
deflagration conditions the heat input term QA is set to zero in equation (27). Although 
there are significantly fewer species in the condensed phase as compared to the gas 
phase, by introducing each species over the entire computational domain (condensed 
phase and the gas phase), we obtain a very compact computational formulation. This 
approach, however, may require additional memory and CPU time for solution of the 
redundant species equations that are solved in the condensed phase. 

Unlike the gas-liquid interface, whose location remains fixed at a specified grid 
point in the computational domain, the location of the solid-liquid interface is not 
known a-priori. The melting point temperature determines the transition from the 



solid to the liquid phase. Since the location of this melt point is not known, the melt 
point may lie between two adjacent node points in the condensed phase. The algorithm 
uses liquid phase properties when the temperature is above the melt point and solid 
phase properties at temperatures below that point. Since we do not allow for chemical 
reactions in the solid phase, the species entering the liquid phase is pure RDX. Energy 
balance is maintained across the solid-liquid interface by solving equation (27) without 
the diffusion velocity term. 

3 NUMERICAL MODEL 

Solution of the governing equations (1)-(12), (22)-(27) proceeds with an adaptive non¬ 
linear boundary value method [25]. The solution procedure has been discussed in 
detail elsewhere, and we outline only the essential features here. Our goal is to obtain 
a discrete solution of the governing equations on the mesh M 

M = [-L\ - x Q < xi < ... < x m = L 2 ). (28) 

With the continuous differential operators replaced by finite difference expressions, we 
convert the problem of finding an analytic solution of the governing equations to one 
of finding an approximation to this solution at each point of the mesh M.. We seek 
the solution of the nonlinear system of difference equations 

F(U h -,a) = 0, (29) 

where a is an M-dimensional parameter vector. For an initial solution estimate U° 
that is sufficiently close to f/£, the system of equations can be solved by Newton’s 
method. We write 

J(U n )(U n+1 - U n ) = -A n F(U n ), n = 0,1,..., (30) 

where U n denotes the n th solution iterate, A n , the n th damping parameter (0 < A < 1) 
and J(U n ) = dF(U n )/dU the Jacobian matrix. A system of linear block tridiago¬ 
nal equations must be solved at each iteration for corrections to the previous solution 





vector. In premixed flame problems, the cost of forming a numerical Jacobian and 
factoring the Jacobian matrix can be a significant part of the total cost of the calcula¬ 
tion. In such problems, we apply a modified Newton method in which the Jacobian is 
re-evaluated only periodically [26], [27]. 

The solution of combustion problems, such as the RDX propellant system, requires 
that the computational mesh be determined adaptively. Many of the methods that have 
been used to determine adaptive grids for two-point boundary value problems can be 
interpreted in terms of equidistributing a positive weight function over a given interval. 
We say that a mesh M is equidistributed on the interval [—ii,T 2 ] with respect to the 
non-negative function W and the constant C if 


r x j +1 

/ Wdx = C, 

Jx-i 


j = 0,1 ,...,m - 1. 


(31) 


We determine the mesh by employing a weight function that equidistributes the differ¬ 
ence in the components of the discrete solution and its gradient between adjacent 
mesh points. Upon denoting the vector of N dependent solution components by 
U = [Uu Ui,..., Un] t , we seek a mesh M such that 



dUi 

dx < 8 

X 3 

dx 



ma xU{ min U{ 

■Li < x < Z/ 2 - — L\ < x < Z -2 


j = 0 , 1 ,... ,m - 1 
z = 1,2,... ,iV (32) 


and 
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*;+i | cPUi 


dx 2 


dx < 7 


maxf^ min$ 

I'l ^ X ^ Xj2 — L\ ^ x ^ L 2 


j = 0 , 1 ,..., m — 1 
z = 1,2,..., JV (33) 


where 6 and 7 are small numbers less than one and the maximum and minimum values 
of Ui and dUi/dx are obtained from a converged numerical solution on a previously 
determined mesh. 


4 CONDENSED AND GAS-PHASE CHEMISTRY MODELS 

RDX is an orthorhombic crystal. It exists in solid form at room temperature with a 
density of 1.806 gm/crn 3 [ 8 ]. The melting temperature often quoted for RDX ranges 
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from 453 — 47 SK but this temperature does not represent equilibrium between the 
solid and liquid states. Although several investigators discuss RDX melting, experi¬ 
mental results indicate that the liquefication is not a true melting in the sense of a 
phase change from solid to liquid occurring at a rather precise temperature. Several 
experiments have been performed below the melting point to study the decomposition 
of solid RDX. Batten and Murdie [28] showed that the rate of decomposition in open 
ended glass ampules is greatly influenced by the reaction of active gaseous products 
with undecomposed RDX. They determined the activation energy for solid RDX de- 
composition as 63 kcal/mole throughout the course of the reaction. The major decom¬ 
position products identified were A^ 2 , AT 2 O, NO and H 2 CO . Batten [29] has also shown 
that nonvolatile residue from solid RDX decomposition can cause initial liquefication 
of RDX. Although solid-phase decomposition is important to shelf-life, the associated 
high activation energy generally precludes it from playing a significant role in RDX 
deflagration. In the present work, we assume a single melting point temperature of 478 
K. 

Rogers and Smith [30] used several data-fit methods for the decomposition of RDX 
liquid at 491 — 515K. For an assumed first-order reaction, they obtained Arrhenius 
parameters of 10 18 ‘ 8 s 1 and 48.2 kcal/mole . The major decomposition products from 
liquid RDX were AD, AD 2 , AT 2 , CO and C0 2 . Liquid RDX is known to evaporate 
at a temperature of roughly 573 — 620 K. The evaporation temperature is known to 
be a weak function of the ambient pressure [31], [32]. At their respective evaporation 
temperatures, liquid RDX as well as the other liquid decomposition products evaporate 
to form their counterpart gaseous species. 

Fifer [33] has given a detailed review of the ignition and combustion chemistry 
of the nitrate-ester nitrocellulose (NC) and the nitramines HMX and RDX . Based 
on thermal decomposition experiments, it is assumed that the RDX surface products 
consist mainly of NO 2 plus a variety of aldehydes such as formaldehyde ( HCHO ) and 
glyoxal (CHOCHO), although it is probable that some of the NO 2 reacts within the 
condensed phase and that significant amounts of CO, CO 2 and H 2 O are also produced. 



In the fizz zone, the N0 2 is partially reduced to NO by reactions with the aldehydes 
to release about 400-500 cal/gm and to produce significant amounts of final product 
type molecules. The fizz zone products have been determined with sampling probes 
in the dark zone and by final product analysis for fizz burning samples (no secondary 
flame). In the secondary flame zone, the less reactive NO is reduced to N 2 , with some 
leftover formaldehyde perhaps playing a role in initiating the reaction. The reaction 
releases another 500 cal/gm of energy and changes the ratios of the final-product-type 
molecules. The products are highly underoxidized (high CO, H 2 ) and, if burning takes 
place in air, considerably more energy is released in the flame zone. 

An important experimental flame study on the decomposition and gas-phase spe- 
ciation above deflagrating RDX was performed by Korobeinichev and co-workers [34]. 
Their study with mass spectrometer probe measurements identified HCN as a primary 
product of decomposition. As noted above, earlier studies (Cosgrove and Owen [35], 
[36], Ben-Reuven et al. [12]) had proposed mainly gas-phase products of CH 2 0, CO, 
CO 2 , H 2 0, NO, N0 2 , N 2 and N 2 0. The experimental work of Fetherolf and Litzinger 
also observed HCN as a major product of the primary decomposition. 

In recent T-jump/FTIR spectrospcopy experiments, which attempt to simulate the 
spatial chemistry at different depths into the condensed phase through rapid quench¬ 
ing of surface products from a thin layer of RDX reacting time dependently in a well 
controlled environment, Brill and co-workers [37]-[40] have inferred possible mecha¬ 
nisms occurring in the condensed-phase. Their results are generally consistent with 
the gaseous products that are liberated near the surface of deflagrating RDX. A simple 
representation of the condensed phase process has been given by the two competing 
branches 


RDX -* 3CH 2 0 + 3N 2 0 (LI) 
RDX -* 3H 2 CN + 3N0 2 (L2) 


This semi global scheme is also consistent with the decomposition process in the 


gas-phase. In the T-jump experiments of Brill [38], N 2 0 and N0 2 have been observed 
to precede evolution of all other gas-phase species from the surface of RDX. Brill [41] 
identifies this finding as an indication that the products in the simplified scheme above 
are formed by different steps. The ratio of N 2 0 to N0 2 was found to decrease with 
increasing temperatures, being approximately equal for temperatures of 570-620 K, 
which is consistent with the N0 2 channel having a higher activation energy than the 
N 2 0 channel. The ratio of CH 2 0 to HCN was not observed to follow this trend. The 
N0 2 channel is endothermic by approximately 180 kcal/mol whereas the N 2 0 channel 
is exothermic by approximately 40 kcal/mol. When reaction L2 is written to form 
ZHCN + ZHONO , its endothermicity drops to approximately 25 kcal/mol. Because 
the rates of the competing channels are nearly equal at the RDX propellant surface 
temperature, the overall reaction can range from endothermic to thermally neutral. 
Thus, to sustain the reaction, additional exothermic steps have been speculated in¬ 
volving products from the condensed phase reactions. Products from these reactions, 
including CO, C0 2 , H 2 0, HNCO , and NO, have been measured in the T-jump exper¬ 
iments. These reactions are speculated to occur in the bulk phase, in bubbles, and on 
the near field gaseous side of the surface. Plausible secondary reactions considered by 
Brill include CH 2 0+N0 2 , CH 2 0+N 2 0, and HCN+N0 2 . Using kinetic results from 
gas-phase studies of these systems, the most likely one to occur at lower temperatures 
in the condensed phase is the reaction between CH 2 0 and N0 2 . One representation 
of this process is given by the overall step 

CH 2 0 + N0 2 -+CO + NO + H 2 0. (13) 

The condensed phase reaction mechanism used in the present study is given in 
Table 1 [39], [42], [43]-[45]. It consists of the three overall steps identified above. The 
rate parameters for this scheme have been obtained from the work of Thynell et al. [46], 
who re-evaluated previous T-jump data with a detailed heat-transfer model of the T- 
jump filament and sample, a model of the control circuit, and the global decomposition 
and heat release mechanism described above. Predictions from this model were fitted 



to experimental ignition times and experimental measurements of the NO 2 /N 2 O ratio 
to obtain the kinetic parameters. These results yielded a considerably higher activation 
energy for the overall reaction between CH 2 0 and N0 2 . 

In the future, inclusion of the reaction between CH 2 O and N 2 O may be necessary 
to account for N 2 formation, which has been measured above deflagrating RDX mono¬ 
propellants. Nitrogen was not measureable with the FTIR analysis used in the previous 
T-jump experiments. Also, reactions LI through L3 were postulated to be irreversible 
by Thynell et al.. Under conditions where these reactions play a significant role in its 
gasification process of RDX, i.e., dominate over pure vaporization, this assumption may 
no longer be valid. This is particularly true for methylene amidogen, H 2 CN , which is 
an unstable radical with a heat of formation of 59 kcal/mole. At surface temperatures 
near 600 K, recombination of H 2 CN and N0 2 to methylene nitramine H 2 CNNO 2 
or reaction to HCN and HO NO are thermodynamically (and kinetically) favored. 
To investigate these trends, a more detailed condensed phase model will be required. 
(Note that neither H 2 CN or H 2 CNN0 2 have been observed in T-jump experiments). 

In contrast to the present model, Melius [15] has previously employed the single 
step irreversible reaction LI in his RDX self-deflagration studies with rate constant 
parameters of A = 4.66 x 10 18 s -1 and E=47.8 kcal/mol. He employs this reaction 
throughout the condensed phase, whereas the present formulation invokes these reac¬ 
tions only in the liquid melt layer. 

A system of 228 elementary reactions involving 48 species was used to describe 
the gas phase decomposition of RDX propellants. The reaction mechanism is listed 
in Table 2. This mechanism was developed starting with the RDX decomposition 
mechanism of Melius [15] and adding to it the species and reactions reviewed by Tsang 
and Herron [47] and Tsang [48]. The HCN isomer, HNC , has recently been shown to 
play a role in high temperature reacting HCN/N0 2 mixtures [49] and is also included 
in the present model. As denoted by Melius [15], the species RDXR is the radical 
formed by removing a nitro group from RDX. The species RDXRO denotes the 
ring-opened structure of RDXR. 
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The gas-phase model is based on sub-model development and analysis of reaction 
mechanisms for fuels HCN , CH2O, CO, if2, and NH% with oxidizers NO2 and N2O. 
Reaction rate and thermochemical constants are literature values that were selected 
from mechanistic studies based on comparisons between model predictions and exper¬ 
imental measurements from static and flow reactor studies, shock tube studies, and 
flame studies using various combinations of the above fuels and oxidizers and from 
critical reviews and independent isolated parameter measurements and estimations. 
The results from these studies were included without further modifications to the pa¬ 
rameters of the sub-models. 

The decomposition of and initial reactions with RDX and its secondary species 
are from Melius [ 15 ]. This mechanism is based on simple N — N bond fission forming 
NO2 and a cyclic radical species, which subsequently undergoes fragmentation to form 
two methylene nitramine molecules H2CNNO2 , and one methylene amidogen radical, 
H2CN. The methylene nitramine molecules thermally decompose to form additional 
methylene amidogen radicals and NO2 or react with H2O and OH through a catalyzed 
hydrogenation reaction to form CH2O and N2O. Further reaction of the amidogen 
radical subsequently leads to production of HCN. This mechanism differs from the 
recent work of Zhao et al. [ 50 ], who proposed that the majority ( 70 %) of the RDX 
decomposes through concerted detrimerization to produce three methylene nitramine 
molecules. The H2CNNO2 molecules are then proposed to decompose by HO NO 
elimination (forming HCN + HONO ) or through molecular rearrangement (forming 
CH2O + N2O). The latter step was found to be structurally unfavorable by Melius 
[ 51 ] while the N — N bond fission of H2CNNO2 recommended by Melius [ 52 ] was 
not reported by Zhao et al. [ 50 ]. In the mechanism proposed by Zhao et al., the 
production of both NO2 and H atoms from the initial and secondary reactions of 
RDX decomposition would thus be anticipated to be small. 

Preliminary sensitivity analysis calculations of RDX decomposition using the 
Melius mechanism indicated that the rate controlling steps during the first stage pri¬ 
marily involved H2CN and H2CNNO2 . The most sensitive reactions in decreasing 



order of importance were the thermal decomposition of H2CN , the N — N bond fis¬ 
sion of H2CNNO2 , reaction of H2CNNO2 with H2O and OH, reaction of HCO with 
N 0 2 and NO, and the reactions of H2CN with NO2 and NO. Early comparisons of 
model predicted species profiles with the data of Parr [ 9 ]. Hanson-Parr and Parr [ 53 ], 
Fetherolf and Litzinger [ 17 ], and Korobeinichev and co-workers [ 34 ], [ 54 ], [ 55 ] indicated 
insufficient quantities of NO2 and JV 2 at the end of the first stage and an abundance of 
CH2O, furthermore suggesting insufficient radical production during the stage: In the 
present model, three modifications have been made to the Melius mechanism. First, a 
reaction allowing for the formation of N2 during the initial stage of reaction was added 
to the mechanism. This reaction was between H2CN and jV 2 0 yielding H2CNO and 
7 V 2 . Second, the rate of thermal decomposition of H2CN was increased relative to its 
reaction with NO2, NO, and iV 2 0 . This allowed for greater 77 -atom generation during 
the initial stage of reaction, leading to faster consumption of formaldehyde and larger 
NO2 concentrations. Finally, a step between H2CNNO2 and NO2 was added leading 
to CH2O + N2O -I- N 0 2 . However, the major step for consumption of H2CNNO2 , 
other than through thermal decomposition, remained the water catalyzed reaction. 
The effect of the NO2 reaction could also have been obtained by increasing the rate 
of the water catalyzed reaction. Clearly, additional work is needed on the initial de¬ 
composition of RDX, and in particular, on the reactions of methylene nitramine and 
methylene amidogen. 


5 RESULTS AND DISCUSSION 

In this section we describe numerical results that have been obtained for the case of self¬ 
deflagration and laser assisted combustion of RDX monopropellants. Using the model 
and the numerical procedures described in Sections 2 and 3 , the governing equations 
describing the three-tiered RDX model are solved. The computed temperature and 
species profiles have been compared with experimental results that have been pub- 
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lished previously in the literature. For the case of self-deflagration, burning rates have 
been computed over a wide range of ambient pressure and have been compared with 
experimental results. A sensitivity analysis has been performed to determine the sen¬ 
sitivity of the burning rate to initial propellant temperature. Wherever possible, an 
attempt has been made to compare these results with experimental data. 

Laser assisted combustion 

A detailed experimental investigation of RDX flame structure was performed at 
the Naval Air Warfare Center [ 9 ]. Non-intrusive diagnostics were used to measure 
temperature and species profiles during neat RDX deflagration at one atmosphere. UV- 
Visible absorption was measured to obtain absolute concentration profiles of NO, NO2, 
CN, NH, CH<iO and OH. Temperature and species concentrations were obtained by 
spectral fitting. Planar Laser-Induced Fluorescence (PLIF) of these same species was 
also measured to obtain 2 D profiles in the flame with excellent spatial resolution. From 
these experiments, the flame structure was characterized by a “dark zone” close to the 
surface and a visible flame sheet above the dark zone. 

Experimental studies often employ laser heating for ignition purposes. Another 
advantage of employing laser heating in experiments is that it increases the burning 
rates. The higher mass evolution rate results in a gas phase flame that is located further 
away from the propellant surface as compared to laser unassisted studies. Thus, the 
detailed structure in the gas phase can be resolved more easily experimentally. For a 
consistent comparison of model predictions with corresponding experimental results, 
a valid model for the laser flux heating of the propellant is of critical importance. 
In particular, the added laser flux energy significantly affects the energy balance at 
the gas-liquid interface, which results in larger mass flux rates (burning velocities) as 
mentioned above and also higher final flame temperatures. It is assumed that most of 
the gas phase species do not absorb at a laser wavelength of 10.6 microns (Hanson-Parr 
and Parr [ 9 ]) and that the laser flux energy is completely absorbed in the condensed 
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phase. Furthermore, the absorptivity of solid RDX at 10.6 microns is such that the ^ 
depth is only 2 fim. This implies that the energy is absorbed in a distance quite small 
compared to the thermal profile in the solid. Employing Beer’s law, the reduction in 
beam irradiance brought about by absorption in the condensed phase can be described 
as 

/(*) = /(0)e-“, (34) 

where 7(0) is the irradiance of the beam at the input to the gas-liquid interface, a = 
1/(2 pun) is the absorption coefficient, and x is the absolute distance measured from 
the gas-liquid interface. The energy input (Q appearing in equations (7, 11, 27)) at 
any node point in the condensed phase is obtained by subtracting the beam irradiance 
leaving the cell from that at the input to the cell. 

The laser-assisted combustion experiments employ a laser flux profile that matches 
a Gaussian distribution 7(r) cal/cm 2 /sec given by 

J(r) = 337exp(^) , (35) 

cm^sec 

where r (mm) is the radial distance measured from the centerline (point of maximum 
intensity) of the incident laser beam. In order to incorporate the effect of laser heating, 
we first compute the standard deviation a = 1.182, a measure of the spread or dis¬ 
persion of the values which the laser flux intensity can assume. The Gaussian profile 
was integrated and then averaged over a circular area of radius equal to a resulting in 
averaged flux intensities of 62% of the peak value of 337 cal / cm 2 / sec. Numerical sim¬ 
ulations for laser assisted combustion have been performed with 70%, 80%, 90% and 
100% of the peak value and have been compared with experimental results. The corre¬ 
sponding values for 7(0) used in equation (34) are 236, 270, 303 and 337 calI cm 2 /sec. 
The lower values used in the numerical simulations implicitly account for any losses in 
the experiments such as reflection at the surface as well as the gaussian distribution of 
the laser flux profile. 

The laser-assisted experiments also show that the RDX flame is not a truly one¬ 
dimensional flame but a quasi-one-dimensional system. This is due to the fact that the 



cross sectional area varies as a function of the height above the gas-liquid interface. 
Measurements of the variation in cross sectional area were obtained experimentally 
by generating streamlines from particle image velocimetry (PIV) data and measuring 
the relative change in area of these streamlines. It was shown that the area increases 
by a factor of about five between the surface and the region in the burnt gas where 
the flame stops expanding radially. A curve fit was developed for this area variation 
normalized to the region of the burnt gases very far from the gas-liquid interface. This 
area variation is expressed as 

A{x) = 0.2079, x < 0.2, 

A(x) = 0.148 + 0.305x - 0.0272x 2 , 0.2 < x < 5.7, (36) 

A(x) = 1.0, x > 5.7. 

where x is the distance measured above the gas-liquid interface in mm. 

Using the numerical procedures described in Section 3, the case of laser-assisted 
deflagration for RDX propellants was studied. As discussed earlier these laser assisted 
calculations were performed with a laser flux intensity of 70%, 80%, 90% and 100% of 
the peak value (337 cal/cm 2 / sec). The pressure was set to one atmosphere. The reac¬ 
tant stream temperature was T u = 298.5A and the computational length was given by 
L = 8mm. Starting with an initial uniformly spaced grid consisting of 40 points, grid 
points were adaptively placed in regions of sharp gradients. Laser-assisted combustion 
simulations typically were solved with 120-150 node points. The smallest grid spacing 
occurred at the gas-liquid interface, where adjacent node points were less than 1 fim 
apart. The largest grid spacing occurred in regions where the temperature had reached 
its final equilibrium flame temperature. The CPU time for a calculation initiated from 
scratch takes roughly 45 minutes on an IBM RS6000 Model 590 machine. Subsequent 
calculations performed by varying the laser flux intensity took approximately 10 min¬ 
utes. 

Figure 2 shows the temperature profile in the solid, liquid and gas phases for 
laser-assisted combustion of RDX propellants. The gas-liquid interface is constrained 
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to be located at the origin of the coordinate frame (x = 0.0). The experimental 
temperature at which evaporation occurs is T evap = 610/i. Based on the structure of the 
thermal wave propagating into the condensed phase, we find that the temperature rises 
monotonically from the initial propellant temperature (T u = 298.15) to the melting 
point temperature ( T me i t = 478 K). During this portion RDX exists in pure solid form, 
and it is assumed that there are no chemical reactions taking place in this regime. 
This region is followed by the melt layer in which the temperature further increases 
from 478 K to the surface temperature. The thickness of the melt layer based on these 
calculations is approximately 50 fim. This compares reasonably well with results that 
have been published in the literature. In the liquid melt layer, RDX can undergo 
reactions in the condensed phase that decompose liquid RDX into CH 2 0, CO , N 2 0, 
NO, H 2 CN, N0 2 and H 2 0. Based on our calculations, we find approximately 43% 
decomposition of liquid RDX in the melt layer. 

The liquid melt layer is followed by gas phase combustion of gases evaporating 
from the melt layer. The temperature profile in the gas phase shows three distinct 
regions termed in the literature as fizz zone, dark zone and flame zone. The fizz zone is 
the region immediately above the gas-liquid interface. In the fizz zone, the temperature 
steadily rises from the surface temperature to approximately 1500/i. The fizz zone ends 
at a height of approximately 0.5mm above the gas-liquid interface. It is followed by 
a dark zone which is characterized by nearly isothermal reactions. The temperature 
remains almost constant throughout the width of the dark zone. The length of the 
dark zone based on our calculations was found to be 1.5mm. At a height of roughly 
2.0mm above the gas-liquid interface, the temperature again starts to rise sharply to 
a value close to the adiabatic flame temperature for RDX propellants. This region is 
called the flame zone. 

The symbols in Figure 2 represent temperature measurements from the exper¬ 
iments done by Hanson-Paxr and Parr [9]. Temperature profiles were obtained by 
piecing together OH and NO rotational temperature data and thermocouple measure¬ 
ments. In general, there is good agreement between the experimental measurements 
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and the numerically computed values for the temperatures in the gas, liquid and solid 
phases. The experimentally obtained temperature profile in the condensed phase is 
not a direct measurement under laser-assisted conditions, but consists of scaled values 
obtained from direct thermocouple measurement for the non-laser-assisted combustion 
of RDX propellants. This treatment of the temperature data assumes that there are 
no endothermic or exothermic reactions in the condensed phase and that the thermal 
wave profile scales as the inverse ratio of the burn rates. The gas temperature near 
the surface is about 610K in good agreement with prior thermocouple measurements. 
The temperature rises sharply to about 1500K at 0.35 mm and then turns over to a 
much more gradual slope in the dark zone. At about 2 mm it becomes steeper again 
and finally levels off to 2600K at 3.0 mm, at the top edge of the CN flame sheet. 

Figures 3 and 4 show experimental and numerically computed profiles for the NO 
and NO 2 mole fractions above the gas-liquid interface. The numerically computed 
values for N0 mole fractions are slightly higher than those obtained experimentally, 
whereas those for NO 2 mole fraction underpredict the experimental values. The loca¬ 
tion of the peak values and the widths of the NO and NO 2 mole fraction profiles are 
predicted accurately. The NO 2 peaks very close to the surface at a value of approxi¬ 
mately 0.17 mm. It then decays rapidly to zero at 1.5 mm. With the exception of a 
small region close to the surface, the NO mole fraction lies in the range between 0.2 
and 0.24 mm in the dark zone out to 2.0 mm. It falls sharply to zero at 2.5 mm as 
NO is consumed in the CN/NH flame sheet. 

The profiles for the CN mole fraction (Figure 5) and the OH mole fraction (Figure 
6) also show good agreement between the numerical and the experimental results. The 
CN mole fraction profile is indicative of the location of the flame zone. Although the 
experimental predictions are slightly lower than the numerical values, the location of 
peak concentrations as well as the width of the CN profile again compare well with 
the experimental results. The experimental CN profile is slightly wider and peaks at 
2.5 mm at a value of 660 ppm. Similar results are obtained for the OH mole fraction 
as shown in Figure 6. The OH profile peaks outside the CN/NH flame sheet with a 
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mole fraction of 0.055. 

Figure 7 shows a comparison between numerical and experimental results for the 
NH mole fraction. For CO 2 laser-assisted deflagration, experiments indicate that 
the narrow NH profile peaks at 2.3 mm above the surface at a value of 100 ppm. 
Although the numerically predicted profiles for the NH mole fraction are higher than 
those predicted experimentally, the NH radicals obtained experimentally were based 
on line strength from Herzberg. Hanson-Parr and Parr [56] have recently suggested 
that the measured NH concentrations are much higher based on different line strengths 
[57]. This implies that the results obtained experimentally could more closely match 
the numerical results. Additional computed gas phase species profiles are illustrated 
in Figures 8-14. Although no formaldehyde was detected in the experiments, the 
computations show CH 2 O to form early and to have been consumed prior to the dark 
zone. 

As the laser flux intensity is increased, the numerical calculations suggest that the 
burning rate increases correspondingly, with very small changes in the final flame tem¬ 
peratures. The burning rates corresponding to 70%, 80%, 90% and 100% were 0.190, 
0.213, 0.236 and 0.258 cm/sec respectively. Hanson-Parr and Parr [9] have reported 
a burning rate value of 0.18 cm/sec for the laser-assisted combustion experimentally 
studied. Note that the experimental value is not a directly measured value, but a value 
scaled from non-laser-supported measurements based on the CN species height above 
the liquid interface. This increase in the mass flux rate (as compared with those for 
self-deflagration) is responsible for increasing the length of the dark zone as shown in 
Figure 15. Experimental results also indicate that the length of the dark zone varies 
as a function of the laser flux intensity. Hanson-Parr and Parr [9] have measured the 
height of the secondary flame as a function of laser flux intensity. They report val¬ 
ues of 1.0, 2.2 and 3.5 mm for laser flux intensities of 50, 100 and 150 cal/cm?/sec 
respectively, which is consistent with the computed findings reported here. 

The energy necessary to sustain a steady deflagration may be liberated by condensed- 
phase reactions, gas-phase reactions, interface reactions, or any combination of these, 
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and the endothermic part of the surface gasification process may be an equilibrium pro¬ 
cess, a rate-controlled process or of intermediate character. Figure 16 provides profiles 
for heat release rates above the gas-liquid interface for the laser assisted conditions. 
This figure clearly shows the presence of two distinct heat release regimes located at 
the primary and secondary flames. The convective and diffusive terms in the energy 
equation are also shown in this figure. 

Self-deflagration 

Numerical calculations have also been performed for self-deflagrating RDX pro¬ 
pellants. As compared to the calculations for laser-assisted deflagration, the laser flux 
intensity which appears as a source term in the energy equation was removed. The tem¬ 
perature profile for self-deflagration at one atmosphere ambient pressure is illustrated 
in Figure 17. The temperature profile shows that the two flame structure that was 
observed in the laser-assisted deflagration is not present. This finding is in accordance 
with experimental results [9], When the laser flux heating is removed, the mass burn¬ 
ing rate is reduced and, as a result, the primary and the secondary flames superimpose 
on each other producing a single flame. This flame structure is very similar to that 
of conventional premixed flames. Although the temperature profile does not show the 
two flame structure, the species profiles show the characteristics of a two-stage flame. 

Calculations have also been performed for self-deflagration of RDX propellants 
over a wide range of ambient pressures ranging from one to ninety atmospheres. The 
dependence of the burning rate on ambient pressure is shown in Figure 18, and has 
been compared with experimental data from Atwood et al. [58], Hanson-Parr and Parr 
[9] and Zenin [31]. In these calculations the temperature of the gas-liquid interface was 
varied as observed from experimental data (Table 3). It is clear that the present model 
provides an excellent comparison between numerical and experimental values. Figure 
18 also shows comparison with data from Zimmer-Galler [59] and that of Glaskova [60], 
[61]. Note that there is significantly more scatter in the experimental burning rate data 
at higher ambient pressures. 
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The pressure in the combustion chamber of a solid rocket motor is dependent on 
the burning rate of the propellants. A large thrust occurs when the burning rate is 
high, however, when a long burning time is required, a lower burning rate propellant 
may be suitable. The burning rate is often expressed in a form proportional to the n th 
power of pressure, 

r b = ap n (37) 

where r b is the burning rate, p is the pressure, n is the pressure exponent of the burning 
rate and a is a constant. Figure 19 shows the pressure sensitivity of RDX monopro¬ 
pellants and comparison with experimental results [58]. The pressure sensitivity n was 
found to be approximately 0.76, and matches very well with experimental results and 
theoretical work of Mitani and Williams [13], Ben-Reuven et al. [12], Li et al. [14] and 
Price et al. [62]. Table 4 and 5 summarizes some of the properties at the gas-liquid 
interface as a function of the ambient pressure. As the ambient pressure increases, the 
flame comes closer to the gas-liquid interface resulting in higher temperature gradi¬ 
ents in the gas and the condensed phases. Due to the higher burning rates associated 
with higher ambient pressures, we find that the thickness of the melt layer decreases 
as the ambient pressure increases. Although the surface temperature increases as the 
ambient pressure increases, the amount of decomposition in the liquid phase decreases 
from about 40% at one atmosphere to almost 0% at 90 atmospheres. This is due to a 
combination of smaller melt layer thickness and higher burning rates at higher ambient 
pressures. When the initial propellant temperature is increased from 298 K to 373 K 
we find that the temperature gradient in the gas and liquid phase reduces, but the 
thickness of the melt layer, the amount of liquid phase decomposition and the burn 
rate increase slightly. 

As pointed out in Figures 18 and 19, the burning rate is strongly dependent on 
pressure. However, it is also dependent on the initial temperature of the propellant 
even when the pressure is kept constant. If one defines cr p as the variation of the 
burning rate with changes in initial propellant temperature, at a constant pressure, <x p 
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then can be written as 


1 ri - r 0 
Cr ’’ rTi-Tv 


(38) 


where ro and r x are the burning rates at temperatures To and 2\, respectively [5]. 
Figures 20 and 21 show the sensitivity of the burn rate to initial propellant tempera¬ 
ture. The burning rate has been computed at initial propellant temperatures of 20°C 
and 100°C (Figure 20) over a wide range of ambient pressure. These results compare 
favourably with experimental results from Atwood et al. [58] that have also been plot¬ 
ted in the same figure. Figure 21 shows the experimental and numerically obtained 
values for a p over a wide range of pressure calculated using equation (38). The value of 
cr p for conventional propellants ranges between 0.002/K and 0.008/K [5]. The values ob¬ 
tained for RDX monopropellant are approximately 0.0008/K, and compare favourably 
with experimental results. The value for cr p predicted by Mitani and Williams [13], 
Ben-Reuven et al. [12], Price et al. [62] and Li et al. [14] were significantly higher. 

The eigenvalue approach presented in this paper requires the modeler to prescribe 
the temperature at the gas-liquid interface. The prescription of the gas-liquid interface 
temperature as well as the location of the gas-liquid interface removes the transla¬ 
tional invariance associated with the freely propagating problem. This temperature 
also decides the point at which liquid decomposition products are converted into the 
corresponding gas phase species. Mathematically this translates into provision of an 
additional boundary condition for the extra differential equation (26) that is introduced 
into the system. Physically this is equivalent to specifying the vapour phase equilib¬ 
rium diagram. An alternative / equivalent approach could be to specify the location 
and temperature of the melting point where the transition of the solid to liquid takes 
place. This approach would still require knowledge of the boiling point temperature, 
although in this case the location of the boiling point does not have to be fixed in the 
coordinate frame of reference. From a formulation point of view, these two approaches 
are equivalent. In the former approach the solid-liquid interface may fall between two 
adjacent grid points, whereas in the latter approach the gas-liquid interface, which is 



more critical in determining the burning rate, may fall between two adjacent nodes. 
The latter approach may therefore be more susceptible to numerical oscillations. Apart 
from these potential numerical problems in constraining the melting point as compaxed 
to the boiling point, experimental results have indicated that the liquefication process 
is not a true melting in the sense of a phase change from solid to liquid occurring at 
a rather precise temperature. In general we believe that the melting process for RDX 
monopropellants is much less understood as compared to the evaporation process. 

The temperature at the gas-liquid interface can be obtained from phase equilib¬ 
rium diagrams, or measured experimentally. Due to the sharp temperature gradients 
and intense heat released at the propellant surface, it might be difficult to measure 
this temperature accurately. Small errors in temperature measurements at the gas- 
liquid interface and the use of this erroneous temperature in the eigenvalue approach 
could potentially result in incorrect burning rates. In such cases one could equally well 
specify the adiabatic flame temperature of the system and then compute not only the 
mass flux rate (m) but the interface temperature as well. In addition, the eigenvalue 
approach can be used for propellant systems, where an appreciable amount of propel¬ 
lant decomposes in the condensed phase. If the condensed phase reaction is highly 
exothermic or if a significant amount of decomposition occurs, we expect the burning 
rate to vary substantially as the gas-liquid interface temperature is changed. Use of 
the eigenvalue approach could still provide accurate results, with either a specified 
gas-liquid interface temperature or an adiabatic flame temperature. 

The eigenvalue approach performs an energy and species balance at the interface 
and makes use of properties of the gas and the liquid phases. This approach should 
produce correct results under laser-assisted conditions as well as self-deflagration condi¬ 
tions. We believe that models based on evaporation and condensation rate laws would 
be unable to predict the increased burning rates obtained under laser assisted condi¬ 
tions when calibrated for the unassisted cases. This is due to the fact that these rate 
laws do not account for the temperature gradient that exists at the gas-liquid interface 
or the additional laser flux heating that might be added to the system. We have shown 
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earlier that the increased burning rates obtained under laser assisted conditions result 
in a dark zone (dark zone is absent at lower burning rates). It has also been shown 
that as the flux intensity increases, the burning rate increases and this controls the 
length of the dark zone. 

The quasi-one-dimensional nature of the laser assisted experiments is found to 
play an important role in the stabilization of the secondary flame. Numerical calcu¬ 
lations were performed for laser assisted combustion with no assumed area variation. 
(Constant stream tube area A(x ) = 1.0.) These calculations resulted in primary flame 
profiles and burning rates similar to those obtained when area profiles shown in equa¬ 
tion (36) were used. However the secondary flame was pushed completely out of the 
computational domain, resulting in very large dark zones. This is due to the fact that 
the assumption of constant stream tube area results in larger gas velocities at the sec¬ 
ondary flame as compared to those obtained with a divergent stream tube. Thus the 
area variation shown in equation (36) plays an important role in determining the loca¬ 
tion and structure of the secondary flame. In addition, by varying the laser intensity 
variable length dark zones could be achieved. 

6 CONCLUSIONS AND DIRECTIONS FOR FUTURE RESEARCH 

Research in the field of solid rocket propellants over the past few decades has focused 
on obtaining a detailed understanding of the various physical and chemical processes 
involved during the burning of homogeneous and heterogeneous propellants. In this pa¬ 
per, a mathematical model for a three-tiered system consisting of solid, liquid and gas 
was derived for studying the combustion of RDX propellants. The resulting non-linear 
two-point boundary value problem was solved by Newton’s method and adaptive grid- 
ding techniques. In this study, the burning rate was computed as an eigenvalue, which 
removes the uncertainty associated with employing evaporation and condensation rate 
laws in its evaluation. Results were presented for laser-assisted and self-deflagration 
of RDX monopropellants and were compared with experiments. The burning rates 




were computed over a wide range of ambient pressures and were shown to compare 
favourably with experimental results. Results for laser-assisted combustion showed a 
distinct primary and secondary flame separated by a dark zone. 
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Table 1: RDX Liquid Phase Reaction Mechanism 


Units are cm 3 ,mo/e,.sec,ca/,i r <, k = AT n exp(—E a /RT) 


No. 

Reaction 

A n E a Ref. 

1L 

2L 

3L 

RDX 3 CH 2 0 + 3 N 2 0 

RDX 3 N0 2 + 3 H 2 CN 
ch 2 o + N0 2 -> C0 + NO + H 2 0 

.600 x 10 14 0.00 36000.0 [37] 

.160 x 10 18 0.00 45000.0 [37] 

.802 x 10 03 2.77 13730.0 [42] 





Table 2: Detailed RDX Gas Phase Reaction Mechanism 


Units are cm 3 , mole, sec, cal, K, k — AT n exp(—E a /RT) 


No. Reaction 


1G H 2 + M H + H + M° .457 x 10 2 ° -1.40 II 

2G 0 + H 2 0 ^ OH + OH .295 xlO 07 2.02 

3G 0 + H 2 ^ H + OH .508 x 10 os 2.67 

4G 0 + 0 + M^0 2 + M a .617 x 10 16 -0.50 

5G H + 0 2 t=± 0 + OH OKO - 1 n17 n ™ 1 

6G H + 0 2 + M H0 2 + M a .wi ^ iu u.uu 

Fall-off Parameters .675 x 10 -06 1.42 

7G H + 0 + OH + M a .472 x 10 19 -1.00 

8G 0H + H 2 ^H 2 0 + H .216 xlO 09 1.51 

9G OH + H + M ^ H 2 0 + M a .221 x 10 23 -2.00 

10G H0 2 + 0 ^ 0 2 +OH .175 x 10 14 0.00 

HG H0 2 + H ^H 2 + 0 2 .662 x 10 14 0.00 

12G H0 2 + H ^ OH + OH - .169 x 10 15 0.00 

13G H0 2 + OH ^ H 2 0 + 0 2 .190 x 10 17 -1.00 

14G H0 2 + H0 2 H 2 0 2 + 0 2 .420 x 10 1S 0.00 1 

15G H 2 0 2 + M ^ OH + OH + M .300 x 10 15 0.00 4 

Fall-off Parameters .250 x 10 _O2 0.00 

16G H 2 0 2 + O - OH + H0 2 .964 xlO 07 2.00 

17G H 2 0 2 4- H H 2 0 + OH .100 x 10 14 0.00 

18G H 2 0 2 + H ^ H0 2 + H 2 .482 x 10 14 0.00 

19G H 2 0 2 + OH ^ H 2 0 + H0 2 .580 x 10 15 0.00 ! 

20G CH 2 0 + M ?=* HCO + H + M .163 x 10 34 -4.10 9: 

21G CH 2 0 + M ^ H 2 + CO + M .825 x 10 16 0.00 6! 

22G CH 2 0 + 0 2 ^HC0 + H0 2 .205 x 10 14 0.00 31 

23G CH 2 0 + 0^ HCO + OH .181 x 10 14 0.00 1 

24G CH 2 0 + H ^HCO + H 2 35 .794 x 10° 8 1.66 2 





Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 ,mole, sec, cal, K, k = AT n exp(—E a /RT) 


No. 

Reaction 

A 

n 

E a 

25G 

CH 2 0 + 0H ^ HCO + H 2 0 

.343 x lO 10 

1.18 

-447.0 

26G 

CH 2 0 + H0 2 ** HCO + H 2 0 2 

.199 x 10 13 

0.00 

11660.0 

27G 

HCO + M ^ H + C0 + M b 

.186 x 10 18 

-1.00 

17000.0 

28G 

HCO + 0 2 ^C0 + H0 2 

.758 x 10 13 

0.00 

410.0 

29G 

HCO + 0^ CO + 0H 

.300 x 10 14 

0.00 

0.0 

30G 

HCO + O^C0 2 + H 

.300 x 10 14 

0.00 

0.0 

31G 

HCO + H ^ CO + H 2 

.723 x 10 14 

0.00 

0.0 

32G 

HCO + OH^CO + H 2 0 

.300 x 10 14 

0.00 

0.0 

33G 

HCO + H0 2 ^C0 2 + 0H + H 

.300 x 10 14 

0.00 

0.0 

34G 

CO + O + M ^C0 2 + M a 

.251 x 10 14 

0.00 

-4540.0 

35G 

CO + 0 2 ^ C0 2 + 0 

.253 x 10 13 

0.00 

47700.0 

36G 

CO + OH ^ C0 2 + H 

.150 x lO 08 

1.30 

-765.0 

37G 

CO + H0 2 C0 2 + OH 

.603 x 10 14 

0.00 

23000.0 

38G 

N + H 2 H + NH 

.160 x 10 15 

0.00 

25140.0 

39G 

N + 0 2 ^ NO+ 0 

.640 x lO 10 

1.00 

6280.0 

40G 

N + OH ^ NO + H 

.380 x 10 14 

0.00 

0.0 

41G 

N + H0 2 ^ NH + 0 2 

.100 x 10 14 

0.00 

2000.0 

42G 

N + H0 2 ^ NO + OH 

.100 x 10 14 

0.00 

2000.0 

43G 

N + C0 2 ^ NO + CO 

.190 x 10 12 

0.00 

3400.0 

44G 

N + NO ^N 2 + 0 

.327 x 10 13 

0.30 

0.0 

45G 

n+no 2 *± no + no 

.400 x 10 13 

0.00 

0.0 

46G 

n + no 2 ^n 2 o + o 

.500 x 10 13 

0.00 

0.0 

47G 

n + no 2 ^n 2 + o 2 

.100 x 10 13 

0.00 

0.0 

48G 

N + HNO ^ NH + NO 

.100 x 10 14 

0.00 

2000.0 

49G 

N + HNO ^ N 2 0 + H 

.500 x 10 u 

0.50 

3000.0 

50G 

N + N 2 0 ^N 2 +NO 

.100 x 10 14 

0.00 

19870.0 







Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec, cal, K, k = AT n exp(—E a jRT) 



No. 

Reaction 

A 

n 

E a 

51G 

N0 + M^N + 0 + M c 

.964 x 10 1S 

0.00 

148400.0 

52G 

NO + H 2 ^ HNO + H 

.139 x 10 14 

0.00 

56530.0 

53G 

NO + O + M^NOi + M 

.130 x 10 16 

- 0.75 

0.0 


Fall-off Parameters 

.275 x lO" 09 

2.12 

-1551.0 

54G 

NO + H 4- M ^ HNO + M 

.152 x 10 16 

-0.41 

0.0 


Fall-off Parameters 

.170 x lO" 04 

0.91 

-735.2 

55G 

NO + OH + M^ HO NO + M d 

.199 x 10 13 

-0.05 

-721.0 


Fall-off Parameters 

.392 x 10~ n 

2.46 

-653.0 

56G 

NO + HCO ^ HNO + CO 

.140 x 10 14 

0.00 

0.0 

57G 

no 2 + o^o 2 + no 

.100 x 10 14 

0.00 

600.0 

58G 

N0 2 + 0 + M ^ NOz + M 

.133 x 10 14 

0.00 

0.0 


Fall-off Parameters 

.893 x 10" 15 

4.08 

-2467.0 

59G 

N0 2 + H ^ NO + OH 

.132 x 10 15 

0.00 

361.6 

60G 

N0 2 + OH + M ^ HNO z + M 

.241 x 10 14 

0.00 

0.0 


Fall-off Parameters 

.375 x 10" 19 

5.49 

-2350.0 

61G 

H0 2 + NO ^ N0 2 + OH 

.211 x 10 13 

0.00 

-479.0 

62G 

N0 2 + CH 2 0 ^ HONO + HCO 

.783 x lO 03 

2.77 

13730.0 

63G 

N0 2 + HCO ^ CO + HONO 

.124 x JO 24 

-3.29 

2354.0 

64G 

N0 2 4- HCO H + C0 2 + N0 

.839 x 10 16 

-0.75 

1927.0 

65G 

N0 2 + CO ^ C0 2 + NO 

.903 x 10 14 

0.00 

33780.0 

66G 

N0 2 + N0 2 ** NOz + NO 

.964 x lO 10 

0.73 

20920.0 

67G 

N0 2 + N0 2 ^ 2 NO + 0 2 

.163 x 10 13 

0.00 

26120.0 

68G 

NH + M^N + H + M 

.265 x 10 15 

0.00 

75510.0 

69G 

NH + 0 2 HNO + 0 

.389 x 10 14 

0.00 

17890.0 

70G 

NH + 0 2 - NO + OH 

.760 x 10 11 

0.00 

1530.0 

71G 

NH + O^NO + H 

.550 x 10 14 

0.00 

0.0 






Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec, cal, K, k = AT n exp(-EJ.RT) 


No. 

Reaction 

A 

n 

E a 

72G 

NH + 0 ^ N + OH 

.372 x 10 14 

0.00 

0.0 

73G 

NH + OH HNO + H 

.200 x 10 14 

0.00 

0.0 

74G 

NH + OH N + H 2 0 

.500 x 10 12 

0.50 

2000.0 

75G 

NH + N ** N 2 + H 

.300 x 10 14 

0.00 

0.0 

76G 

NH + NO ^ N 2 0 + H 

.294 x 10 15 

-0.40 

0.0 

77G 

NH + NO N 2 + OH 

.216 x 10 14 

-0.23 

0.0 

78G 

NH + N0 2 ^ NO + HNO 

.100 x 10 12 

0.50 

4000.0 

79G 

NH + N0 2 ^ N 2 0 + OH 

.100 x 10 14 

0.00 

0.0 

80G 

NH + NH ^ N 2 + H + H 

.510 x 10 14 

0.00 

0.0 

81G 

NH 2 + 0 2 ^ HNO + OH 

.178 x 10 13 

0.00 

14900.0 

82G 

NH 2 +0^ HNO + H 

.663 x 10 15 

-0.50 

0.0 

83G 

NH 2 + 0 NH + OH 

.675 x 10 13 

0.00 

0.0 

84G 

NH 2 + H NH + H 2 

.692 x 10 14 

0.00 

3650.0 

85G 

NH 2 + OH ^ NH + H 2 0 

.400 x lO 07 

2.00 

1000.0 

86G 

NH 2 + N N 2 + 2 H 

.720 x 10 14 

0.00 

0.0 

87G 

NH 2 + NO ** NNH + OH 

.280 x 10 14 

-0.55 

0.0 

88G 

nh 2 + no^n 2 + h 2 o 

.882 x 10 16 

-1.25 

0.0 

89G 

NH 2 + N0 N 2 0 + H 2 

.500 x 10 14 

0.00 

24640.0 

90G 

NH 2 + NO ^ HNO + NH 

.100 x 10 14 

0.00 

40000.0 

91G 

NH 2 + N0 2 ^ N 2 0 + H 2 0 

.328 x 10 19 

-2.20 

0.0 

92G 

NHz + M ** NH 2 + H + M 

.220 x 10 17 

0.00 

93470.0 

93G 

NH 3 + 0^ NH 2 + OH 

.940 x 10° 7 

1.94 

6460.0 

94G 

NH 3 + H NH 2 + H 2 

.640 x 10° 6 

2.39 

10170.0 

95G 

NHz + OH ^ NH 2 + H 2 0 

.204 x 10° 7 

2.04 

566.0 

96G 

NHz + H0 2 ** NH 2 + H 2 0 2 

.300 x 10 12 

0.00 

22000.0 
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Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec, cal, K, k = AT n exp(—E a /RT) 


% 


No. 

Reaction 

A 

n 

E a 

97G 

NH 2 + H0 2 ^ nh 3 + 0 2 

.100 x 10 14 

0.00 

0.0 

98G 

NH 2 + NH 2 NH 3 + NH 

.500 x 10 14 

0.00 

10000.0 

99G 

NNH + M^N 2 + H + M 

.100 x 10 15 

0.00 

3000.0 

100 G 

NNH + H^N 2 + H 2 

.100 x 10 15 

0.00 

0.0 

101 G 

NNH + NO ^ N 2 + HNO 

.500 x 10 14 

0.00 

0.0 

102 G 

NNH + 0^ N 2 0 + H 

.100 x 10 15 

0.00 

0.0 

103G 

NNH + OH^N 2 + H 2 0 

.500 x 10 14 

0.00 

0.0 

104G 

NNH + NH ^ N 2 + NH 2 

.500 x 10 14 

0.00 

0.0 

105G 

NNH + NH 2 ^N 2 + NH 3 

.500 x 10 14 

0.00 

0.0 

106G 

HNO + 0^ OH + NO 

.181 x 10 14 

0.00 

0.0 

107G 

HNO + OH H 2 0 + NO 

.100 x 10 14 

0.00 

993.5 

108G 

HNO + HCO CH 2 0 + NO 

.602 x 10 12 

0.00 

1987.0 

109G 

HNO + NO ** N 2 0 + OH 

.200 x 10 13 

0.00 

26000.0 

110G 

HNO + N0 2 HO NO + NO 

.602 x 10 12 

0.00 

1987.0 

111 G 

HNO + HNO ^ H 2 0 + N 2 0 

.851 x IO 09 

0.00 

3080.0 

112 G 

HNO + 0 2 ^N0 + H0 2 

.100 x 10 14 

0.00 

25000.0 

113G 

HNO + NH 2 ^ NO + NH 3 

.200 x 10 14 

0.00 

1000.0 

114G 

HO NO + 0 ** OH + N0 2 

.120 x 10 14 

0.00 

5961.0 

115G 

HO NO + H r=± H 2 + N0 2 

.120 x 10 14 

0.00 

7352.0 

116G 

HONO + OH ^ H 2 0 + N0 2 

.126 x 10 11 

1.00 

135.1 

117G 

HCN + M^H + CN + M 

.830 x 10 18 

-0.93 

123800.0 


Fall-off Parameters 

.232 x IO" 08 

1.67 

-1100.0 

118G 

HCN + O^CN + OH 

.270 x IO 10 

1.58 

29200.0 

119G 

HCN + 0 ^ NH + CO 

.345 x IO 04 

2.64 

4980.0 

120 G 

HCN + 0^ NCO + H 

.138 x IO 05 

2.64 

4980.0 

121 G 

HCN + OH *=* H 2 0 + CN 

orv 

.390 x IO 07 

1.83 

10290.0 






Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 ,mole, sec,cal, I<, k = AT n exp(-E a /RT ) 


No. Reaction 


122G HCN + OH ^H + HOCN .585 x 10 05 2.40 125 

123G HCN + OH^H + HNCO .198 x lO’ 02 4.00 1C 

124G HCN + OH ^ NH 2 + CO .783 x lO" 03 4.00 4C 

125G HCN ** HNC .206 x 10 15 -1.11 437 

126G HNC + O^NH + CO .289 x 10 13 0.00 

127G HNC + 0 ** H + NCO .160 x 10° 2 3.08 -2 

128G HNC + OH ^HNCO + H .280 x 10 14 0.00 37 

129G HNC + OH ^ CN + H 2 0 irtnwinis non ^ 

130G HNC + N0 2 ** HNCO + NO 
131G HNC + CN ^ C 2 N 2 + H 
132G N 2 0 + M ^ N 2 + O + M e 
Fall-off Parameters 
133G N 2 0 + 0^0 2 + N 2 
134G N 2 0 + 0^ 2 NO 
135G N 2 0 + H^N 2 + OH 
136G N 2 0 + OH ^ H0 2 + N 2 
137G N 2 0 + CO ^ N 2 + C0 2 
138G CN + H 2 ** H + HCN .550 x lO 03 3.18 -2 

139G CN + 0 2 ^ NCO + O .750 x 10 13 0.00 -3 

140G CN + 0 r=± CO + N .180 x 10 14 0.00 

141G CN + OH ^ NCO + H .400 x 10 14 0.00 

142G CN + OH^NH + CO .000 0.00 

143G CN A OH HNCO .000 0.00 

144G CN + CH 2 0 v* HCN + HCO .422 x 10 14 0.00 

145G CN + HCO *=* HCN + CO .602 x 10 14 0.00 

146G CN + NO NCO + N .964 x 10 14 0.00 421! 


.585 x lO 05 

2.40 

12500.0 

.198 x lO" 02 

4.00 

1000.0 

.783 x lO" 03 

4.00 

4000.0 

.206 x 10 15 

-1.11 

43710.0 

.289 x 10 13 

0.00 

0.0 

.160 x lO 02 

3.08 

-224.0 

.280 x 10 14 

0.00' 

3700.0 

.150 x 10 13 

0.00 

7680.0 

.100 x 10 13 

0.00 

32000.0 

.100 x 10 14 

0.00 

0.0 

.791 x 10 11 

0.00 

56040.0 

900 x lO" 04 

0.00 

-1510.0 

.100 x 10 15 

0.00 

28000.0 

.100 x 10 15 

0.00 

28000.0 

.223 x 10 15 

0.00 

16750.0 

.200 x 10 13 

0.00 

40000.0 

.319 x 10 12 

0.00 

20330.0 

.550 x lO 03 

3.18 

-223.0 

.750 x 10 13 

0.00 

-389.0 

.180 x 10 14 

0.00 

0.0 

.400 x 10 14 

0.00 

0.0 

.000 

0.00 

0.0 

.000 

0.00 

0.0 

.422 x 10 14 

0.00 

0.0 

.602 x 10 14 

0.00 

0.0 

.964 x 10 14 

0.00 

42120.0 






Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec , cal, K, k = AT n exp(-E a /-RT ) 


No. 

Reaction 

A 

n 

Ea 

147G 

CN + C0 2 ^ CO + NCO 

.367 x 10 07 

2.16 

26900.0 

148G 

CN + N0 2 ** NCO + NO 

.159 x 10 14 

0.00 

-1133.0 

149G 

CN + HNO HCN + NO 

.181 x 10 14 

0.00 

0.0 

150G 

CN + HO NO ^ HCN + N0 2 

.120 x 10 14 

0.00 

0.0 

151G 

CN + HCN ^H + C 2 N 2 

.121 x lO 08 

1.71 

1530.0 

152G 

CN + N 2 0 NCN + NO 

.385 x lO 04 

2.60 

3696.0 

153G 

CN + CN + M C 2 N 2 + M 

.566 x 10 13 

0.00 

0.0 


Fall-ofF Parameters 

.165 x 10~ 12 

2.61 

0.0 : 

154G 

C 2 N 2 + 0 ^ NCO + CN 

.457 x 10 13 

0.00 

8880.0 

155G 

C 2 N 2 + OH ^ HOCN + CN 

.186 x 10 12 

0.00 

2900.0 

156G 

NCN + H ^HCN + N 

.100 x 10 15 

0.00 

0.0 

157G 

NCN + 0 ^ CN + NO 

.100 x 10 15 

0.00 

0.0 

158G 

NCN + OH HCN + NO 

.500 x 10 14 

0.00 

0.0 

159G 

NCN + 0 2 ^N0 + NCO 

.100 x 10 15 

0.00 

0.0 

160G 

NCO + M ^ N + CO +Ml 

.310 x 10 17 

-0.50 

48300.0 

161G 

NCO + H 2 ^ HNCO + H 

.760 x lO 03 

3.00 

4000.0 

162G 

NCO + 0 ** CO + NO 

.200 x 10 14 

0.00 

0.0 

163G 

NCO + H ^ NH + CO 

.500 x 10 14 

0.00 

0.0 

164G 

NCO + 0H ^NO + CO + H 

.100 x 10 14 

0.00 

0.0 

165G 

NCO + OH^NO + HCO 

.500 x 10 13 

0.00 

15000.0 

166G 

NCO + 0 2 ^N0 + C0 2 

.200 x 10 13 

0.00 

20000.0 

167G 

NCO + CH 2 0 HNCO + HCO 

.602 x 10 13 

0.00 

0.0 

168G 

NCO + HCO ^ HNCO + CO 

.361 x 10 14 

0.00 

0.0 

169G 

NCO + N0 ** N 2 0 + CO 

.620 x 10 18 

-1.73 

763.0 

170G 

NCO + NO ** C0 2 + N 2 

.780 x 10 18 

-1.73 

763.0 

171G 

NCO + N0 2 ^ CO + 2 NO 
-44-L 

.139 x 10 14 

0.00 

0.0 








Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec, cal, K, k = AT n exp(—E a /RT) 


No. 

Reaction 

A 

n 

E a 

172G 

NCO + N0 2 ^ C0 2 + N 2 0 

.417 x 10 13 

0.00 

0.0 

173G 

NCO + HNO ^ HNCO + NO 

.181 x 10 14 

0.00 

0.0 

174G 

NCO + HONO ** HNCO + N0 2 

.361 x 10 13 

0.00 

0.0 

175G 

NCO + N 2 0 ^ N 2 + NO + CO 

.903 x 10 14 

0.00 

27820.0 

176G 

NCO + CN ^ NCN + CO 

.181 x 10 14 

0.00 

0.0 

177G 

NCO + NCO ^N 2 + 2 CO 

.100 x 10 14 

0.00 

0.0 

178G 

NCO + N^N 2 + CO 

.200 x 10 14 

0.00 

0.0 

179G 

CNO + O^CO + NO 

.100 x 10 14 

0.00 

0.0 

180G 

CNO + N0 2 ^ C0 + 2 NO 

.100 x 10 14 

0.00 

0.0 

181G 

CNO + N 2 0 N 2 + CO + NO 

.100 x 10 13 

0.00 

15000.0 

182G 

HNCO + M NH A CO AM 

.600 x 10 14 

0.00 

99800.0 


Fall-off Parameters 

.276 x 10" 14 

3.10 

-2100.0 

183G 

hnco + o^co 2 + nh 

.964 x 10 08 

1.41 

8524.0 

184G 

HNCO + 0 OH + NCO 

.667 x 10-° 3 

4.55 

1780.0 

185G 

HNCO + 0 ^ HNO + CO 

.158 x 10° 9 

1.57 

44300.0 

186G 

HNCO + H^ NH 2 + CO 

.220 x 10° 8 

1.70 

3800.0 

187G 

HNCO + 0H*± H 2 0 + NCO 

.638 x 10° 6 

2.00 

2563.0 

188G 

HNCO + CN HCN + NCO 

.151 x 10 14 

0.00 

0.0 

189G 

HNCO + HO 2 ** NCO + H 2 O 2 

.300 x 10 12 

0.00 

29000.0 

190G 

HNCO + 0 2 - HNO + C0 2 

.100 x 10 13 

0.00 

35000.0 

191G 

HNCO + NH 2 - NH$ + NCO 

.500 x 10 13 

0.00 

6200.0 

192G 

HNCO + NH ^ NH 2 + NCO 

.300 x 10 14 

0.00 

23700.0 

193G 

HCNO + 0 ** HCO + NO 

.100 x 10 13 

0.00 

9000.0 

194G 

HCNO + 0H HCO + HNO 

.100 x 10 14 

0.00 

5000.0 

195G 

HCNO + 0H ^ CNO + H 2 0 

.100 x 10 13 

0.00 

2000.0 

196G 

HCNO + CN*± HCN + CNO 

42 

.100 x 10 13 

0.00 

2000.0 

197G 

HOCN + H^ HNCO + H 

.200 x 10° 8 

2.00 

2000.0 








Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 , mole, sec, cal, K, k = AT n exp(—E a /-RT) 


P?Si 

Reaction 

A 

n 

E a 

198G 

HOCN + OH NCO + H 2 0 

.640 x lO 06 

2.00 

2560.0 

199G 

HOCN + 0^ NCO + OH 

.150 x lO 05 

2.64 

4000.0 

200G 

H 2 CN + M ** HCN + H + M 

.100 x 10 18 

0.00 

30000.0 

201G 

H 2 CN + CH 2 0 H 2 CNH + HCO 

.100 x 10 12 

0.00 

14000.0 

202G 

H 2 CN + NO ^ HCN + HNO 

.100 x 10 12 

0.00 

3000.0 

203G 

H 2 CN + N0 2 ^ HCN + HO NO 

.100 x 10 12 

0.00 

1000.0 

204G 

H 2 CN + N0 2 ^ H 2 CNO + NO 

.100 x 10 12 

0.00 

3000.0 

205G 

H 2 CN + N 2 0 H 2 CNO + n 2 

.100 x 10 12 

0.00 

3000.0 

206G 

H 2 CN + HNO ^ H 2 CNH + NO 

.100 x 10 12 

0.00 

4000.0 

207G 

H 2 CN + HONO H 2 CNH + N0 2 

.100 x 10 12 

0.00 

12000.0 

208G 

H 2 CNH + 0H^ H 2 CN + H 2 0 

.100 x 10 14 

0.00 

0.0 

209G 

H 2 CNH + CN ^ H 2 CN + HCN 

.100 x 10 14 

0.00 

0.0 

210G 

H 2 CNO + M ^ HCNO + H 

.100 x 10 17 

0.00 

50000.0 

211G 

H 2 CNO + 0H ^ HCNO + H 2 0 

.100 x 10 14 

0.00 

0.0 

212G 

H 2 CNO + NO ** HCNO + HNO 

.100 x 10 13 

0.00 

25000.0 

213G 

H 2 CNO + N0 2 ^ HCNO + HONO 

.100 x 10 13 

0.00 

2000.0 

214G 

H 2 CNO + N0 2 ^ CH 2 0 + NO + NO 

.100 x 10 13 

0.00 

0.0 

215G 

H 2 CNO + HNO ^ H 2 CN + HONO 

.100 x 10 13 

0.00 

2000.0 

216G 

H 2 CNNO + M H 2 CN + NO + M 

.100 x 10 17 

0.00 

2000.0 


Fall-off Parameters 

.130 

0.00 

-13000.0 

217G 

h 2 cnno 2 + m^ h 2 cn + no 2 + m 

.100 x 10 17 

0.00 

31000.0 


Fall-off Parameters 

.130 

0.00 

5000.0 

218G 

H 2 CNN0 2 + N0 2 ^ CH 2 0 + N 2 0 + no 2 

.100 x 10 12 

0.00 

2000.0 

219G 

h 2 cnno 2 + N 2 0 ^ ch 2 o + n 2 o + N 2 0 

.100 x 10 12 

0.00 

2000.0 

220G 

h 2 cnno 2 + h 2 o ^ ch 2 o + n 2 o + h 2 o 

.100 x 10 12 

0.00 

2000.0 

221G 

H 2 CNN0 2 + H^ H 2 CN + HONO 

43 

.100 x 10 13 

0.00 

5000.0 

222G 

H 2 CNN0 2 + 0H ** HCN + N0 2 + H 2 0 

.100 x 10 14 

0.00 

3000.0 






Table 2-cont.: Detailed RDX Gas Phase Reaction Mechanism 
Units are cm 3 ,mole, sec, cal, K, k = AT n exp(-E a /RT) 


No. 

Reaction 

An E a 

223G 

H 2 CNN0 2 + OH ^ CH 2 0 + N 2 0 + OH 

.100 x 10 14 0.00 0.0 

224G 

RDX + M^ RDXR + N0 2 + M 

.200 x 10 17 0.00 45000.0 


Fall-off Parameters 

.127 0.00 17000.0 

225G 

RDX + H^ RDXR + HONO 

.100 x 10 14 0.00 5000.0 

226G 

RDX + OH —> 2 H 2 CNN0 2 + HCN + N0 2 + H 2 0 

.100 x 10 14 0.00 5000.0 

227G 

RDXR + M -4 RDXRO + M 

.100 x 10 17 0.00 23000.0 


Fall-off Parameters 

.130 0.00 5000.0 

228G 

RDXRO + M -+ 2H 2 CNN0 2 + H 2 CN + M 

.100 x 10 17 0.00 23000.0 


Fall-off Parameters 

.130 0.00 5000.0 


a Efficiency factors for the collision partners of this pressure dependent reaction are: 
£h 2 = 2-5, £h 2 o — 12.0, £co = 1.9 and £co 2 = 3.8. All other species have efficiences 
equal to unity. 

b Efficiency factors for the collision partners of this pressure dependent reaction axe: 
£ h 2 = 1-89, £h 2 o = 12.0, £co = 1.9 and £co 2 = 3.8. All other species have efficiences 
equal to unity. 

c Efficiency factors for the collision partners of this pressure dependent reaction are: 
£n 2 = 1.5 and £co 2 — 10.0. All other species have efficiences equal to unity. 
d Efficiency factors for the collision partners of this pressure dependent reaction are: 
£h 2 o = 5.0. All other species have efficiences equal to unity. 

e Efficiency factors for the collision partners of this pressure dependent reaction are: 
£ h 2 o — 7.5, £no = 2.0, £co = 2.0, £co 2 = 3.0 and £hcn — 3.0. All other species have 
efficiences equal to unity. 

7 Efficiency factors for the collision partners of this pressure dependent reaction are: 
£n 2 ~ 1-5. All other species have efficiences equal to unity. 










Table 3: Burning Rate vs. Pressure 


Pressure 

atm 

Surface Temperature 

°I< 

Burn Rate 

Parr [9],[58] 

rj cm/sec 

Burn Rate 

Zenin [19] 

cm/sec 

Burn Rate 

Numerical 

rfc cm/sec 

1.0 

590.0“ 

0.0400 

0.0500 

0.0533 

5.0 

630.0 6 

0.1464 

0.1700 

0.1596 

10.0 

650.0“ 

0.2560 


0.2809 

20.0 

690.0“ ! 

0.4476 

0.5000 

0.4735 

50.0 

730.0 6 

0.9369 


1.0100 

90.0 

790.0“ 

1.5047 

1.8000 

1.6054 


“ Refer Zenin [19]. b Interpolated value. 


Table 4: Gas Liquid Interface Conditions as a function of Ambient Pressure : T u = 


298# 


Pressure (atm) 

1.0 

5.0 

10.0 

20.0 

50.0 

90.0 

Gas Phase Heat Conduction (K/cm) 

1.66E5 

3.85E5 

6.38E5 

9.70E5 

1.96E6 

3.09E6 

Condensed Phase Heat Conduction (K/cm) 

3.84E4 

1.00E5 

1.66E5 

2.77E5 

5.24E5 

7.62E5 

Thickness of Melt Layer (f.im ) 

70 

33 

22 

12 

7 

5 

Liquid Phase Decomposition (%) 

40.0 

17.5 

7.8 

3.5 

0.3 

0.0 
























Table 5: Gas Liquid Interface Conditions as a function of Ambient Pressure : T u = 


373 K 


Pressure (atm) 

1.0 

5.0 

10.0 

20.0 

50.0 

90.0 

Gas Phase Heat Conduction (K/cm) 

1.54E5 

3.74E5 

5.94E5 

9.50E5 

1.93E6 

3.06E6 

Condensed Phase Heat Conduction (K/cm) 

3.62E4 

9.20E4 

1.49E5 

2.54E5 

4.74E5 

6.93E5 

Thickness of Melt Layer (nm) 

72 

35 

26 

19 

11 

5 

Liquid Phase Decomposition (%) 

43.0 

20.5 

10.7 

5.3 

0.6 

0.1 
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An Eigenvalue Method for Computing the Burning Rates of HMX 

Propellants 

ABSTRACT 

A mathematical model for a three-tiered system consisting of solid, liquid and gas is 
derived for studying the combustion of HMX propellants. The resulting nonlinear two- 
point boundary value problem is solved by Newton’s method with adaptive gridding 
techniques. In this study the burning rate is computed as an eigenvalue, which removes 
the uncertainty associated with employing evaporation and condensation rate laws in 
its evaluation. Results are presented for laser-assisted and self-deflagration of HMX 
monopropellants and are compared with experimental results. The burning rates are 
computed over a wide range of ambient pressures and compare well with experimental 
results from one to ninety atmospheres. The burning rate is found to be proportional 
to the pressure raised to the 0.82 power. Sensitivity of the burning rate to initial 
propellant temperature is calculated and found to be extremely low, in agreement 
with past theoretical predictions and experimental data. Results for laser-assisted 
combustion show a distinct primary and secondary flame separated by a dark zone, 
the length of which is dependent upon the incident laser flux intensity. 



1 INTRODUCTION 


Numerous chemicals have been used in making solid propellants with the goal of 
optimizing combustion characteristics for different purposes. The cyclic nitramines 
cyclotrimethylenetrinitramine ( CzHeN^Oe ,), commonly called RDX, and cyclotetram- 
ethylenetetranitramine (C 4 HsNsO s ), commonly called HMX are important ingredients 
in solid propellants. The addition of nitramine particles such as RDX and HMX to 
double-base homogeneous propellants increases the flame temperature and energy re¬ 
lease. It is widely known that the use of these ingredients offers many advantages. 
Due to the high energy release of these compounds and the large amount of low molec¬ 
ular weight gaseous combustion products, high values of specific impulse for rocket 
propellants and impetus for gun propellants can be achieved. 

Due to the lack of understanding of the various elementary chemical and physical 
processes involved during the combustion of HMX propellants, little work has been 
done in the area of detailed numerical modeling. Microscopic observations, mostly by 
Boggs [1] and Hanson-Parr and Parr [2], of quenched samples using a scanning electron 
microscope and of burning samples using high speed motion-picture photography have 
revealed many aspects of the deflagration process that can aid in the development of 
theories. Ben-Reuven et al. have incorporated basic nitramine flame chemistry into 
theoretical models for studying the self-deflagration of HMX [3]. A simplified theo¬ 
retical model was also developed by Mitani and Williams [4] for describing the flame 
structure and deflagration of nitramines, which included exothermic decomposition in 
a liquid layer, equilibrium vaporization, and exothermic combustion in the gas. 

The problem of modeling the deflagration of a homogeneous solid propellant 
becomes especially difficult if it is necessary to account for two-phase flow that oc¬ 
curs in liquid melt layers as well as the gas-phase region above the liquid melt layer. 
The combustion of double-base propellants usually involves reactions occurring in the 
condensed-phase, in the dispersed-phase and in the gas-phase. Li, Williams and Mar- 
golis [5] used asymptotic analysis to extend the Mitani-Williams model [4] to account 



for the presence of bubbles and droplets in a two-phase layer at the propellant sur¬ 
face. They again report good agreement with measured burning rates and pressure 
and temperature sensitivities using an overall chemical-kinetic parameter for describ¬ 
ing gas-phase reactions. These models [4], [5] do not predict a dark zone as observed 
in experimental results. 

Melius [6], [7] developed a two layer solid-gas model for studying the ignition 
and self-deflagration of RDX. He constructed a gas-phase model with an evaporation- 
condensation rate law that was used to model the regressing planar interface separating 
the solid and the gas-phase. In the solid-phase there was a single irreversible reaction 
whose rate was pertinent to liquid phase RDX. Fetherolf and Litzinger [8] have studied 
the CO 2 laser induced pyrolysis of HMX using both experimental studies and kinetic 
modelling of the gas-phase processes. Hatch [9] has developed a steady-state one¬ 
dimensional combustion model to study the gas-phase chemistry of a nitrate-ester 
flame and has recently applied this approach for studying the deflagration of HMX. 
The effects on combustion of different mechanisms of decomposition were determined 
and some of the more important gas-phase reactions were identified. 

More recently, Prasad, Yetter and Smooke [10] have developed a detailed three 
layered model for studying RDX self and laser assisted deflagrations using detailed finite 
rate chemistry in the gas-phase and a three step liquid-phase decomposition mechanism. 
This model accurately predicts the burn rates over a wide range of ambient pressures 
and initial propellant temperatures under self deflagration conditions. In the present 
study, we apply the approach used in [10] to develop a detailed model for studying the 
combustion of HMX homogeneous monopropellants. 

2 PROBLEM FORMULATION 

Figure 1 shows a schematic diagram of the physical model we will employ for describ¬ 
ing the steady-state burning of a homogeneous solid propellant. It consists of a three 
layered (solid, liquid and gas) model with sharp planar boundaries, with the liquid 




layer sandwiched between the other two phases. HMX monopropellant combustion is 
modeled with a solid region followed by a liquid reaction zone followed by a fizz zone 
and then, after a dark zone, by a luminous gas-phase flame. Unlike RDX, there are four 
polymorphic forms of HMX [1]. The /?HMX is the commonly encountered stable form 
at room temperature, whereas 6HMX is most relevant to the thermal decomposition 
of HMX. The /? —* 8 phase transformation is again modeled as a sharp planar inter¬ 
face within the solid-phase to account for the different enthalpies and specific heats 
associated with the two polymorphs. 

We consider the steady-state deflagration of a semi-infinite piece of pure HMX 
monopropellant. It is assumed that the propellant is mounted on a platform moving 
at a velocity equal but opposite to the regression velocity of the propellant. As a 
result, during steady-state HMX deflagration, the locations of the gas-liquid interface, 
the solid-liquid interface, and the primary and secondary flames are all fixed in the 
laboratory frame of reference. We further choose that the gas-liquid interface is located 
at the origin of the coordinate frame of reference. Thus in Figure 1, x is the coordinate 
normal to the surface; the interface is located at x = 0; the solid extends tox = —oo, 
and the gas extends to x = +oo. We are interested in computing the mass flux rate m 
( gm/cm 2 /sec ) with which the solid must move in the +x direction so that the interface 
will remain at x = 0. 

The burning rate or the rate of decomposition of liquid HMX can be obtained as a 
difference between the rate of evaporation for liquid HMX and the rate of condensation 
for the gaseous products. The evaporation and condensation rates are generally com¬ 
plicated empirically derived expressions that involve the temperature and the various 
species concentrations at the interface. The evaporation and condensation rates are 
large numbers O(10 2 ) with a very small difference O(10 -2 ). The result of employing 
this approach in a computational model is that numerical instability/convergence dif¬ 
ficulties can occur. In the approach taken in this paper, the mass flux rate (burning 
rate) is obtained as an eigenvalue of the problem [10]. 

Our goal is to predict theoretically the mass fractions of the species and the 
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temperature as functions of the independent coordinate, x , together with the mass 
flux rate. If in the gas-phase we neglect viscous effects, body forces, radiative heat 
transfer and the diffusion of heat due to concentration gradients, the equations [11], 
[12] governing the structure of a steady, one-dimensional, gas-phase, isobaric flame are 

pW 

Tin = pvA = Kl = constant , p — ——, ( 1 ) 

RT 

rn ^ = -£(pAY k V k ) + Au k W k , k=l,2,...,K, (2) 


, dT d f dT 
mc *Tx = Tx [ XA i; 


K dT K 

A £ pYtVt^t— -A£w„h k W k , 

k =i “X k=1 


In these equations, x denotes the independent spatial coordinate; m, the mass flux 
rate; T , the temperature; Y k , the mass fraction of the k th species; p, the pressure; v, 
the velocity of the fluid mixture; p, the mass density; W k , the molecular weight of 
the k th species; W , the mean molecular weight of the mixture; R, the universal gas 
constant; A, the thermal conductivity of the mixture; c p , the constant pressure heat 
capacity of the mixture; Cp k , the constant pressure heat capacity of the k th species; h k , 
the enthalpy of the k th species; u > k , the molar rate of production of the k th species; and 
14, the diffusion velocity of the k th species. A represents the local cross-sectional area 
of the stream tube encompassing the flame. 

In the liquid layer, sometimes referred to as the foam zone, temperatures are high 
enough for molecular degradation to take place. Simultaneous secondary reactions 
occur so that a mixture of soluable and liquid-phase species emerge from the surface 
and the net energy balance of the degradation is exothermic. For the liquid-phase, it is 
assumed that the diffusion velocities are negligible. The equations of motion therefore 
simplify into the form 

m = pvA = K 1 = constant , p = constant = K2 , (4) 


= Au k W k , k = l,2,...,K, 

= £ ( M f) - A t. +<> a ’ 
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The term QA represents the energy input due to laser flux heating. 

The solid-phase (both and 6 HMX) consists of a homogeneous propellant with 
no chemical reactions. The diffusion velocities in the condensed phase are again zero. 
The equations further simplify to 

m = pvA = Kl = constant , p = constant = K 2, (7) 

Yhmx = 1.0, n = 0, k^HMX, (8) 

dr d ( dT\ 

’ h ^ = ii{ XA ^) +QA ’ < 9 > 

Note here that the mass flux rate is a constant in the gas, liquid and solid phases. 

To complete the specification of the problem, boundary conditions must be im¬ 
posed on each end of the computational domain (—Z>i,£ 2 ) and at the interfaces. The 
temperature and the species mass flux fractions are prescribed at the unreacted solid 
boundary. In the hot stream outflow boundary the gradient of temperature and species 
mass fractions are assumed to be negligibly small. 

Calculation of the mass flux rate proceeds by introducing the trivial differential 


equation 


dm 

d^ = 0. 


and an additional boundary condition. We choose to impose the boiling point tem¬ 
perature or the evaporation temperature at the gas - liquid interface, the location of 
which is fixed at the origin in the chosen coordinate system. 

In addition, one needs to specify specialized interface conditions that account for 
the transition from the liquid to the gas-phase as well as any laser flux heating that 
might occur at the interface. Energy balance at this interface [12] is maintained by 
solving the difference form of the energy equation shown below 

4 (I H - 1 H) - * | + ^ < u > 

The term QA represents the heat input due to laser flux heating, whereas the difference 
form of the convective term Ykhk) takes account of the heat of vaporization 

associated with the phase transition from the liquid to the gas-phase. 


7 



Unlike the gas-liquid interface, whose location remains fixed at a specified grid 
point, the locations of the <5HMX-liquid (melt point) and the /9HMX-6HMX (phase 
transformation point) interfaces are not known a-priori. The temperature decides the 
location of these interfaces and the algorithm uses thermodynamic properties relevant 
to that phase for evaluating the interface conditions. Energy balance is maintained 
across the £HMX-liquid and the /3HMX-£HMX interfaces by solving equation (11) 
without the diffusion velocity term. 

The governing equations (l)-(ll), are solved by Newton’s method with adaptive 
gridding techniques [13]. The various diffusion coefficients in the gas-phase are eval¬ 
uated using vectorized and highly optimized transport and chemistry libraries. The 
specific heats and thermal diffusivities for /9HMX, £HMX and liquid HMX were ob¬ 
tained from the DSC work of Shoemaker [14]. 

The liquid-phase reaction mechanism is based on the work of Brill [15] and Thynell 
et al. [16]. The mechanism consists of three steps (Table 1) in which HMX thermally 
decomposes through two global channels to form either CH 2 0 and N 2 0 or H 2 CN and 
N0 2 . The third global step describes low temperature secondary chemistry of CH 2 0 
and N0 2 and is derived from the gas-phase studies of Lin et al. [IT]. 

The gas-phase reaction mechanism consists of 48 chemical species and 228 re¬ 
actions and was formulated from the original RDX mechanism of Melius [6] and the 
RDX mechanism in [10]. Table 1 lists the modifications made to the RDX mechanism 
for HMX. The remainder reactions of the gas-phase mechanism can be found in [10]. 
The gas-phase kinetic parameters for thermal decomposition of HMX were obtained 
from [18]. Rate parameters for reactions of the species, HMXR, the radical formed by 
removing a nitro group from HMX and the species, HMXRO, the ring open-structure 
of the HMXR were taken directly from the RDX mechanism. 



3 RESULTS AND DISCUSSION 


In this section we present results for the case of self-deflagration and laser assisted 
combustion of HMX monopropellants. 

Laser assisted combustion 

Experimental studies often employ laser heating for ignition purposes and for ob¬ 
taining higher burning rates [2]. In particular, the added laser flux energy significantly 
affects the energy balance at the gas-liquid interface, which results in larger mass flux 
rates (burning velocities) and also higher final flame temperatures. It is assumed that 
gas-phase species do not absorb at a laser wavelength of 10.6 microns [2] and that 
the laser flux energy is completely absorbed in the condensed-phase. Furthermore, 
the absorptivity of solid HMX at 10.6 microns is such that the | depth is only 1 fim. 
Employing Beer’s law, the reduction in beam irradiance brought about by absorption 
in the condensed-phase can be described as 

/(*) = /(0)e-“, (12) 

where 7(0) is the irradiance of the beam at the input to the gas-liquid interface, a = 
1/(1 fim) is the absorption coefficient, and x is the absolute distance measured from the 
gas-liquid interface. The energy input ((j) at any node point in the condensed-phase 
is obtained by subtracting the beam irradiance leaving the cell from that at the input 
to the cell. 

The laser-assisted experiments also show that the HMX flame is not a truly one¬ 
dimensional flame but a quasi-one-dimensional system. Measurements of the variation 
in cross sectional area were obtained experimentally by generating streamlines from 
particle image velocimetry (PIV) data and measuring the relative change in area of 
these streamlines. It was shown that the area increases by a factor of about five between 
the surface and the region in the burnt gas where the flame stops expanding radially. 
A curve fit was developed for this area variation normalized to the region of the burnt 



gases very far from the gas-liquid interface. 

Numerical simulations for laser assisted combustion have been performed at 1 
atm with 70%, 80%, 90% and 100% of the peak value (337 cal/cm 2 /sec), and have 
been compared with experimental results. The lower values used in the numerical 
simulations implicitly account for losses in the experiments such as reflection at the 
surface as well as the Gaussian distribution of the laser flux profile. The reactant 
stream temperature was T u = 298.5 K and the computational length was given by 
L = 8mm. 

Figure 2 shows the temperature profile in the solid, liquid and gas-phases. The 
experimental temperature at which evaporation occurs is T evap = 6607:7. Based on the 
structure of the thermal wave propagating into the condensed-phase, we find that the 
temperature rises monotonically from the initial propellant temperature (T u = 298.15) 
to the melting point temperature (T me i t = 555 K). During this portion HMX exists in 
solid forms (/? or 8 crystals), and it is assumed that there are no chemical reactions 
taking place in this regime. This region is followed by the melt layer in which the 
temperature further increases from 555 K to the surface temperature. The thickness 
of the melt layer based on these calculations is approximately 40 /xm. This compares 
reasonably well with results published in the literature. We also find approximately 
53% decomposition of liquid HMX in the melt layer. This is in contrast to 43% found 
for laser assisted RDX deflagration. 

The liquid melt layer is followed by gas-phase combustion of gases evaporating 
from the melt layer. The temperature profile in the gas-phase shows three distinct 
regions termed in the literature as fizz, dark and flame zones. The fizz zone temperature 
steadily rises from the surface temperature to 1500/7. The temperature of the dark 
zone which follows the fizz zone remains almost constant throughout its width (2 mm), 
while that of the flame zone rises from the end of the dark zone to the adiabatic flame 
temperature. 

The symbols in Figure 2 represent temperature measurements from the exper¬ 
iments of Hanson-Parr and Parr [2]. Temperature profiles were obtained by piecing 




together OH and NO rotational temperature data in the gas phase and thermocouple 
measurements in the condensed phase. In general, there is good agreement between ex¬ 
perimental and numerically computed temperatures in the gas, liquid and solid-phases. 

As the laser flux intensity is increased, the calculations suggest that the burning 
rate increases correspondingly, with small changes in the final flame temperatures. The 
burning rates corresponding to 70%, 80%, 90% and 100% were 0.135, 0.152, 0.165 and 
0.182 cm/sec respectively. Hanson-Parr and Parr [2] have reported a burning rate value 
of 0.18 cm/sec for the laser-assisted combustion experimentally studied. This increase 
in the mass flux rate (as compared with those for self-deflagration) is responsible for 
increasing the length of the dark zone as shown in Figure 2. Experimental results also 
indicate that the length of the dark zone varies as a function of the laser flux intensity. 

The profiles for the NH , OH and CN mole fraction are shown in Figures 3 and 
4, and show good agreement between the numerical and the experimental results. The 
CN profile is indicative of the location of the flame zone. Although the experimen¬ 
tal measurements are slightly lower than the numerical values, the location of peak 
concentrations as well as the width of the CN profile again compare well with the ex¬ 
perimental results. The OH profile peaks outside the CN/NH flame sheet. For CO 2 
laser-assisted deflagration, experiments indicate that the narrow NH profile peaks at 
3.6 mm above the surface at a value of 100 ppm. 

Self-deflagration 

Numerical calculations have also been performed for self-deflagrating HMX pro¬ 
pellants. When the laser flux heating is removed, the mass burning rate is reduced and, 
as a result, the primary and the secondary flames superimpose on each other producing 
a single flame. The temperature profile for self-deflagration at 1 atm (Figure 5) shows 
that the two-zone flame structure is no longer present. This finding is in accordance 
with experimental results [2]. 

Calculations have also been performed for self-deflagration of HMX propellants 
over a wide range of ambient pressures ranging from one to ninety atmospheres. The 
dependence of the burning rate on ambient pressure is shown in Figure 6, for both 
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model and experiment [2], [19], [20]. The pressure sensitivity n was found to be ap¬ 
proximately 0.82, and matches very well with experimental results and theoretical work 
[3]? [4], [5] [21]. Gas-Liquid interface conditions for a self deflagrating HMX propel¬ 
lant as a function of ambient pressure are shown in Table 2. As the ambient pressure 
increases, the flame comes closer to the gas-liquid interface resulting in higher temper¬ 
ature gradients in the gas and the condensed-phases. Due to the higher burning rates 
associated with higher ambient pressures, we find that the thickness of the melt layer 
and the <$HMX layer decreases as the ambient pressure increases. Although the surface 
temperature increases as the ambient pressure increases, the amount of decomposition 
in the liquid-phase decreases from about 59% at one atmosphere to almost 0% at 90 
atmospheres (Table 2). This is due to a combination of smaller melt layer thickness 
and higher burning rates at higher ambient pressures. 

The burning rate has been computed at initial propellant temperatures ( T u ) rang¬ 
ing from 173 K to 423 K over a wide range of ambient pressure. These results compare 
favourably with experimental results from Atwood et al. [19] (Burning rate comparison 
for T u = 373K is also shown in Figure 6). When the initial propellant temperature is 
increased from 298 K to 373 K, the temperature gradient in the gas and liquid-phase 
reduces, but the thickness of the melt layer, the amount of liquid-phase decomposi¬ 
tion and the burn rate increase slightly. The average value of temperature sensitiv¬ 
ity (cr p ) obtained for HMX monopropellant is approximately 0.0008/K, and compares 
favourably with experimental results. The value for a p predicted in [3], [4], [5] and [21] 
were significantly higher. 

The eigenvalue approach presented in this paper requires the modeler to prescribe 
the temperature at the gas-liquid interface. Physically this is equivalent to specifying 
the vapour phase equilibrium diagram. An alternative / equivalent approach could be 
to specify the location and temperature of the melting point where the transition of the 
solid to liquid takes place. This approach would still require knowledge of the boiling 
point temperature, although in this case the location of the boiling point does not have 
to be fixed in the coordinate frame of reference. One could equally well specify the 




adiabatic flame temperature of the system and then compute not only the mass flux 
rate (m) but the interface temperature as well. 

4 CONCLUSIONS 

Research in the field of solid rocket propellants over the past few decades has focused 
on obtaining a detailed understanding of the various physical and chemical processes 
involved during the burning of homogeneous and heterogeneous propellants. In this pa¬ 
per, a mathematical model for a three-tiered system consisting of solid, liquid and gas 
was derived for studying the combustion of HMX propellants. The resulting non-linear 
two-point boundary value problem was solved by Newton’s method and adaptive grid- 
ding techniques. In this study, the burning rate was computed as an eigenvalue, which 
removes the uncertainty associated with employing evaporation and condensation rate 
laws in its evaluation. Self-deflagration burning rates were computed over a wide range 
of ambient pressures and were shown to compare favourably with experimental results. 
Results for laser-assisted combustion showed a distinct primary and secondary flame 
separated by a dark zone. 
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Table 1: HMX Chemistry Mechanisms 
Units are cm 3 , mole, sec , cal , K, k = AT n exp(-E a /RT) 



HMX Liquid Phase Reaction Mechanism 


No. 

Reaction 

A n E a 

1L 

HMX -> ACH 2 0 + 4 N 2 0 

.301 x 10 15 0.00 41200.0 

2L 

HMX 4 N0 2 + 4H 2 CN 

.802 x 10 18 0.00 50200.0 

3L 

ch 2 o + N0 2 -»• CO + NO + H 2 0 

.802 x 10 03 2.77 13730.0 


HMX Gas Phase Reactions 


No. 

Reaction 

A n E a 

224G* 

HMX + M ^ HMXR + N0 2 + M 

.250 x 10 17 0.00 46200.0 


Fall-ofF Parameters 

.125 0.00 17200.0 

225G 

HMX + HHMXR + HO NO 

.100 x 10 14 0.00 5000.0 

226G 

HMX + OH 3H 2 CNN0 2 + HCN + N0 2 + H 2 0 

.100 x 10 14 0.00 5000.0 

227G 

HMXR + M -> HMXRO + M 

.100 x 10 17 0.00 23000.0 


Fall-off Parameters 

.130 0.00 5000.0 

228G 

HMXRO + M 3 H 2 CNN0 2 + H 2 CN + M 

.100 x 10 17 0.00 23000.0 


Fall-ofF Parameters 

.130 0.00 5000.0 

* Numbers correspond to those in Reference [10]. 











Table 2: Gas Liquid Interface Conditions as a function of Ambient Pressure : T u — 
298 1< 


Pressure (atm) 

1.0 

5.0 

20.0 

50.0 

90.0 

Gas Phase Heat Conduction (K/cm) 

1.51E5 

5.80E5 

8.70E5 

1.90E6 

2.95E6 

Condensed Phase Heat Conduction (K/cm) 

2.50E4 

1.10E5 

2.33E5 

4.74E5 

7.45E5 

Gas-liquid Interface Temperature (K)* 

630.0 

670.0 

730.0 

750.0 

800.0 

Thickness of Melt Layer {nm) 

65 

25 

14 

7 

4 

Liquid Phase Decomposition (%) 

59.0 

49.0 

11.0 

0.2 

0.0 

Thickness of £HMX layer (fim) 

195.0 

53.0 

23.0 

14.0 

6.0 

Temperature Sensitivity cr p (1/K) 

6.1E-4 

8.2E-4 

1.2E-3 

1.4E-3 

1.2E-3 

Burn Rate (cm/sec) 

0.035 

0.153 

0.401 

0.896 

1.509 


*Refer Zenin [22 
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Numerical Analysis of a High-Velocity 
Oxygen-Fuel Thermal Spray System 

X. Yang and S. Eidelman 

The fluid and particle flow field characteristics of a high-velocity oxygen-fuel (HVOF) thermal spray 
(TS) system are analyzed using a two-phase flow model and simulated using computational fluid dynam¬ 
ics (CFD) techniques. The model consists of a conservation equation and constitutive relations for both 
gas and particle phases. Compressible, turbulent flow is modeled by a &-£ turbulent model. ALagrangian 
formulation is used to model particle trajectory, and heat and momentum transfer. The fluid velocity 
fluctuations resulting from gas turbulence are simulated by a stochastic model and the particle motion in 
the turbulent flow is calculated in a Lagrangian Stochastic-Deterministic (LSD) method. Details of gas 
flow field, particle temperature and particle velocity histories, and particle temperature and velocity pro¬ 
files in the system are presented. For the validation of the numerical analysis, the computed results are 
compared with available experimental measurement. Excellent agreement between simulations and 
measurements is obtained for both gas and particle flow fields. A parametric study is also conducted for 
different particle sizes and different nozzle barrel lengths. The flow phenomena for different flow pa¬ 
rameters are analyzed and explained as the result of gas dynamics and heat and momentum transfer be¬ 
tween the two phases. The developed methodology provides a means to analyze, design, and optimize the 
TS process. The numerical analysis presents a first comprehensive, fundamental quantitative analysis for 
the HVOF TS system. 

1. Introduction tide s * ze * shape, material, injection method, and so forth. In re¬ 

cent years, some publications have been dedicated to analyzing 
THE HIGH-VELOCITY oxygen-fuel (HVOF) thermal spray (TS) the TS process (Ref 2-4). However, these studies are either 

system has been used in the aerospace industry for a variety of based on some highly simplified model or address only the gas 

surface coating applications for many years. Aerospace engi- and particle flow in the jet, without considering the key process- 

neers use TS coatings to insulate pans from heat, reduce turbine es of panicle injection and gas/particle flow inside barrel, 

blade wear, and protect against oxidation and corrosion (Ref 1). To advance the technology of the TS system and improve the 

Although the process is widely used, TS system design has been quality and efficiency of the TS coating, we believe that a de- 

primarily empirical and the understanding of the system mecha- tailed understanding of the complete system is needed. The un- 

nism is based on engineering intuition and analysis of opera- derstanding will include gas dynamics, particle injection, the 

tional data. The schematic diagram of the system, including interaction between the injected particle and gas flow, particle 

combustion chamber, nozzle, barrel, particle injection, gas and conditions before they impinge on the substrate, and the relation 

particle flow field, is shown in Fig. 1. High-pressure and high- of the particle condition to the final coating quality. In this paper, 

temperature combustion gases resulting from the combustion of we present a study of the HVOF thermal spray system using 

oxygen and fuel expand through the converging and diverging computational fluid dynamics. We first formulate the compress- 

de Laval nozzle and the barrel to supersonic speed (local Mach ible two-phase flow using a Eulerian (for gas) and Lagrangian 

number M = 2). Particles are then injected into the barrel at the (for particle) formulation. The dynamics of the flow are gov- 

exit of the nozzle. Particles are turbulently mixed, heated, and emed by conservation equations of each phase, and the particle 

accelerated in the barrel and jet at high speed and temperature to phase is coupled with gas phase by momentum and heat transfer, 

the substrate to be coated. From the fluid dynamics point of We solve the system of equations numerically for the gas and 

view, the system is very complex and involves two-phase (gas- particle flow field. The objectives of the study are (1) to formu- 

particle) flow with turbulence, heat transfer, chemical reactions, late and solve the HVOF TS flow field and compare the simula- 

and supersonic/subsonic flow transitions. In an engineering ap- tion with existing experimental results and (2) to conduct a 

plication, the microstructure and physical properties of the parametric study using a validated model to explore the charac- 

plated surface are determined by the physical and chemical con- teristics of the two-phase flow for TS engineering applications, 

ditions of the particles that impinge on the surface. The physical 
and chemical condition of the particle impinging on the sub¬ 
strate in turn is dependent on a large number of parameters such 2. Mathematical Model and Numerical 
as gun design (length of barrel in particular), the gas jet forma- Solution 

tion, the position of the particle relative to the substrate, the par- 

The mathematical model for the two-phase flow consists of a 
conservation-governing equation and constitutive relations that 
provide closure models. The basic formulation adopted here fol¬ 
lows the gas and low-loading particle flow dynamics model pre¬ 
sented by Crowe et al. (Ref 5) and Chen and Crowe (Ref 6). For 
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Fig. 1 Schematic of the high-pressure HVOF gun and flow field 


the gas flow, it is natural to use the Eulerian approach for analyz¬ 
ing the continuum. A direct numerical simulation of the two- 
phase turbulent flow system requires solving the instantaneous 
compressible Navier-Stokes equation for the gas flow followed 
by simulating the motion of a large number of particles in the re¬ 
solved instantaneous gas field. This method needs large capacity 
and very fast computers. It is not practical at the present time for 
engineering applications. At present, it is more appropriate to 
apply an averaged Navier-Stokes equation with turbulence 
models. In this study, the gas model is the compressible Navier- 
Stokes equation in Favre mass-averaged variables for the con¬ 
servation of mass, momentum, and energy. To model flow 
turbulence, the Reynolds stress tensor is closed using a k-e tur¬ 
bulence model (Ref 7). Here, k is turbulent kinetic energy and £ 
is the rate of dissipation of kinetic energy. A recently developed 
(Ref 8) three-dimensional, multiblock, upwind, fully implicit, 
finite volume code was modified to solve the governing equa¬ 
tions. The code incorporates the high-order, upwind, flux-differ¬ 
ence splitting process of Roe (Ref 9) with a monotonic 
upstream-centered scheme for conservation laws (MUSCL) in¬ 
tegration scheme to obtain good shock-capturing, high-accu¬ 
racy solutions in general coordinates for the three-dimensional 
geometry computational domain. For a three-dimensional flow, 
seven variable-governing equations are discretized and inte¬ 
grated in time to provide a steady-state solution. To deal with the 
well-known stiffness of the equations, an implicit time integra¬ 
tion is used. The details of the code and numerical solution tech¬ 
niques can be found in Ref 7. 

To describe particle motion, we use the Lagrangian formula¬ 
tion. The Lagrangian formulation allows a description of the 
particle/wall interactions that are very difficult to analyze nu¬ 
merically using a Eulerian approach. In addition, the Lagrangian 
formulation is also logical for the low-volume, collisionless par¬ 
ticle flow that is typical of TS systems. To simplify the analysis, 
the following assumptions are made: 

• The particles do not undergo a phase change. 

• The particles are solid spheres and have a constant material 
density. 

• The volume occupied by the particles is negligible. 

• The interaction between particles can be ignored. 


• The only force acting on a particle is drag force, and the 
only heat transfer between the two phases is convection. 

• The weight of the solid particles and their buoyancy force 
are negligible compared to the drag force. 

• The particles have a constant specific heat and are assumed 
to have a uniform temperature distribution inside each par¬ 
ticle. 

Furthermore, because the loading of the particle defined as 
total mass flow rate/total gas mass flow rate is very low (<4%), 
one can assume that the presence of particles will have a mini¬ 
mal effect on gas velocity and temperature field. This means that 
the momentum and heat exchanges from particle to gas are too 
small to change gas velocity and temperature distribution. As a 
result of the assumptions presented above, the two-phase prob¬ 
lem can then be decoupled: The gas flow field can be simulated 
first, followed by the particle flow analysis. 

The simulation of the particle flow field consists of calculat¬ 
ing particle trajectories and temperature histories in the gun bar¬ 
rel and in the jet, after particles are injected into the gun barrel 
from the particle injection port. The interaction between particle 
and wall is also included in the simulation. 

Particle motion in gas turbulent flow is predicted by means of 
the Lagrangian stochastic model (LSD) (Ref 10,11). There are 
two elements in the LSD model: the description of the turbulent 
field and integration of the particle motion equations. 

The numerical solution of gas fluid equations provides the 
fields of mean velocity components as well as turbulent kinetic 
energy k and dissipation rate of turbulent kinetic energy, e. From 
k and e, the scales in time and space of large turbulence eddies 
can be evaluated. The fluid instantaneous velocity is obtained by 
adding the fluctuating velocity resulting from large turbulent 
eddy to the mean velocity. The root mean fluctuating velocity 
can be ca lcula ted from turbulent kinetic energy k , which is de¬ 
fined as l/V/2, where V* is fluctuating velocity defined as 
V* = ( u'T+ v'J% w'kf. If the turbulent field is assumed to be iso¬ 
tropic and to possess a Gaussian distribution of fluctuating ve¬ 
locity, then the turbulent kinetic energy k is equal to 
16 (u 2 + v' 2 + w' 2 ) = 3 /?w /2 . The standard deviation of the fluctu- 
ating velocity distribution is a' = (3A/2) . 

Using this standard deviation and the assumption of a Gauss¬ 
ian and isotropic distribution of fluctuating velocities, we can 
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calculate turbulent velocity fluctuation. The instantaneous total 
fluid velocity is then: 

(Eql) 


g g 


where !?„ is the mean flow velocity. 


Theequation of motion for a particle in the gas flow (Ref 5) 


is 


dV 




/ = c Dp g ( 5-^) 1 ^ (Eq2) 

where p g is gas intensity, m p is particle mass, and are par¬ 
ticle and gas velocity vectors, respectively. A p is the particle 
area. The term ^denotes external force like gravity or centrifu¬ 
gal or Coriolis force in a cylindrical coordinate system. Other 
forces such as added mass effect and Basset history force are not 
presently considered because they are of the order of the 
gas/particle density ratio, which for most applications of interest 
is of the order of 10" 3 (Ref 12,13). 

The drag coefficient, Cd, which appears in Eq 2, depends on 
a few parameters, for example, the Reynolds number, the Mach 
number, the surface roughness of the particle, the flow stream 
turbulence level, the rotation of the particle, and so forth. How¬ 
ever, it depends primarily on the Reynolds number. For the pres¬ 
ent solution, the simple form proposed in Ref 14 is adopted: 




^1 + 1.015 RCp 687 ')Re p < 1000 
p y 


) 


C D = 0.44 Rep > 1000 


Here the particle Reynolds number is defined by 

r:-nn 


Re„ = Po 
p K g 


(Eq3) 


(Eq 4) 


where U g is gas viscosity. 

Integrating Eq 1, assuming the gas velocity is constant over 
the time of integration and defining/ = Cj Re/24, yields 


V 


(Eq5) 


where is the initial particle velocity, Ar is the time interval, 
and X is 


T = 


P d l 

K s p 

18C/ 


(Eq 6) 


where p s is particle material density. 

After calculating the particle velocity, the particle position at 
time Ar is determined as: 

<E,7> 

Themodelassumesthattheparticleinteractswithasequence 
ofturbu lent eddiesof given sizeandlifetime. After theparticle 
traversestheeddyortheeddydissipates,weassumethatthepar- 
ticleentersa new eddy with a randomly sampled newfluctua- 


tiori intensity and hence, a given sizeand dissipation time. Asa 
result, theinteractiontime(theAr in Eq 5) is the minimum of tur¬ 
bulence dissipation time and the time required for the particle to 
traverse a given eddy. 

The characteristic size of the randomly sampled turbulent 
flow field (eddy size) is proportional to turbulent length scale 
given by / e = dr /2 /e. Here e is the energy dissipation rate that 
was calculated from the k-z model in gas turbulent flow calcula¬ 
tion. c is equal to 0.3 according to arguments in Ref 10. The eddy 
lifetime is estimated as Ar e = IJ IVH. 

The requirement that the particle must remain within the 
eddy during the interaction time interval leads to the second part 
of the requirement that 


Ar < ——- 

r it. 


K 


Therefore, the interaction time between particle and gas (the 
eddy) will be the minimum of Ar e and Ar r ; that is, Ar = Min(A/ e , 
Ar r ). After one interaction time, a new velocity fluctuation is ran¬ 
domly sampled and the process is repeated. 

The governing equation to calculate particle temperatures is: 

•"fri-i ®! 8) 


where C p is the specific heat of the particle and q is the heat 
transfer rate to the particle. The rate of heat transfer excluding 
radiation heat transfer is defined as: 

« = Nu7^ p (Y g -r p j (Eq9) 

where k g is the thermal conductivity of the gas and Nu is the 
Nusselt number and is a function of the Reynolds number and 
Prandtl number. The relation used here is: 

Nu = 2 + 0.6Re a5 Pr° 33 (Eq 10) 


Integrating the particle heat transfer equation over a small time 
interval, Ar, and assuming a gas temperature constant over the 
integration time, Ar, the resulting particle temperature is 


W(V 7 ?)"" 


Ar 

a 


(Eq 11) 


where o is defined as 

p d 2 C 
a _lLLl 


6Nu -k 


8 


(Eq 12) 


3. Results 


3.1 Gas Flow Simulations 

To validate the current two-phase flow model and numerical 
solution procedure, we selected the TAFA JP-5000 HVOFTS 
system (Ref 15) as the test case because extensive experimental 
data are available for this system. We first resolve the gas flow 
field in the barrel. The chemical state of the gas flow in the barrel 
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can be considered to be in equilibrium or frozen composition. 
Experimental measurements (Ref 16) indicate that the flow is 
closer to the frozen state than to equilibrium. This is because the 
gas residence time is shorter than the chemical reaction time. 
Thus, we assumed in our simulations that the gas has a frozen 
chemical composition for a given fuel/oxygen ratio. The state of 
gas in a frozen condition can be calculated using the NASAGor- 
don-McBride program (Ref 17). We simulated the JP-5000 gun 
flow for the conditions given in Ref 16, for which the experi¬ 
mental measurements were made. We considered the gas flow 
for the TAFA JP-5000 gun (Hobart Tafa Technologies Inc., Con¬ 
cord, NH) with a 200 mm (8 in.) barrel with the following con¬ 
ditions in the combustion chamber: 


Given these conditions and the gun/barrel geometry, we 
simulated the steady-state flow regime for the gun de Laval noz¬ 
zle and barrel, using barrel lengths of 8 and 4 in. The results for 
the 8 in. length are shown as velocity contour plots in Fig. 2, 
which shows flow acceleration in the de Laval nozzle from very 
low subsonic speeds on the order of less than 1 m/s in the com¬ 
bustion chamber to high supersonic speeds on the order of 2000 
m/s in the barrel. We also notice that a significant boundary layer 
develops in the barrel. This leads to a decay of flow velocity 
along the barrel because of partial constriction of the channel. 
The nondimensional pressure, temperature, and velocity distri¬ 
bution along the nozzle and barrel centerline is given in Fig. 3. 
Here the following trends can be noted: 


• Molar mass of combustion products: M = 25.84 kg/kg mole 

• Stagnation temperature: 7° = 3100 K 

• Chamber pressure: p° = 586.1 kPa 

• Isentropic coefficient: a = 1.12 




pressure (A,p/pR e f, PR e f= 101,325 Pa); temperature (+, 777R e f, 7R e f 
= 2600 K) 


• The pressure and density drop rapidly in the de Laval noz¬ 
zle, reaching a minimum and then steadily increasing along 
the barrel length with the reduction of flow velocity. 

• The velocity increases to 2000 m/s at the nozzle exit and 
then gradually decreases to 1700 m/s at the barrel exit as a 
result of the boundary layer growth. 

• The temperature decreases from 3100 K in the chamber to 
about 2500 K at the barrel exit. 

Figure 4 compares the simulation results in the form of veloc¬ 
ity distribution at the barrel exit with the experimentally meas¬ 
ured values given in Ref 16 and shows an excellent agreement 
between the computational and experimental results, indicating 
that our numerical methodology can accurately predict the flow 
regimes of the TS guns. The maximum deviation between nu¬ 
merical and experimental results shown in Fig. 4 is less than 
10%. Figure 5 shows the comparison between computational 
prediction and experimental measurements of radial distribu¬ 
tion of gas temperature at barrel exit. Again, good agreement be¬ 
tween experimental and numerical results is observed. 

The external flow field is calculated with the flow condition 
at the exit of the gun barrel as the input boundary condition for 
jet simulation in the ambient air. Because the pressure at the bar¬ 
rel exit is greater than the ambient pressure, the nozzle flow is 
categorized to be underexpanded. The flow expands supersoni¬ 
cally into the ambient air. The density contour plot for the jet is 
shown in Fig. 6. The jet flow forms a supersonic core region, 
generates a so-called diamond shock pattern of expansion and 
compression waves, forms a free shear layer between jet and ex¬ 
ternal air, and mixes and entrains the ambient air into the jet to 
slow down the jet from supersonic flow to subsonic flow. Figure 
6 shows the jet cross-section growth as a result of mixing with 
the external air. Currently, the only quantitative experimental 
measurements of such jets are given in Ref 16, which presents 
measurements of velocity at the jet centerline. Figure 7 com¬ 
pares the velocity data obtained from our simulation with the ex¬ 
perimental measurements given in Ref 16 for the same 
conditions. We can see from this comparison that experimental 
observations validate our simulations, and the deviation be¬ 
tween the numerical and experimental data is less than 10%. 

3.2 Particle Flow Simulations 

As discussed in the last section, the loading (defined as parti¬ 
cle mass flow rate/gas mass flow rate) is low (<4%). The pres- 
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ence of particle flow will not influence the gas flow field. After 
calculating the gas flow field, we integrate the equation of parti¬ 
cle motion (Eq 2) and the equation of heat transfer (Eq 8) to ob¬ 
tain particle trajectories and temperature histories for different 
particle diameters and injection speeds. Inconel 718 particles 
are used in the study. The following particle flow parameters are 
selected for the test cases: 

• Particle material density: p s = 9000 kg/m 3 

• Particle diameters: D p = 10 pm, 20 pm, 40 pm, 60 pm 

• Specific heat: C s = 462 J/kg-K 

• Injection angle: a = 12° ± 5° 

• Injection speed: wj = 20 m/s 


© 



Fig. 4 Comparison between computational prediction and experi¬ 
mental measurement of radial distribution of gas velocity (O, experi¬ 
ment, Ref 16;-, calculation), at barrel exit 



Fig. 6 Density contours in the area of the barrel and the jet for the JP- 
5000 gun 


A large number (>1000) of particle trajectories and tempera¬ 
ture histories are traced through the flow field (from nozzle in¬ 
jection to plating distance) in order to obtain mean particle flow 
properties. 

The first set of simulations was done for particles injected 
into the barrel at a speed of 20 m/s for an 8 in. barrel gun. Be- 



Fig. 5 Comparison between computational prediction and experi¬ 
mental measurements of the radial distribution of the gas temperature 
at barrel exit (O, experiment;-, calculation) 



Fig. 7 Comparison between computational prediction and experi¬ 
mental measurement of gas velocity and particle velocity distribution 
at the jet centerline for the case of 8 in. gun barrel. (0, experiment, gas 

velocity (Ref 16):-.calculation: 0,10pm: A, 20pm: +,40pm: x. 

60 pm; V. 35 pm experiment particle velocity) (Ref 18) 
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cause particle size typically ranges from 10 to 60 pm in TS ap¬ 
plications, Fig. 7 shows averaged particle velocities for 10, 20, 
40, and 60 pm particles as a function of axial location from the 
exit of the barrel. The simulations were done for Inconel 718 al¬ 
loy injected at the rate of 10 lb/h into an 8 in. barrel. Gas velocity 
is shown in the same figure. The 10 pm particles exit the barrel 



0.0 200.0 400.0 600.0 800.0 

Axial Location (mm) 

Fig. 8 Gas and panicle temperature distribution at the jet centerline 

for the case of 8 in. gun ban*el (-, gas; O, 10 pm; A, 20 pm; +, 40 

pm;x. 60 pm) 


at a high speed of 1250 m/s and continue to accelerate to speeds 
as high as 1350 m/s at 100 mm from the barrel exit. However, the 
particles are then decelerated by gas due to a drastic decrease in 
the gas velocity. Particles end up at about 700 m/s when they 
reach the substrate at a normal standoff distance of 360 mm from 
the barrel. The 20 and 40 pm particles exit from the barrel at 
speeds of about 820 and 470 m/s, respectively. Due to the greater 
inertia of these particles, they are accelerated less when gas 
speed is greater than the respective particle speeds. However, 
these particles also decelerated less when the gas speed de¬ 
creases to below the corresponding particle speed. Thus, in Fig. 
7 at a distance of 360 mm from the exit, the 20 pm particle will 
have higher velocity than the 10 pm particle. The 60 pm particle 
exits from the gun at a speed of about 300 m/s and retains that ve¬ 
locity in the jet flow region. At the standoff distance, all four par¬ 
ticles have higher velocity than the gas velocity. There is a large 
variation in particle velocity as a function of particle size. At the 
typical plating location, the difference is about 400 m/s for 10 
and 60 pm particles. This difference translates into an order of 
magnitude difference in kinetic energy per unit mass of the im¬ 
pinging particle and obviously will lead to different plating con¬ 
ditions. In general, the understanding is that the higher the 
velocity, the better the coating. It is believed that the greater ve¬ 
locity simply packs the particle more tightly. These velocity dif¬ 
ferences for different size particles at the same injection speed 
(20 m/s) can be explained by the particle inertia and hence parti¬ 
cle acceleration/deceleration mechanism. The significant influ¬ 
ence of particle size on particle dynamics can be quantitatively 
seen from Eq 5, which shows that particle acceleration and de¬ 
celeration relaxation time is dependent on the particle diameter- 
squared. 

To compare with experimental results, we also draw average 
particle velocity along the centerline measured in Ref 19 in Fig. 7. 



Axial Location (mm) 

Fig. 9 Comparison between computational prediction and experi¬ 
mental measurement of gas velocity and panicle velocity distribution 

at the jet centerline for the case of 4 in. gun barrel (-, calculation; 

O. 10 pm; A. 20 pm; +, 40 pm; x. 60 pm) 


0.0 200.0 400.0 600.0 800.0 

Axial Location (mm) 

Fig. 10 Gas and particle temperature distribution at the jet centerline 

for the case of 4 in. gun barrel (-, gas; 0,10 pm; A, 20 pm; +, 40pm; 

x. 60 pm) 
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The numberaveraged particle size is 35 pm. As we can see, good 
agreement between experimental measurement and numerical 
prediction is obtained. 

Figure 8 shows particle and gas temperature as a function of 
axial location. Again, we observe that particle temperatures (ex¬ 
cept in 10 pm particles, which reach thermal equilibrium at exit 
of nozzle) rise the first part of the jet, because gas temperature is 
higher than the particle temperatures. Because the gas tempera¬ 
ture decreases sharply in the jet due to gas jet expansion, it drops 


below particle temperature at the distance of 100 mm from the 
exit. Particle temperatures are higher than gas temperature at the 
plating distance. The 10 pm particles almost reach thermal equi¬ 
librium with the gas when they reach the exit of the gun. The 
temperature of 10 pm particles is as high as 2400 K. The 20 pm 
particles also reach 2000 K at the gun exit. These particle tem¬ 
peratures are well above the melting point of Inconel 718 parti¬ 
cles (about 1650 K). Thus, under these conditions, there is a 
good chance that particles smaller than 20 pm will be deposited 
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Fig. 11 Radial panicle velocity distribution at standoff distance of 36 mm. (a) 10 pm particles, (b) 20 pm particles, (c) 40 pm particles, (d) 60 pm particles 
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Fig. 12 Panicle concentration distribution at cross section 36 cm from the barrel exit, (a) 10 pm. (b) 20 Jim. (c) 40 pm. (d) 60 pm 


at the barrel surface. The temperature of 60 pm particles may be 
too low to obtain good coating quality, because they may never 
reach the melting point during the entire process. At the plating 
distance, the average temperatures for 10,20,40, and 60 pm par¬ 
ticles are 700, 1100, 1400, and 1300 K, respectively. At the 350 
mm plating distance, 40 pm particles have the highest tempera¬ 
ture of about 1400 K, whereas the temperature for 10 pm parti¬ 
cles dropped to 700 K due to fast cooling of the small particle in 
the gas. This temperature difference will significantly affect 
plating quality. This trend again can be demonstrated through Eq 
11, which shows that particle heating is proportional to the 


square of the particle diameter. However, the temperature differ¬ 
ences are somewhat smaller between the different-sized parti¬ 
cles because of the longer residence time of the slower moving, 
larger particles. 

As we observe from Fig. 7 and 8, larger particles are more 
difficult to heat and to accelerate. However, they are also more 
difficult to cool and decelerate. They maintain their velocity and 
temperature longer and have greater kinetic energy at impact on 
the substrate. As observed, large differences in velocity and tem¬ 
perature exist for different particle sizes, which lead to the con¬ 
clusion that optimal coating conditions can be obtained for a 
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much narrower range of particle sizes than 10 to 60 pm and that 
a large amount of coating material is wasted. 

To study the effect of the gun barrel length on particle veloc¬ 
ity and temperature, a second set of simulations was done for a 4 
in. barrel gun. The resulting centerline gas velocity averaged 
particle velocities are shown in Fig. 9. Gas temperature and av¬ 
erage particle temperature as a function of axial location from 
the gun exit is plotted in Fig. 10. In general, we observe the same 
trend of variation of particle temperature and velocity as the par¬ 
ticles travel through the jet. Careful comparison of Fig. 7 and 9 
shows that at the gun exits (axial location 0), the particle velocity 
of each particle size for the 8 in. barrel is higher than the particle 
velocity of the same size for the 4 in. barrel. This is expected, be¬ 
cause the longer the barrel, the longer the time to accelerate the 
particles. At the plating distance, the particle velocity of each 
particle size for the 8 in. barrel case is about 50 to 100 m/s higher 
than the velocity of the same size particle in the 4 in. barrel case. 
Comparing the particle temperatures of Fig. 8 and 10. we ob¬ 
serve the same general trend for particle temperature variations 
in both the 8 and 4 in. barrel cases. The variations in the particle 
velocity and temperature as a function of barrel length may well 
be used to achieve the optimal condition for different coating 
materials and requirements. 

Simulation of particle interaction with flow microturbulence 
allows us to predict particle parameter distribution in the cross 
sections of the jet. Figure 11 displays particle velocity distribu¬ 
tion as a function of radius at the standoff distance for particle 
sizes 10, 20,40, and 60 pm for the case of an 8 in. gun barrel. 
This figure shows large variations in particle velocity for small 
particles at the gun exit, because they are more affected by the 
local turbulence and velocity variation in the cross section. In 
general, particles exit from the barrel and spread out in a radial 
direction as they travel downstream. However, we find that the 
spreading is highly restricted. At a standoff distance of 36 cm, 
the particle jet spread or the deposition spot is well defined 
within less than 30 mm diameter. For 10 pm particles, the veloc¬ 
ity varies from 70 to 400 m/s; most of the particles have a ve¬ 
locity higher than 600 m/s. For 20 pm particles, the velocity 
variation is between 600 and 850 m/s. For 40 pm particles, 
the velocity variation is kept between 400 and 500 m/s. Fi¬ 
nally, for 60 pm particles, the velocity variation is in the 
range of 300 to 375 m/s. In general, “uniform” or “top hat” 
distribution of particle velocity is desirable for uniform coat¬ 
ing. In Fig. 12, the radial cross section of particle density dis¬ 
tribution at the standard plating distance (360 mm) is given in 
the form of particle numbers at the radial locations. The par¬ 
ticle distributions are presented for 10,20,40, and 60 pm par¬ 
ticle sizes. In this figure, we observe that the particle density 
distribution is a strong function of the particle size. While 10 
and 20 pm particles have a typical Gaussian distribution, 40 
and 60 pm particles will produce coating spots or “rings” 
with most of the material concentrating at the edges. Our pre¬ 
liminary simulation results (Ref 19) show changing the parti¬ 
cle injection velocity will allow modification of the particle 
density distribution; however, it will be very difficult to af¬ 
fect all classes of particles at once in the necessary direction. 
Thus, improving the distribution for the large particles might 
worsen it for the small particles. 


4. Conclusion 

A two-phase flow numerical model is developed and applied 
to study an HVOF thermal spraying system. The gas flow field 
and panicle trajectories and temperature histories are calculated 
and presented. Validation of numerical simulation results with 
experimental data has shown the CFD methodology accurately 
predicts gas and particle flow fields in the HVOFTS system. A 
parametric study is conducted for different particle sizes and 
gun barrel lengths. The quantitative results obtained by this 
analysis offer a comprehensive, fundamental analysis of the 
HVOF thermal spray system. It appears that for the JP-5000 sys¬ 
tem, particle injection velocity should be carefully controlled in 
order to produce a high-quality coating. We also have shown 
that particle trajectories and parameters are very strong func¬ 
tions of the particle radius. The developed methodology allows 
the researcher or engineer to design optimal injection conditions 
for different particle and flow regimes. This approach can sig¬ 
nificantly reduce plating development time for new plating sys¬ 
tems and improve the quality of the traditional platings. 

Acknowledgments 

The authors would like to thank Dr. A. Tsao and Dr. E. Oran 
for their encouragement and interest in this project. The authors 
would also like to express appreciation to Dr. J. Morrison and 
Dr.T.B.GatskiofNASALangley Research Center for their con¬ 
tribution to this work. The work reported here was partially sup¬ 
ported by ARPA. 

References 

1. A.S. Brown. Spraying for Strength, Aerosp. Am., Jan 1992, p 52-56 

2. M. Thorpe and H. Richter, A Pragmatic Analysis and Comparison of the 
HVOF Process. Thermal Spray Coatings: Research, Design, and 
Applications, C.C. Bemdt and T.F. Bemecki, Ed.. ASM International. 

1993, p 157-167 

3. E. Oberkampf and M. Talpallikar. Analysis of a High Velocity Oxy¬ 
gen-Fuel (HVOF) Thermal Spray Torch. Thermal Spray Industrial 
Applications. C. Bemdt and S. Sampath, Ed.. ASM International, 

1994, p 381-386 

4. E. Kadyrov, Y. Evdokimenko. V. Kisel. V. Kadyrov, and F. Worzala, In¬ 
teraction of Particles with Carrier Gas in HVOF Spraying Systems, J. 
Therm. Spray TechnoL, Vol 3, 1994, p 389-397 

5. C. Crowe and D. Stock, A Computer Solution for Two-Dimen¬ 
sional Fluid-Particle Flows, Ini. J . Numer. Methods Eng., Vol 
19.1976. p 185-196 

6. P.P. Chen and C.T. Crowe, On the Monte-Carlo Method for Modeling 
Particle Dispersion in Turbulence, Symposium Gas-Solid Flows, 
American Society of Mechanical Engineers, 1984, p 37-42 

7. H. Speziale, R. Abid, and E. Anderson, “A Critical Evaluation of Two- 
Equation Models for Near Wall Turbulence,” Paper 90-1491, American 
Institute of Aeronautics & Astronautics, 1990 

8. J. Morrison, “Flux Difference Split Scheme for Turbulent Transport 
Equations,” Paper90-5251, American Institute of Aeronautics & Astro¬ 
nautics, 1990 

9. P.L. Roe, Approximate Riemann Solvers, Parameter Vectors, and Dif¬ 
ference Schemes, J. Compt. Phys., Vol 43, 1981, p 357-372 

10. D. Milojevic, Lagrangian Stochastic-Deterministic (LSD) Prediction 
of Particle Dispersion in Turbulence, Part, and Part. System Charac¬ 
terization, Vol 7,1990, p 181-190 

11. M. Sommerfeld, Modeling of Panicle/Wall Collision in Confined Gas- 
Panicle Flows, Int. J. Multiphase Flow, Vol 18,1992, p 905-926 


Journal of Thermal Spray Technology 


Volume 5(2) June 1996—183 



12. C.T. Crowe, M.P. Sharma. and D.E. Stock,The Particle-Source-In Cell 
(PSI-CELL) Model for Gas-Droplet Flows. ASME J. Fluids Eng.. Vol 
99 (No. 2), 1977, p 325-332 

13. P.J. Thomas. On the Influence of the Basset History Force on the Mo¬ 
tion of a Particle through a Fluid. Phys. Fluids A, Vol 4,1992, p 2090- 
2093 

14. R. Clift. J.R. Grace, and M.E. Weber. Bubbles, Drops and Particles, 
Academic Press. 1978 

15. I. Gary. Higher Velocity Thermal Spray Processes Produce Better Air¬ 
craft Engine Coatings. JAE 28th Ann. Aerospace/Airline Plating & 
Metal Finishing Forum & Exposition (San Diego. CA), April 1992 

16. W.D. Swank. J.R. Fincke, D.C. Haggard, and G. Irons, HVOF Gas 
Flow Field Characteristics, Thermal Spray Industrial Applica¬ 


tions. C. Berndt and S. Sampath, Ed.. ASM International. 
1994, p 313-318 

17. S. Gordon and B. McBride. “Computer Program for Calculation of 
Complex Chemical Equilibrium Compositions. Rocket Performance. 
Incident and Reflected Shocks, and Chapman-Jouguet Detonations." 
SP-273, National Aeronautics and Space Administration, May 1976, 
new version, 1989 

18. W.D. Swank. J.R. Fincke, and D.C. Haggard, HVOF Panicle Flow 
Field Charac: rristics. Thermal Spray Industrial Applications, 
C. Berndt and S. Sampath. Ed.. ASM International, 1994, p 
319-324 

19. S. Eidelman and X. Yang, Optimization of the Thermal Spray Guns and 
Coating Processes Using Numerical Simulation, Annual Meeting and 
Exhibition (Anaheim, CA), Feb 1996. TMS 




18 A — Volume 5(2) June 1996 


Journal of Thermal Spray Technology 



Appendix LL 

Use of Thermal Spray Methods for Coating Nanoscale Materials 




USE OF THERMAL SPRAY METHODS FOR COATING 
NANOSCALE MATERIALS 

Shmuel Eidelman and Xiaolong Vang 
Science Applications International Corporation 
1710 Goodridge Drive 
McLean, Virginia 

• Ahstract Thermal Spray (TS) systems are a low cost versatile technology for 
significantly improving the properties of base materials by coating them with high 
performance materials. TS coating methods are simple and can be used for coating large 
surfaces at atmospheric pressures with a range of materials from metal alloys and cermets to 
ceramics and polymers. TS guns allow delivery of the plating materials to the substrates at 
high velocities (on the order of 1 to 1.5 km/sec) and high temperatures. The total pressure of 
the particles impinging on the surface can reach 10 GPa for some of the TS systems. Lower 
sintering temperatures and higher ductility of nanoscale materials open a range of attractive 
and unique possibilities for high rate deposition of nanostructured coatings. However the 
current TS systems are very inefficient in their use of energy and materials, as well as in 
quality control. In addition, barrel erosion and barrel coating lead to additional equipment 
maintenance costs and problems with coating consistency. We use a recently developed and 
validated three dimensional simulation capability to model the TS systems’ gas and coating 
powder flow for the TS process analysis, and to illustrate the roots of the TS systems' 
inefficiencies. The same capability can be used to design optimized TS systems, and to 
optimize and control the coating process. Examples are given for TS process designs with 
improved performance and system efficiency. The use of numerical simulation will be 
especially crucial for plating with nanoscale powders. We will discuss specific equipment and 
process solutions that will make nanoscale powers coating a viable industrial process. 


INTRODUCTION 

Nanostructured materials have demonstrated a set of unique properties that mai«» 
“U ^ acave for their industrial applications. However, most of the nanomaterials are 
produced in powder form and require additional processing steps for creation of useful 
products such as coating, bulk single phase, or composite material sintering. Most of the 
nanoscale materials properties were studied for small samples produced by high pressure and 
high temperature sintering methods. The high pressure/high temperature sintering of the 
nanoscale powders has a set of distinct attributes. When some of these attributes make 
sintering nanostructured materials easier (lower sintering temperature), the small particle size 



leads to high pressure requirements for the low porosity green body compaction. This limits 
the utility of the high pressure nanopowder sintering to relatively small parts. Using Thermal 
Spray processing to coat nanopowders offers a high rate deposition method that can provide 
both the effective pressure and temperature required to sinter high density nanostructured 
materials. For example, an agglomerate of WC/Co nanoparticles having 60% porosity 
accelerated to 1500 m/sec velocity impinging on a wall, generates pressure equivalent to 6.8 
Gpa; this is sufficient to sinter high density WC/Co coatings. We will discuss the distinct 
characteristics of Thermal Spray deposition of nanoscale materials. We will address the issues 
of nanoscale materials coating by numerically simulating TS processes, which allows us to 
examine possible regimes for nanostructured coating deposition. 

The High Velocity Oxygen-Fuel (HVOF) Thermal Spray (TS) system is used in the 
chemical, tooling, automotive and aerospace industry. HVOF TS systems use the velocity and 
temperature of a supersonic jet to accelerate and heat the metal or ceramic particles; that 
subsequently impinges on the surface of a substrate, and produces coatings at a high deposition 
rate. The quality, consistency, and deposition rate of the coatings depends on a set of particle, 
gas flow, and substrate parameters. In Figure 1, we show the schematic diagram of an HVOF 
system consisting of a combustion chamber with a fuel/oxidizer injection system; a de Laval 
nozzle, a barrel, particle injection ports, and a water cooling system. The diagram corresponds 
to the TAFA JP-5000 gun used in our analysis. High pressure and temperature combustion 
gases, resulting from the combustion of oxygen and fuel, expand through the converging and 
diverging de Laval nozzle and the barrel, to supersonic speed. This supersonic flow expands 
into atmospheric air, creating a supersonic jet that mixes with the air and quickly decays from 
supersonic to subsonic velocities. In the TAFA JP-5000 gun, the solid particles of metal or 
ceramic powders are injected into the barrel at the exit of the nozzle from two small inlets 
located on the barrel’s wall. Particles are turbulently mixed, heated and accelerated in the 
barrel and jet, to high speed and temperature, and move towards the substrate where they are 
deposited in a coating layer. From the fluid dynamics point of view, the system is very 
complex and involves two phase (gas-particle) flow with turbulence, heat transfer, chemical 
reactions and supersonic/subsonic flow transitions. In an engineering application, the 
microstructure and physical properties of the plated surface are determined by the physical and 
chemical conditions of the particles that impinge on the surface. The physical and chemical 
conditions of the particle impinging on the substrate in turn are dependent on a large number 
of parameters such as gun design (length of barrel in particular), the gas jet formation, the 
position of the particle relative to the substrate, and the particle parameter such as size, shape, 
material and how it is injected into the system. 

Here we use methods of Computational Fluid Dynamics to conduct a comprehensive 
analysis of the HVOF TS system. Direct simulations of the TS processes will allow process 
optimization, new process and coating tool design, and control design for the TS system. 
Below we describe the methodology used for the HVOF system analysis, present some 
validation results, and provide a process optimization footpath for the nanomaterials coating 
that is the result of our detailed TS system analysis. 

The analysis presented below is based on a comprehensive model of the HVOF TS 
system that numerically simulates the gas dynamics of the gas expansion and flow in the barrel 
and in the free jet; particle injection and the interaction between the injected particle and the 
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Figure 1. Schematic of the high pressure HVOF gun and flow field. 


turbulent gas flow inside and outside the barrel, and; particle interaction with the barrel walls. 
We will show that our model allows accurate prediction of the particle conditions before they 
impinge on the substrate. Here we only give a short description of the mathematical model 
and numerical solution method. The details of the mathematical model, numerical solution 
method, and validation results are presented elsewhere (9). Our paper will focus on using this 
methodology to analyze the TS system operation requirements for nanomaterials coatings. 


MATHEMATICAL MODEL AND NUMERICAL SOLUTION 

The mathematical model for the two-phase flow consists of conservation-governing 
equations and constitutive relations that provide closure models. For the gas flow we use the 
Eulenan approach for analyzing the continuum. We use compressible Navier-Stokes equations 
in Favre mass-averaged variables for the conservation equations of mass, momentum, and 
energy describing the gas flow. To model flow turbulence, the Reynolds stress tensor is closed 
using a k-e turbulence model (1). Here, k is turbulent kinetic energy and e is the rate of 
dissipation of kinetic energy. A recently developed (2) three-dimensional, multiblock, upwind, 
fully implicit, finite volume code was modified to solve the governing equations. The code 
incorporates the high-order, upwind, flux-difference splitting processor of Roe (3) with a 
MUSCL integration scheme to obtain good shock-capturing, high-accuracy solutions in 
general coordinates for the 3-D geometry computational domain. For a 3-D flow, seven 
variable governing equations are discretized and integrated in time to provide a steady-state 
solution. To deal with the well-known stiffness of the equations, an implicit time integration 
is used. The details of the code and numerical solution techniques can be found in (1). 

To describe particle motion, we use the Lagrangian formulation. The Lagrangian 
formulation allows a description of the particle/wall interactions that is very difficult to 
analyze numerically using the Eulerian approach. In addition, Lagrangian formulation is also 
logical for the low-volume, collisionless particle flow that is typical of TS systems. To 
simplify the analysis, the following assumptions are made: 1 . the particles do not undergo a 
phase change, 2. the particles are solid spheres and have a constant material density; 3. the 
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NANOSCALE MATERIALS COATINGS 

There is an immediate problem in coating nanomaterials. Most “as is” nanncr^i p 
0 powders cannot be coated, because very small particles will closely follow the stream lines of 

the carrying gas. Thus, when the TS gas jet is impinging on a substrate surface, very small 
particles will be slowed down and diverted by the flow in the stagnation region. Assuming 
that particles are accelerated (decelerated) by viscous drag, we estimate that a 1 pm Inconel 
718 particle in 1500 m/sec gas flow will have a relaxation zone (the distance that it to 
accelerate a particle from a quiescent state to 86% of the gas velocity) of 1.3 cm and a 0 5 pm 

# ml1 *** a relaxation zone of only 0.35 cm. These distances are on the order of the 

stagnation zone thickness for typical jet/substrate interaction. Thus even if you could 
accelerate small particles to velocities of the order of 1500 m/sec, they will lose most of their 
kinetic energy in the stagnation zone. Another practical difficulty is feeding (injecting) the 
small particles into the gas stream. Particles smaller than 10 pm are extremely difficult to feed 

into the gas flow and can result in plugged particle feed lines because of particle 
£ agglomeration. 

One solution to this problem was proposed by P. Strutt and B. Kear (10). According 
to proposed methodology, nanosize particles can be processed to form controlled size 
agglomerates by spray drying of nanopowder/binder suspension. The nanosize particles in the 
agglomerates are retained by the vander Waals force as well as by the binder. During the 
coating process in the high temperature jet, the binder (which must be chosen so as not to 

# contaminate the coating) evaporates and agglomerated particles can be coated. Recently this 
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Election density profile used in RP solver 
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Atomic Oxygen Arrival Rate in Reaction Chamber 

by Mass Spectrometry 
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X-ray Photoemission Spectroscopy 



An Employee-Owned Company 







N 2 Impurities: What Have We Learned? 
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Computer Modeling of Deposition and Etching 




Computer Modeling of 
Deposition and Etching 


by E. Hyman and S. Eidelman 


Combustion 


chamber: 
subsonic flow 


I n the aerospace, automotive, chemical, electronics, 
and tooling industries, many operations rely on cwo 
processes: deposition , precision coating of one material 
on another; and etching , controlled removal of a materi¬ 
al from its substrate. These processes can be used to 
develop improved materials for consumer products and 
defense needs, if we can maintain precise manufactur¬ 
ing tolerances in uniformity, consistency, coating quali¬ 
ty or etch feature, and efficiency. 

Unfortunately, the fundamental understanding of the 
physics and chemistry of these processes has been 
incomplete, so engineers have counted on experience 
and intuition in designing new deposition or etching 
equipment for special applications. Therefore, adapting 



Nozzle-barrel: 

subsonic to supersonic flow 


Processing area: 
supersonic to subsonic, 
turbulent mixing 



300 

Velocity (m/s) 


Figure 1. (a) Schematic diagram of a high-velocity oxygen-fuel thermal spray (HVOFTS) 
system, (b) Modeling results of HVOF TS system gas streams in cross section in the 
barrel and interacting to form the supersonic Jet, which carries particles to the sub¬ 
strate. The color scale indicates velocity variations, from highest (magenta) to quies¬ 
cent (black) flow. 


a process to new-product requirements always entails 
considerable financial risk. 

That risk could be reduced by using computer mod¬ 
eling to examine alternative design concepts and to 
investigate different ranges for important parameters. 
Most computer models, however, have not captured 
enough of the complex physics and chemistry needed to 
make reliable predictions. Computer running time and 
memory requirements have forced modelers to treat 
limited aspects of a process or use idealized geometries, 
even though engineers know that a process may be 
extremely sensitive to such details. 

In addition, some aspects of physics and chemistry 
have not been well enough understood to model reli¬ 
ably, although improved diagnostic capabili¬ 
ties show promise of providing needed infor¬ 
mation. As computer capabilities become 
I greater and product requirements become 

W ' increasingly stringent beyond the capability of 
intuition to guide process improvements, 
3 numerical models are likely to play a larger 
| role in the future. 

I Industrial needs for reliability and for meet- 
IC » | ing product specifications require numerical- 
—— J simulation tools that can be applied to a spe¬ 
cific process. These took must incorporate the 
real geometry of every design element that 
affects the process, and they must capture all 
the important physical and chemical process¬ 
es. Inevitably, developing such tools is a large- 
scale, multiyear, multidisciplinary undertak¬ 
ing that must be accompanied by experimen¬ 
tal studies, reactor diagnostics, and model val¬ 
idation. Such an undertaking surpasses the 
financial interest of individual industrial firms, 
even the largest ones, because the cost is too 
high relative to potential payback. On the 
other hand, developing such tools could pro¬ 
vide immense benefits for industry collective¬ 
ly. Consequently, major government funding 
has supported such work. 

500 The Department of Defense’s Advanced 
Research Projects Agency (ARPA), for exam- 
DFTS) pie, has supported modeling efforts here at 
Science Applications International Corpora¬ 
tion (SAIC) and at Sematech, Inc., Austin, 
^ Texas. In addition, major computer codes 
ales- developed at the Department of Energy’s 


(W, 
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Lawrence Livermore National Laboratory are being used 
to model etching reactors through cooperative R&D 
agreements with AT&T and IBM. Many other academic 
and industrial modeling projects also depend on sup¬ 
port from federal agencies, such as the National Science 
Foundation (NSF) and the National Institute of Stan¬ 
dards and Technology (NIST). 

Two industrial-system models that are being devel¬ 
oped at SAIC reveal the complexity and potential utility 
of these efforts. 

Thermal spray system 

A high-velocity oxygen-fuel thermal spray (HVUF TS) 
system uses the velocity and temperature of a superson¬ 
ic jet to accelerate and heat metal or ceramic particles 
that subsequendy coat a substrate. The high rates of 
deposition produced with this system make it a low- 
cost and versatile technology. Ceramic, composite, 
metal, and plastic coatings are being used to improve a 
material's* biological, chemical, electrical, structural, 
thermal, and tribological properties. 

In this system, a set of parameters—including pani¬ 
cle size, gas flow, and substrate conditions—determines 
a coating’s quality, consistency, and deposition rate. At 
present, these relationships are determined experimen¬ 
tally by plating sample after sample while varying the 
conditions. In other words, developing such a deposi¬ 
tion system depends on trial and error. As a result, coat¬ 
ing quality has not been well controlled and has been 
inadequate for many potential applications. Recent 
computer models, however, will make many new appli¬ 
cations feasible and improve process characteristics by 
improving the deposition efficiency, reducing erosion of 
the device, lowering its energy consumption, and mak¬ 
ing the equipment more versatile and scalable. 

The HVOF TS system (Figure la) consists of a com¬ 
bustion chamber with fuel- and oxidizer-injection sys¬ 
tems, a de Laval nozzle, a barrel, particle-injection ports, 
and a water cooling system. High-pressure, high-tem- 
perature gas from oxygen combustion expands into the 
de Laval nozzle and barrel, which accelerafe the gas flow 
to supersonic velocity. The supersonic jet flow expands 
into the atmosphere and quickly decays to subsonic 
velocity. In a TS gun, metallic particles or ceramic pow¬ 
der is injected into the supersonic-gas stream. 


Figure 2. Comparison of experimental □ 
and simulated o gas-velocity distribution in 
an HVOF TS system. 

The particles are turbulently 
mixed, heated, accelerated, and pro¬ 
pelled to the substrate. The system 
involves two-phase (gas and parti¬ 
cle) flow with turbulence, heat 
transfer, chemical reactions, and 
supersonic-subsonic flow transi¬ 
tion. The physical properties of the 
plated surface depend on the physical and chemical 
conditions of the impinging particles, which in turn 
depend on parameters including gun design, gas-jet for¬ 
mation, particle size, shape, material, method of injec¬ 
tion, and position relative to substrate. 

Simulation of this system requires a number of com¬ 
ponents: (1) detailed gun geometry, (2) Navier-Stokes 
equations for compressible flow, (3) conservation equa¬ 
tions and constitutive relations for gas and particle 
phases, (4) a turbulence model, (5) a Lagrangian pani¬ 
cle-trajectory formulation, and (6) heat and momentum 
transfer. Fluid velocity fluctuations caused by gas turbu¬ 
lence are simulated using a stochastic model, and the 
resulting particle motion is calculated with a Lagrangian 
stochastic-deterministic method. The simulation accu¬ 
rately models several factors: (1) gas expansion and flow 
in the barrel and in the free jet, (2) particle injection, (3) 
interaction of the particles with turbulent gas flow 
inside and outside the barrel, and (4) particle-wall inter¬ 
actions. An example of the resulting gas streams is plot¬ 
ted in Figure lb. 

To validate our model, the steady-state flow regime 
"was simulated for conditions in a de Laval nozzle and 
gun barrel, including expansion of hot gas into the 
atmosphere, and compared with experimental results. 

The model agreed to within 10% of the calculated veloc¬ 
ity distribution of gas on the jet centerline with mea¬ 
sured data from W. D. Swank and his colleagues at the 
Idaho National Engineering Laboratory (INEL) (Figure 
2a). The axial velocity distribution predicted for 40-mm 
particles agreed with measurements to within 5%, well 
within the experimental accuracy (Figure 2b). 

We conducted a parametric study, including varying 
particle size and barrel length, to predict coating 
regimes that raise energy efficiency, increase coating 
rate, improve coating quality, reduce plating spot (the 
size of the jet when it reaches the substrate), and reduce 
equipment wear over current operating conditions. The 
simulations indicate that all these improvements are 
possible without modifying the TS equipment, and the 
study’s optimum plating conditions are being tested at 
INEL through a cooperative R&D agreement with SAIC. 

If those experiments confirm our model, it will repre¬ 
sent a first case in guiding TS plating conditions entirely 
through numerical simulations. 
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Figure 3. Schematic of a 
microwave-driven diamond plasma- 
enhanced chemical vapor 
deposition reactor. 

PECVD 

Plasma-enhanced 
chemical vapor deposi¬ 
tion (PECVD) and 
etching are widely used 
in industry. The physi¬ 
cal and chemical 
processes that must be 
modeled in these sys¬ 
tems can be daunting. 
Consider a microwave- 
driven diamond 



Viewport 

Substrate 


Pumping 

port 


Stage 

support 


Pressure=40 torr 

Time scale 
(s) 

Electric field establishment 

10 9 

Electron density build-up 

10-® 

Diffusion time 

10 3 

System throughput time 
(for a diffusion reactor) 

O 

o 

Thermal dissociation of 
hydrogen (T=3000K) 

5xia 2 

Atomic hydrogen recombination 
(T=1000K, 50% dissociated) 

2xl0' 3 

Vibrational relaxation 
(T=1000K) 

3x10 s 

Molecular ion recombination 
(ne-lO^cm 3 ) 

(eg, e'+H 3 0 + -» H 2 0+H) 

10' 5 

Atomic ion recombination 
(n e ~10 12 cm' 3 ) 

(eg, e-+H + -»H 2 +hv) 

-10° 

Neutral chemistry equilibrium 

ia 3 -io " 6 


Table 1. Time scales 
for the components 
of a plasma- 
enhanced system. 


PECVD reactor (Figure 3). A gas mixture of hydrogen and 
small amounts of methane and oxygen are fed through a 
microwave field region. A plasma is formed, and high- 
energy electrons dissociate some hydrogen molecules 
and other species. With the proper gas mixture, pressure, 
power input, substrate temperature, and so on, a dia¬ 
mond coating is deposited on the substrate. It is known 
empirically that a high flux of hydrogen atoms reaching 
the substrate is required to deposit high-quality dia¬ 
mond, and one goal of reactor design is producing a plas¬ 
ma that generates this flux uni¬ 
formly over a large area. 

We simulated the perfor¬ 
mance of an Applied Science 
and Technology, Inc. (ASTeX) 
microwave diamond-deposi¬ 
tion reactor by using code 
modules that calculate electro¬ 
magnetics, electron energy dis¬ 
tribution (Boltzmann equa¬ 
tion), hydrocarbon chemistry, 

‘ and fluid and heat transport. 

The code was used to vary 
? reactor shape and to determine 
3 the flux and uniformity of 
f hydrogen atoms reaching the 
| substrate versus power input 
| and pressure. Experimental 

! measurements by ASTeX scien¬ 
tists validated the results of the 
simulation. This simulation 
| capability facilitated the devel¬ 
opment of a more efficient 
reactor with improved uniformity in large-area deposi¬ 
tion. This success notwithstanding, the time scales of the 
deposition process made it difficult to extend the code’s 
applicability without significant numerical developments. 


Microwave 

window Self-consistently fol¬ 

lowing plasma genera¬ 
tion depends on the 
time scales of the com¬ 
ponent processes (Table 
1). Using straightfor¬ 
ward time integration to 
model the longtime 
(steady-state) behavior 
of these processes is 
clearly impractical. 

■ However, the fast time- 
scale processes, such as 
■i electric-field establish- 
ment with self-consis- 
'q tently generated plasma 

_ and fixed-background 

gas, can be simulated by 
solving for microwave modes in the frequency domain. 
Then the chemistry, diffusion, and convection processes 
can be integrated over their much longer time scales. 
Unfortunately, a frequency-domain solver that includes 
plasma-response terms in Maxwell’s equations does not 
lead to a converging solution using standard techniques. 
So we developed an approach that combines a general¬ 
ized minimal-residual (GMRES) algorithm (which pro¬ 
vides fast, guaranteed convergence) and features of a 
conjugate-gradient technique (which requires much less 
memory than GMRES). 

Using this approach, we are developing a reactor 
model to simulate high-pressure (about 1 torr) plasma¬ 
etching reactors, which are used for removing resists 
with atomic oxygen and for etching silicon with atomic 
fluorine. We have also begun modeling low-pressure 
(about 1 mtorr), high plasma density reactors, in which, 
in addition to the elements required in high-pressure 
reactors, we must also model magnetic-field effects, ion 
transport and dynamics, and ambipolarity and sheath 
effects. In this reactor model, the fluid approximation for 
the gas breaks down and is replaced by direct-simulation 
Monte Carlo techniques. 

Although computer simulations of industrial deposi¬ 
tion and etching processes have shown recent progress 
and utility, developing comprehensive, realistic, and 
useful models remains a long-term, multidisciplinary 
program. Furthermore, model validation is difficult 
because most industrial reactors do not have the neces¬ 
sary diagnostics. Nevertheless, increasingly stringent 
product requirements will give computer simulation an 
increasing role in parameter optimization and design 
improvements in coming years.® 

entists at; Scien ce lAppli ca tr ons>internat i onal i 
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MODELING CHEMICAL VAPOR DEPOSITION AND ETCHING PROCESSES 
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Abstract 

We describe a modeling program to simulate 
plasma assisted chemical vapor deposition (CVD) and 
etching processes generated by a microwave source at 
2.45 GHz. The deposition pressure regime we 
investigate ranges from greater than one Torr to several 
hundred Torr. Hie etching regime ranges from a few 
tenths of a Torr to several Totr. In this pressure regime 
it is a reasonably good approximation to treat the 
electrons and ions as essentially local in terms of their 
energy gain and loss and the resulting neutral chemistry 
also as local. These phenomena are distinguished from 
the electromagnetic field development, gas diffusion and 
convection, and thermal processes each of which is 
essentially global. As examples of the modeling we 
present 2D simulations of diamond deposition and 
detailed one-point models of a CF 4,02 etching 
chemistry. 

1. Introduction 

Plasma assisted deposition and etching are 
important industrial processing techniques for coating 
materials and for etching substrates. Many fundamental 
elements of the plasma process are not well understood. 
As more stringent requirements are established for 
coating uniformity over ever larger substrates, for 
higher quality of the deposited film, and for increased 
process reproducibility in the deposition process and as 
the requirements in the etching process encompass ever 
smaller feature sizes, better etching selectivity, and 
stronger anisotropy in the etch it becomes more 
important to establish which elements in the process are 
critical to successfully accomplishing these goals. This 
requires a mote complete understanding of the diverse, 
complex, and highly interactive physical and chemical 
elements that constitute the plasma assisted reactor 
process. 

In the general plasma assisted etch reactor all of the 
elements indicated in Figure 1 need to be modeled to 
generate a comprehensive simulation capability. For 
example at low pressures (eg., the miilitorr regime) the 


etch process is influenced by the ions reaching the 
substrate as well as by the etchant, generally a neutr al 
radical. At these pressures the electrons have a m»«n free 
path that is comparable to reactor dimensions and the 
electron heating is nonlocal. In this paper we will 
consider a specific class of etching reactor that operates 
in a higher pressure regime, at - 1 Torr. One industrial 
example of this type of reactor is the chemical 
downstream etch (CDE) reactor. In this reactor the ions 
do not participate in the process; their presence at the 
wafer causes unwanted damage to the etched substrate 
and care is taken in the reactor design to try to 
them from the process chamber. In addition to this etch 
reactor we present an example of an important CVD 
process; we describe and present results of simulations 
ofa 1.2 kW, 2.45 GHz ASTeX microwave diamond 
deposition reactor operating at a pressure of 40 Torr. 



Figure 1 . The components of a comprehensive model 
for the general plasma assisted etch reactor. Here no 
assumption is made about the locality of electron 
processes. » 

The simulation of the complex interactive 
processes in these plasma reactors requires modeling of: 

* Electromagnetics - the electric fields in realistic 
reactor configurations including the effects of reactor 
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walls and windows and the self consistently determined 
plasma generated by the microwave source. 

• Plasma Physics - the non-thermai electron energy 
distribution of the plasma as a function of space and 
timet needed to calculate the time dependent ionization, 
dissociation, and temperature rise of the gas. 

• Computational Fluid Dynamics - both convective 
and diffusive regimes in muitispecie compressible flow. 

• Time Dependent Gas Chemistry - generation of 
critical radical species reaching the substrate; they can 
be far out of equilibrium with the gas temperature and 
will be affected by the presence of other minor species. 

• Thermal Control - transfer of heat to the reactor 
walls by conductivity and diffusion will impact cooling 
requirements and the development of convective cells. 

• Substrate/Wall Heterogeneous Chemistry • the 
deposition rate on a substrate is finally impacted by the 
interaction between the substrate surface and the gawi.^ 
state radical densities that mediate the deposition or 
etching process. In addition, the effect of chemistry at 
reactor walls is often substantial in influencing the 
radical species that reach the substrate. 

High Pressure Cns<» 

The pressure regime we are modeling is low 
enough that the plasma electrons do not rhenn ai frp 
Critical to a reliable simulation is determi ning the 
energy distribution of the electrons. It is the high 
energy tail of the distribution that is most important in 
determining the ionization, dissociation, and vibrational 
excitation rates that control the build-up of plasma, the 
active radical neutral chemistry, and the heating rate of 
the reactor gas. The pressure regime is. however, high 
enough that the electron is energized by the microwave 
field to its steady state value and loses energy to the gas 
while moving a distance, d. short compared to reactor 
dimensions (for example, d = 0.07 cm for p = 40 Torr 
and T - 2000 K). This permits a separation of the 
different interactive physical/chemical processes in the 
reactor into local and global components. Figure 2 
graphically indicates this separation. 

As a result of this separation it is convenient to use 
a one-point Boltzmann equadon to determine the 
electron energy distribution appropriate to a particular 
microwave generated electric field amplitude, couple this 
to a very detailed ion and neutral chemistry for that 
point, and by carrying out one-point simulations for a 
range of appropriate electric field values develop 
algorithms that relate the critical electron rates 
(ionization, dissociation, vibrational excitation) to the 
electric field at a point. These algorithms can then be 



Figure 2 . Interaction elements in a plasma assisted 
CVD or etch reactor in which the gas density is hig h 
enough to separate the processes into local and global 
components. Input elements include the microwave 
power, reactor configuration, and feed stream. Global 
elements include the electric field distribution. 
flow, and thermal transport. Local elements include the 
electron heating, energy transfer to the gas, gas 
chemistry, and substrate and wail chemistry. 

used in place of full Boltzmann calculations in 
multidimensional simulations that incorporate the 
reactor geometry, fluid flow, and thermal transport. This 
scheme renders the calculation much more tractable. The 
one-point calculations are inherently of interest, 
particularly with the addition of zero order 
approximations that account for diffusion, wall effects, 
and heat transport, as they establish with reasonable 
reliability the gas temperature attained and determine 
those species that have appreciable densities and those 
that can be eliminated horn the chemistry scheme. 
Detailed one-point simulations for the ASTeX reactor 
have been published previously. I 

In Section 2 we describe the 2 D simulations of the 
diamond deposition process in a microwave CVD 
reactor. In Section 3 we present results of one-point 
simulations of a chemical downstream etch reactor with 
CF 4 and O 2 feed gases. We conclude with a brief 
summary. Section 4, and acknowledgements for funding 
support. 

2. Diamond Dffprmtinn 

Figure 3 is a schematic view of a microwave 
plasma assisted CVD reactor. Typically in current 
reactors substrates are planar, although one goal of 
modeling the process is to assist in the design of 
reactors that can deposit uniformly over conformal 
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substrates. The input gas is predominantly hydrogen 
with a small fractional concentration of a carbon 
containing substance such as methane (CH 4 ). A small 
amount of oxygen is often added to improve the 
process, although detailed understanding of the 
mechanism whereby this is accomplished is lacking. A 
general description of diamond deposiuon rates and the 
quality of the diamond deposited as a function of the 
relative fractions of atoms of C. H, and O has been 
given in a paper by Bachmann. et ai . 2 Critical to the 
efficient deposition of a high quality diamond film (low 
graphitic component and few defects) is the gener ati o n 
of a high flux of hydrogen atoms to the substrate. The 
atomic hydrogen apparently serves two functions 2 : ( 1 ) 
it attaches to hydrogen atoms on the surface causing 
abstraction of molecular hydrogen from the surface, 
activating a surface site so that a hydrocarbon radical can 
attach to the surface and ( 2 ) is instrumental in healing 
defects and reducing graphitic deposition, thus 
improving the quality of the deposition. Which 
hydrocarbon radical is critical to the growth of diamond 
on the surface has been controversial. Leading ranHirfat^ 
include the methyl radical. CH 3 , and acetylene, C 2 H 2 . 

It may be that the particular hydrocarbon is less 
important than whatever is the dominant radical 
hydrocarbon flux that is reaching the surface. 



Figure 3. Schematic view of a plasma assisted CVD 
reactor showing the microwave input region, cavity, and 
window, the gas inlets and outlets, the location of the 
substrate, and the plasma region. 

At 40 Torr the time scale for different phenomena 
in the ASTeX microwave reactor varies from - 10 * 9 s 
for the time to establish the microwave electric field to 
- 10 ° s for the system throughput time of the diffusion 
reactor. Table 1 illustrates the range of time scales that 
occur. Reference 1 has presented - detailed one-point 
simulations of this reactor. In this paper we present 2 D 
calculations including the seif consistent determination 
of the plasma generated by the electromagnetic field and 


diffusion, specifically for the ASTeX re ct o r 
configuration. The relevant equations were given 
previously . 4 


Table 1 . Time Scales in Microwave Reactor 


Pressure 

Time Scale (s) 

Electric Field Establishment 

10-9 

Electron Density Build-up 

io - 6 

Diffusion Times 

I 0- 3 

System Throughput Time (for a 
Diffusion Reactor) 

10 ° 

Thermal Dissociation of 
Hydrogen (T = 3000 K) 

5xl0 * 2 

Atomic Hydrogen 
Recombination 

(T = 1000 K. 50% Dissociated) 

2 xl 0* 3 

Vibrational Relaxation 
(T = 1000 FO 

3xI0 * 5 

Molecular Ion Recombination 
(ne- ! 0 , 2 cm' 3 ) 

(eg, e- + H 5 0 + H 2 0 + H) 

10- 5 

Atomic Ion Recombination 
(ne- 10 , 2 ctn' 2 ) 

(eg. e* + H + -> H + hv) 

- 10 ® 

Neutral Chemistry Equilibrium 

10- 3 - 10 -* 


Results 

When the microwave energy source is turned on, an 
electric field builds up and generates a plasma. Hie 
plasma electrons dissociate hydrogen and heat the gas. 
The temperature of the gas in the center of the plasma 
will rise until it reaches about 3000 K. At this 
temperature thermal dissociation (a cooling process) 
begins to dominate over electron dissociation (a heating 
process). The gas temperature stabilizes unless 
sufficient power is supplied to totally dissociate the 
hydrogen: in that case the temperature can go higher. 
Once the temperature within the active region of the gas 
has become high enough that atomic hydrogen readily 
converts methane to the methyl radical, for example, 
electron initiated reactiohs become of minor importance, 
except that by exciting the vibrational levels of 
hydrogen they maintain the elevated gas temperature. In 
this calculation we assume that all molecules reaching 
the cold walls reflect off unchanged. At the wafer the 
different species are divided into three classes based on 
assumed reactivity with the wall in terms of sticking 
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coefficients: highiy reactive = 0.1. moderately reactive 
= 0.01, and unreacuve = 0.0. A highly reactive species 
such as H will react with the wafer and come off as 


surface is at ~ Z = 27. cm out to R = 4. cm. Gas 

pumping outlet region is at top right from about 6 to 
8. cm. 


After a few milliseconds a steady state will be 
established: many radical species will, however, have 
densities far in excess of their thermal equilibrium 
values. The steady state is deteimined by the interaction 
among chemical, plasma, and diffusion processes. The 
following calculation assumed a feed stream of 99% 
hydrogen and 1 % methane. 

Figure 4 shows a plot of the magnitude of the 
steady state electric field in voits/cm in an ASTeX 
reactor (microwave power = 1.2 kW. pressure = 40 
Tore). In this figure the left vertical axis (Z) corresponds 
to the axis of the reactor. The microwaves are fed in 
through a dielectric window along the horizontal axis 
(R) between the reactor axis and - 6 cm. The substrate 
(wafer) is at Z - 27 cm and is located between the 
reactor axis and - 4 cm. The output pumping region is 
near the top right between 6 and 8 cm. The reactor walls 
are assumed electrically conducting as is the wafer. The 
walls are maintained at - 300 K and the wafer surface at 
1200 K. The wafer is thermally conducting. Maxima in 
the electric field occur at sharp comers and along the 
reactor axis near the dielectric window. A minimum 
occurs along the axis between 19 and 20 cm. The next 
maximum that would occur is altered by the existence 
of the plasma, centered on axis between 23 and 24 cm 
(Figure 5). and comprises a relatively flat region in 
electric field. This is a result of the shielding of the field 
by the plasma. 



Figure 4. Contours of the amplitude of the electric 
field. E, in volts/cm. Vertical axis. Z. is the reactor 
axis. Dielectric microwave window is coincident with 
the horizontal axis out to - R = 6. cm. Substrate 


Figure 5 shows contours of electron density in the 
configuration described for Figure 4. It a 

maximum in electron density on axis just above 10* 1 
cm* . Figure 6 shows contours of gas temperature (K) 
for the same configuration as in Figure 4. The 
temperature maximum occurs near the center of the 
plasma region and is - 3000 K as anticipated from the 
discussion above. The temperature at the 
surface is 1200 K and drops off within the substrate, due 
to its thermal conductivity. 


Cortoun o t Constant Sectron Oensity 



Figure 5. Contours of electron density (cm’ 3 ) in the 
reactor configuration described in Figure 4. 


Contours ot Constant ferrveratura 



Figure 6. Contours of temperature (K) in the reactor 
configuration described in Figure 4. 
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Figure 7 shows contours of H 2 density in cm' 3 . 
This is the same reactor as in the configuration 
described in previous figures but here we arc viewing a 
vertical cut through the reactor axis and have inverted 
the figure relative to the previous ones. Now the 
substrate is near the bottom of the figure Z = - 3 cm 
and the microwave window is at the top near Z = 15 
cm. The reduction in H 2 density near the center of the 
reactor is partly a temperature effect; high temperature 
requires a reduced density to maintain constant pressure. 
In addition* it is partly due to dissociation of the 
hydrogen. 


fi w wm ru dtftMy 
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figure 7. Contours of H 2 density in cm’ 3 . Here the 
figure has been inverted relative to the previous ones 
and the reactor axis is the vertical line at R = 0.0 cm. 
The substrate is at Z - 3 cm and from R = 0.0 to R - 4 . 
cm. The microwave window is near Z = 15. cm. 

figure 8 shows contours of atomic hydrogen, H. 
The density is maximum. - 10 17 cm’ 3 , at the center of 
the plasma as expected. Note that the H density is very 
uniform over the wafer surface, figure 9 shows 
contours of the methyl radical, CH 3 , in cm’ 3 . Here the 
maximum is not at the center of the plasma. This is 
partly a temperature effect but also reflects the fact that 
the high temperatures have broken it down somewhat 
into other molecules such as CH 2 and also convened it 
to molecules with two C atoms by means of reactions 
like CH 3 + CH 3 + M —* C 2 H 5 + M. The dominant 
resulting two C atom molecule is acetylene. C 2 H 2 - 
figure 10 shows acetylene contours in cm* 3 . While the 
acetylene densities are quite high, they are not 
maximum in the center due to the temperature effect, 
finally, figure 11 illustrates a relatively minor specie, 
molecular carbon, C 2 . This is maximum in the center 
because only here are temperatures high enough for it to 


be produced. The interest in C 2 follows because there is 
a very strong emission band in the visible spectrum, the 
Swan band, that serves as an important diagnostic in the 
diamond deposition process. 



figure 8 . Contours of H density in cm ' 3 with the 
configuration described in figure 7. 



(Men* 

figure 9. Contours of CH 3 density in cm * 3 with the 
configuration described in figure 7. 
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Figure 10 . Contours of C 2 H 2 density in cm*3 with the 
configuration described in Figure 7 . 
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l^Chcmica] Downstream r frh p fnrrr 

We present here one-point calculations appropriate 
to a chemical downstream etch (CDE) reactor using 
CF 4 and 0 2 as the input gases. The source region in 
the CDE reactor consists of a long thin tube of quartz 
through which a microwave discharge is initiated. Here 
the chemistry ts less well known than in the 
hydrocarbon case. A reasonable fust step toward 
understanding the essentials of the CF 4 .0 2 chemistry 
comes as a result of the work of Plumb and Ryan 5 
TTiey performed a number of measurements of critical 
rates, measured specie concentrations in CF 4 /O 2 
discharges, and performed numerical modeling to 


identify the critical reactions and eliminate from the 
model those that do not make any measurable difference. 
Starting with a total of 49 reactions they extracted 13 
reactions that they claimed are sufficient to simulate all 
of their experimental results. While this is an extremely 
valuable study and we have used it tentatively as the 
basis of our model, caution is in order. First, all results 
were based on a gas temperature of300 K; the effect of 
plasma heating of the gas was not considered. In our 
modeling, at the power levels in the CDE reactors we 
model, we predict temperatures at the center of the tube 
wiil rise well above 1000 K. This will change some 
reaction rates and may make some reactions had a 
negligible effect at 300 K important. In 
independent of the temperature effect, the electron 
density and the electron energy distribution from a 
microwave source may be sufficiently different from 
that of the 13.56 MHz rf source used by Plumb and 
Ryan as to induce different electron dissociation rates, 
heating rates, etc. and thereby change the chemistry to 
the extent that other reactions need to be considered. 


In an independent experimental study by Kiss and 
Sawin of a pure CF 4 discharge, using modulation of 
the power source to uncover dominant reaction rates, 
they confirm much of the work of Plumb and Ryan but 
propose the existence of a long lived excited state of 
0*3 to explain their experimental results. They also 
include the specie, C 2 F<s, which is formed in a three 
body reaction involving two CF 3 s. This reaction was 
omitted by Plumb and Ryan from their simp lified 
model and we also have omitted it from our model, 
finally, the Kiss and Sawin study allowed them also to 
establish sticking coefficients for F. CF 2 , and CFon 
the wails of their tube (anodized aluminum) and they 
concluded that the wall chemistry dominated over the 
gas chemistry. 


The relative importance of chemical recombination 
and ambipolar diffusion in the reactor will be 
by the details of the ion chemistry, in particular, by the 
mass of the dominant ions. The ion chemistry mnrftifc 
associated with CF 4 /O 2 chemistry includes the positive 
ions: CFj. 0 2 , F* and 0+ It also tracks the following 
negative 10 ns: CF 3 , Oj, O', and F. Electron processes 
produce CF 3 (dissociative ionization), the positive 
ox yS en * ons (ionization), and the negative ions 
(attachment and dissociative attachment). The major 
chemical deionization processes include dissociative 
recombination via electrons and mutual recombination 
of positive and negative ions. A fast ion-neutral 
rearrangement reaction: 0 + + CF 4 -► CF- + O + F is 
responsible for converting the major ion from 0 + to 

cf 3 . 
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To provide an approximate estimate of the effect of 
thermal conductivity in the one-point model we take the 
distance from the center of the tube (the single 
calculation point) to the quartz wall in the source region 
and incorporate the affect of thermal conductivity 
through the quartz wall, fixing the outside wail 
temperature at 300 K. Because of the dimensions of the 
tube most of the heat is lost radially through the wail. 

A very simple model for wall effects has been 
incorporated in the model that assumes all species other 
than atomic fluorine. F, reflect off the wall. F is 
assumed to interact with the quartz and come off as the 
volatile product SiF 4 . 

Results 

We present results of a one-point calculation for a 
point on the tube axis at the center of the plasma 
discharge region. The assumed conditions are: power 
= 700 W -r - 3 W/cnA pressure = 0.75 Torr. 

[CF 4 Jo/[0 2 ]o = I. The simulation was carried out over 
2 ms. 

Figure 1 2 plots the average electron energy and the 
neutral temperature on axis, and the temperature of the 
inside wall of the quartz tube, as a function of time 
from tum-on of the microwave source to 2 ms. The 
spiky behavior of the electron energy is not real but 
numerical and can be ignored. By - 0.5 ms the electron 
energy reaches a steady value corresponding to - I ev. 

The inside wall temperature is just a little above 300 K. 
The gas temperature on axis approaches a steady state 
value near 1400 K. 


Temperatures (K) 



the quartz tube (T qi ) as a function of time from turn on 
of the microwave source to 2 ms. 

Figure 13 shows the time dependent generation of 
the neutral carbon-fluorine species and Figure 14 the 
carbon-oxygen species as well as the build-up of SiE* 
on axis. Because pressure stays constant, as the gas 
temperature rises the number densities are reduced, 
independent of any effects of chemical reactions. In 2 
ms the CF 4 has been reduced by about a factor of 5 and 
the 0 2 by about an order of magnitude. The major 
species generated by the chemistry are atomic oxygen 
(O) and atomic fluorine (F). Next in impor ta nc e are 
carbon dioxide (CO 2 ) and COF 2 . The SiF* from the 
quartz wail is building up but is still a relatively minor 
specie. Figure 15 exhibits the development of the 
electron density and the carbon-fluorine ions and Figure 
16 the oxygen ions. The dominant ion is clearly CF,; 
0 2 makes a small contribution but the other species are 
generally negligible. 



figure 13. Time dependent generation of carbon-fluorine 
species from microwave turn on to 2 ms. 


Figure 12. Average electron energy (T e ) in units of 
Kelvin, gas temperature (T n ), and inside temperature of 
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Abstract 

This report summarizes results of an investigation of the role of N 2 and H 2 impurities on 
etching behavior of a resist thin film located downstream from the primary discharge 
region. Investigations of the effect of N 2 and H 2 in 0 2 on (i) downstream resist etch 
rates, (ii) oxygen atom density in the discharge region, (iii) reactive intermediates in the 
reaction chamber as measured by mass spectrometry, and (iv) surface modifications of 
the resist are reported. Two distinct mechanisms of the enhancement of the resist etch 
rate upon adding either H, or N 2 were identified. 
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1 Introduction 


In stripping of organic films using downstream plasma systems, gases are frequently 
added to research grade 0 2 (99.999% purity) to improve the gasification of the organic 
materials the etch rate of organic material placed in the downstream chamber is low. 
This report describes the progress which was made in September through November 
1995 by the group at the State University of New York, Albany, under a contract with 
SAIC on the influence of N 2 and H, addition to 99.999% purity 0 2 on the efficacy of 
downstream resist stripping. 

2 Experimental Apparatus and Procedures 

An ultrahigh vacuum-compatible microwave-based chemical dry etching apparatus was 
used in this work. It has been described previously 1 and is depicted in Fig. 1. Briefly, a 
microwave plasma is produced in an ASTeX microwave plasma applicator that employs 
an alumina coupling dielectric to minimize discharge-induced erosion of the wall 
material. The microwave power (2.54 GHz) was varied between 500 W and 1200 W for 
this work. The sample is located in a cylindrical process chamber (inner diameter 27 cm, 
height 30 cm). A flow of typically 1100 seem 99.999% purity 0 2 was employed and 
various amounts of N 2 or H 2 were added to study the effect of these impurities on 
downstream stripping performance. The system is pumped using a turbomolecular pump 
backed by a roots blower and a vane pump. For the experiments described here, the 
pressure was between 0.5 and 1 Torr. A throttle valve was used to control the pumping 
speed and maintain this pressure in the chamber. For the current studies the microwave 
applicator is connected directly to the dry etching chamber and the species produced in 
the microwave discharge have to travel horizontally a distance of 30 cm to reach the 
sample. 

A number of 200 mm wafers covered with resist films were provided by SEMATECH. 
For the etching and surface analysis experiments, 1-inch by 1-inch squares were cut from 
the 200 mm wafers. These pieces were mounted on 125 mm diam. silicon carrier wafers 
using a thermal glue. The wafers were mounted on a heated platen at a temperature of 
300°C to maximize the stripping rate of the resist layers. For these experiments the 
thermal contact between the platen and the sample was determined by the pressure of 
the process gas. Experiments were also conducted with an electrostatic chuck with a 
backside helium pressure of 5 Torr to improve temperature control of the sample. For 
these studies the temperature of the wafer was in the range 30°C to 50°C. Qualitatively 
similar enhancements of the stripping rates as a result of adding N 2 or H 2 to 0 2 than 
seen at the higher substrate temperatures were observed, but the absolute rates were 
several orders of magnitude lower. The low temperature results were of interest since 
they allowed to gain insight in the surface processes at the gas-resist interface by 
"freezing-in" the surface modifications produced by the exposure of the resist surface to 
the excited Q 2 /N 2 and 0 2 /H 2 gas mixtures. 




In-situ ellipsometiy, optical emission spectroscopy (OES) and mass spectrometiy were 
used for real-time plasma diagnostics. The etching chamber is also connected via a UHV 
central wafer handler to both a load-lock and a multi-technique surface analysis chamber. 
The UHV wafer handler is used to load/unload samples to/from the CDE chamber while 
rigorously maintaining the cleanliness of the chamber. Processed specimens were 
transported under vacuum to the multi-technique surface analysis system for x-ray 
photoemission spectroscopy measurements. 

3 Experimental Results and Discussion 

3.1 Resist Etching 

The effect of adding H 2 to 0 2 and N 2 to 0 2 on the downstream stripping rates of resist 
has been summarized in Figs. 2 and 3 for 0 2 /H 2 and Figs. 4 and 5 for 0 2 /N 2 , respectively. 
Different microwave power and pressure combinations were used. The significant 
observations are: 

• Adding about 1% of H 2 to 99.999% pure 0 2 increases the stripping rate of resist by a 
factor of 5. If more H 2 is added, the etch rate increases only slightly, reaches a maximum 
at about 2% to 3% H 2 , and subsequently decreases again (at 1 Torr pressure. Fig. 2), or 
no longer changes (0.6 Torr pressure, Fig. 3). 

• A similar rapid increase (approximately 4x etch rate enhancement) and subsequently 
plateau for low N 2 flows is seen if N 2 is added to O z (Fig. 4 (a), and expanded in Fig. 4 
(b)). If the amount of N 2 is increased beyond 15%, a steady increase of the etch rate is 
seen in this case (Fig. 4(a)). This is shown more clearly in Fig. 5, where the N 2 flow is 
increased to a value of 2x the O z flow. The etch rate does not saturate in this case. 

These results show that for low impurity concentrations (up to 3% of the 0 2 flow) H 2 
and N 2 apparently enhance the resist etch rate in a similar fashion by a factor of 4x to 5x. 
At higher flows H 2 no longer enhances the stripping rate, but the etch rate actually starts 
to decrease. On the other hand, for N 2 a very significant increase is observed at hgih 
levels of N 2 , which is much greater (about a factor 25x in Fig. 5) than the etch rate 
enhancement at the 2% N 2 level. 


3.2 Optical Emission Spectroscopy of Oxygen Atom Abundance 

Actinometiy was used to obtain information on relative changes in oxygen abundance in 
the discharge region upon injecting either H 2 or N 2 . The 844.625 nm, 844.636 nm and 
844.676 nm triplet was used for this work, since it correlates well with the atomic oxygen 
abundance. These results are summarized in Figs. 6 (a) and (b), 7 and 8. We note the 
following: 

• Adding H 2 at the 1 to 3 % level to O, increases the O atom intensity. Increases of H 2 



beyond 3% no longer lead to a significant increase of the O atom intensity in the 
discharge region. 

• A similar effect on O atom emission is seen if N 2 is added at levels from 1 to 10%. 
This is the region where a 4-fold increase of the etch rate is seen. 

• Adding N 2 at levels exceeding 50% of the 0 2 flow leads to a continuous decrease of 
the O atom emission. 

These data shows that the initial rapid increase of the resist etch rate upon adding H 2 or 
N 2 at levels of 1 to 3% can be explained by the increased production of atomic oxygen. 
On the other hand, the much greater etch rate increase seen at high levels of N 2 addition 
cannot be explained by increased oxygen atom production, since the oxygen atom 
concentration actually decreases at that point. 

It has been stated that oxygen atoms in the singlett D state are chemically much more 
reactive than oxygen atoms in the triplett P state. We used a high-resolution OES system 
with a 750 mm monochromator to determine the ratio of oxygen atoms in the singlett D 
state to those in the triplett P state. These results are shown in Figs. 9 and 10 for 0 2 /H 2 
and 0 2 /N 2 , respectively. No significant change in the relative population of these states is 
indicated by these data. 


3.3 Comparison of Discharge OES and Air Afterglow 

Figure 11 shows a broad optical emission spectrum from the discharge region of a 
ratio of 0.1. A corresponding spectrum for an N 2 /0 2 ratio of 0.1 is shown in Fig. 12. For 
the H 2 /0 2 gas mixture emission from O, 0 2 + , H, and OH is observed. For the N^Oj gas 
mixture emission from O, N 2 and NO is seen. In this case a faint afterglow is seen in the 
reaction chamber. The afterglow spectrum is shown in Fig. 13 and extends from about 
400 nm to 850 nm. The air afterglow has been studied by Kaufman 2 and is due to the 
reaction of NO with atomic O to form N0 2 . The integrated intensity of the afterglow as 
a function of added N 2 is shown in Fig. 14. 


3.4 Mass Spectrometry 

Mass spectrometry was applied in the reaction chamber to obtain information on relative 
changes in arrival rates of important chemical species with gas composition in the 
discharge region. In Fig. 15 (a) and (b) we show the data for 0 2 /H 2 gas mixtures. Figure 
15 (a) shows an apparent decrease of the oxygen atom arrival rate in the downstream 
chamber with increasing H 2 flow. This is surprising, considering that (i) the OES 
measurements on the discharge region show an increase in the production of O atoms, 
and (ii) the etch rate of the resist films increases. Since O atoms in the mass 
spectrometer are produced from a variety of different parent molecules, e.g. 0 2 in 
addition to O, this result may just indicate a depletion of one of these, rather than an 



actual depletion of oxygen atoms. Figure 15 (b) shows that the production of OH 
increases linearly with the flow of added H 2 . 

Figures 16 (a), (b), (c) and (d) show results for O atoms, NO, N0 2 , and N z O, 
respectively, as a function of N 2 added to 0 2 . Again we find that the O atom signal just 
decreases with added N 2 (the 0 2 flow was held constant at 600 seem). The NO signal 
increases and then decreases. The qualitative shape of the NO curve resembles very 
closely the air afterglow signal. The signal from N0 2 initially increase rapidly with added 
N 2 , and then shows a continuous decrease. On the other hand, N 2 0 increases in a 
roughly linear fashion over the whole range of N 2 flows studied. 

Figures 17 (a), (b), (c) and (d) show the corresponding results for O atoms, NO, NO a , 
and N 2 0, respectively, at low flows of N 2 . The 0 2 flow was 1100 seem in this case. The 
observed behavior is consistent with that seen in Fig. 16. 

The dependence of the air afterglow intensity on N 2 flow is qualitatively veiy similar to 
the NO mass spectrometry signal. Since the air afterglow intensity is proportional to the 
concentrations of O atoms and NO, a comparison of Fig. 14 and Figs. 16 (b) and 17 (b) 
should allow us to obtain the relative variation of the O atom concentration in the 
downstream chamber. The signal obtained from this comparison is plotted in Fig. 18 as a 
function of N 2 flow. It increases roughly linearly with N 2 flow. A comparison of the O 
atom data of Figs. 7, 8, 16(a), 17(a) and 18 shows considerable differences which need to 
be explained. The actinometric method should provide reliable results in the discharge 
region. For the downstream regime titration of oxygen atoms is the method of choice 
and needs to be applied in future work to obtain more reliable data. 


3.5 Surface Analysis Results 

The influence of gas composition on the modifications of resist surfaces was examined 
using x-ray photoemission spectroscopy after vacuum-transfer. Figures 19 (a) and (b) 
show the carbon Is and oxygen Is of resist surfaces after treatment in 0 2 /H 2 downstream 
plasmas. A control resist surface without treatment is shown for comparison. Because of 
the insulating character of the resist layers, the resist surfaces charge up positively as a 
result of the electron emission process which increases the apparent binding energy of 
photoelectrons. No corrections were made for this artifact. The carbon Is spectrum 
shows three components, which can be assigned to C-H, C-C type bonding, C-O, C=0, 
and C0 2 bonding (in order of increasing binding energy). We see the most highly 
oxidized resist surface for pure 0 2 discharges. As the amount of H 2 is increased, the 
oxidation of the carbon atoms in the surface region decreases and the C-H carbon 
intensity increases. The same trends can be seen in the oxygen Is data of Fig. 19(b). 

Results for 0 2 /N 2 discharges are shown in Figs. 20 (a) through (c) for carbon Is, oxygen 
Is and nitrogen Is, respectively. The N 2 /0 2 flow ratios are 0, 0.02 and 1.0. In this case 



the carbon Is signal shows significant oxidation for all N 2 /0 2 flow ratios. A nearly 
constant level is exhibited by the O Is signal in Fig. 20 (b). Figure 20 (c) shows a small 
amount of nitrogen incorporation in the case of nitrogen containing gas mixtures. 

We conclude that 0 2 /H 2 and 0 2 /N 2 gas mixtures behave veiy differently with regard to 
the surface oxidation of the resist layer: For 0 2 /H 2 gas mixtures the amount of surface 
oxygen decreases rapidly as small levels of H 2 are added, whereas for 0 2 /N 2 the amount 
of surface oxygen is basically constant up to very high flows of N 2 . 


4 Conclusions 

The dependence of resist etch rate, oxygen atom emission, and mass spectrometric signal 
of important gas fragments has been studied as a function of gas composition for 0 2 /H 2 
and O z /N 2 . We find a 4x to 5x enhancement of the resist etch rate upon addition of 1% 
to 3% of H 2 or N 2 . At the same time the density of O atoms in the discharge region 
increases. This effect is apparently the same for H 2 and N 2 . Increasing the H 2 
concentration further does not result in further increases of the resist etch rate. This can 
be explained by the surface analysis results, which show a rapid reduction of oxygen on 
the resist surface as the amount of H 2 in the 0 2 /H 2 gas mixture is increased. The results 
are veiy different for 0 2 /N 2 . Very large enhancements (25x) of the resist etch rate at high 
flows of N 2 are observed. These enhancements may be related to the formation of NO, 
N0 2 , and N 2 0. The surface characterization shows in this case a nearly constant level of 
surface oxidation up to a N 2 /0 2 flow ratio of 1, and a small level of nitrogen 
incorporation. 
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FIGURE CAPTIONS 


Figure 1: Schematic of the CDE tool used in this work. 

Figure 2: Photoresist etch rate vs H 2 /0 2 at a chamber pressure of 1.0 Torr and an 0 2 
flow of 1100 seem. The different curves represent microwave powers of 500W and 
1000W. 

Figure 3: Photoresist etch rate vs H 2 /0 2 at a constant oxygen flow of 1100 seem. The 
different curves represent chamber pressures of 600 and 1000 mTorr. The chuck 
temperature was 300°C and the plasma was fed with 1000W microwave power. 

Figure 4a: Photoresist etch rate vs N 2 /0 2 for a chamber pressure of 1.0 Torr and an 0 2 
flow of 1100 seem up to a N 2 /0 2 ratio of 1. The chuck temperature was 300°C and the 
plasma was fed with 1000W microwave power. 

Figure 4b: Photoresist etch rate vs N 2 /0 2 for a chamber pressure of 1.0 Torr and an 0 2 
flow of 1100 seem up to a N 2 /0 2 ratio of 0.1. A blow up of the low N 2 region of figure 4. 

Figure 5: Photoresist etch rate vs N 2 /0 2 for a chamber pressure of 1.0 Torr and an O z 
flow of 600 seem up to a N 2 /O z ratio of 2. The chuck temperature was 300°C and the 
plasma was fed with 1000W microwave power. 

Figure 6a: Atomic oxygen concentration in the discharge vs H 2 /0 2 as determined by Ar 
actinometiy for a chamber pressure of 1.0 Torr and an 0 2 flow of 1100 seem. The plasma 
was fed with 1000W microwave power. 

Figure 6b: Atomic oxygen concentration in the discharge vs H 2 /O z as determined by Ar 
actinometiy for a chamber pressure of 1.0 Torr and an 0 2 flow of 600 seem. The plasma 
was fed with 1000W microwave power. 

Figure 7: Atomic oxygen concentration in the discharge vs N 2 /0 2 as determined by Ar 
actinometiy for a chamber pressure of 1.0 Torr and an 0 2 flow of 1100 seem. The plasma 
was fed with 1000W microwave power. 

Figure 8: Atomic oxygen concentration in the discharge vs N 2 /0 2 as determined by Ar 
actinometiy for a chamber pressure of 1.0 Torr and an 0 2 flow of 600 seem. The plasma 
was fed with 1000W microwave power. 

Figure 9: Ratio of the O 3p n D to the O 3p 3 P states in the discharge as a function of 
H 2 /0 2 for a chamber pressure of 1.0 Torr and an 0 2 flow of 1100 seem. The plasma was 
fed with 1000W microwave power. 

Figure 10: Ratio of the O 3p n D to the O 4p 3 P states in the discharge as a function of 
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N 2 /0 2 for a chamber pressure of 1.0 Torr and an 0 2 flow of 600 seem. The plasma was 
fed with 1000W microwave power. 

Figure 11: Broad OES spectrum for. a H 2 /0 2 ratio of 0.1. 

Figure 12: Broad OES spectrum for a N 2 /0 2 ratio of 0.1. 

Figure 13: Air afterglow spectrum for an N 2 /0 2 ratio of 0.1. 

Figure 14: Air afterglow intensity vs N 2 /0 2 at a chamber pressure of 1.0 Torr. The 
different curves represent 0 2 flows of 600 and 1100 seem. 

Figure 15a&b: Mass spectrometry plasma on-plasma off determined (a) O and (b) OH 
concentrations vs H 2 /0 2 at a chamber pressure of 1.0 Torr and an 0 2 flow of 1100 seem. 

Figure 16a-d: Mass spectrometry plasma on-plasma off determined (a) O, (b) NO, (c) 
N0 2 and (d) N z O concentrations vs N 2 /0, at a chamber pressure of 1.0 Torr and an O z 
flow of 600 seem up to a N 2 /0 2 ratio of 2. 

Figure 17a-d: Mass spectrometry plasma on-plasma off determined (a) O, (b) NO, (c) 
N0 2 and (d) N z O concentrations vs N 2 /0 2 at a chamber pressure of 1.0 Torr and an 0 2 
flow of 1100 seem up to a N^Oj ratio of 0.1. 

Figure 18: Atomic oxygen concentration as determined by comparing the air afterglow 
intensity to the NO and N0 2 mass spec signals as a function of admixed nitrogen. 

Figure 19a&b: XPS surface analysis vs H 2 processing for (a) C(ls) and (b) O(ls). 

Panel (a) represents an electron emission angle of 15°, while panel (b) represents an 
electron emission angle of 90°. 

Figure 20a-d: XPS surface analysis vs N 2 processing for (a) C(ls) (b) O(ls) and (c) 
N(ls). Panel (a) represents an electron emission angle of 15°, while panel (b) represents 
an electron emission angle of 90°. 
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